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CHAPTER I 


KINEMATIOAL PRELIMINARIES 

1 The displacements of rigid bodies 

The name Analytical Dynamics is given to that branch of knowledge 
in which the motions of material bodies, considered as due to the mutual 
interactions of the bodies, are discussed by the aid of mathematical anal ysis 

It is natural to begin this discussion by considering the various possible 
types of motion in themselves, leaving out of account for a time the causes 
to which the initiation of motion may be ascribed , this preliminary enquiry 
constitutes the science of Kinematics The object of the present chaptei is 
to establish a number of kmematical theorems which will be required in the 
rest of the work 

Kinematics is in itself an extensive subject, foi a complete account of which the student 
is referred to treatises dealing exclusively with it, e g that of Koenigs (Pans, 1897) Jn 
what follows we shall confine oui attention to theorems which aie of utility in the appli- 
cations of Kinematics to Dynamics 

We shall say that a material body is rigid when the mutual distance of 
every pair of specified points in it is invariable, so that the body does not 
expand or contract or change its shape in any way, although it may change 

its position with reference to surrounding objects 

If a rigid body is moved from one position to another, the change of 
position is called a displacement of the body Certain special kinds of 
displacement have received specific names, thus, if the position m space 
of every point of the body which lies on some straight lino L is unchanged, 
the displacement is called a rotation about the line L , if the position m 
space of some point P of the body is unchanged, the displacement is called 
a rotation about the point P , and if the lines joining the initial and final 
positions of each of the points of the body are a set of paiallel stiaight lines 
of length l, so that the orientation of the body m space is unaltered, the 
displacement is called a translation parallel to the direction of the lines, 
through a distance l. 
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2 Euler's theorem on rotations about a point* 

Consider a rigid body, one of whose points is made immoveable by some 
attachment , suppose that the body is free to turn about this point in any 
manner , and let any two possible configurations of the body be taken for 
convenience we shall call these the configuration P and the configuration Q 
We shall now shew that it is possible to bring the body from the configuration 
P to the configuration Q by simply rotating it about some definite line 
through the fixed point, 1 e that a rotation about a point is always equivalent 
to a rotation about a line through the point 

To establish this result (which was first given by Euler), denote the fixed 
point by 0, let OA, OB be the positions, m the configuration P, of two lines 
through the fixed point which are fixed in the body and move with it , let 
0A' } OB' be the positions of the same lines in the configuration Q Draw 
the plane which is perpendicular to the plane AO A' and bisects the angle 
AO A' and draw also the plane which is perpendicular to the plane BOB' 
and bisects the angle BOB Let OG be the line of intersection of these twc 
planes, supposing them to be not coincident , if they are coincident, we 
denote by 00 the line of intersection of the planes OAB and OA'B ' 

Then clearly m either case the lme OG is related to the lines OA OB 
m exactly the same way as it is related to the lines OA and OB , that is to 
say, the angles A OC and BOC are respectively equal to the angles A' 00 and 
B'OO It follows that if the system OABG is rotated about 0 m such a way 
that the lines OA and OB come into the positions OA' and OB' respectively, 
then 00 will retain its position unchanged The line OC is therefore 
unaffected by the displacement m question, and so the displacement can 
be represented by a rotation through some angle round 00 , which proves 
the theorem 

When a body is continuously moving round one of its points, which is 
fixed m space, the displacement from its position at time t to its position at 
time t + can, by Euler’s theorem, be obtamed by rotating the body about 
some definite line through the fixed point The limiting position of this 
line, when the interval Atf is indefinitely diminished, is called the instantaneous 
asms of rotation of the body at the time t 

When a body is continuously moving round one of its points, which is fixed, the locus 
of the instantaneous axis in the body is a cone, whose vertex is at the fixed point the 
locus of the instantaneous axis in space is also a cone whose vertex is at the fixed point. 
Shew that the actual motion of the body can be obtained by making the former of these 
cones (supposed to be rigidly connected with the body) roll on the latter cone (supposed to 
be fixed m space) (Pomsot ) 

A similar proof shews that if any two positions of a plane figure m the 
same plane are given , the displacement from one position to the other can be 
* Novi Comment Petrop xx (1776), p 189, § 25 
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regarded as a rotation about some point m the plane This point is called 
the centre of rotation 

When the body is regarded as continuously moving, the small displace- 
ment from one position to the position which succeeds it after an infinitesimal 
interval of time can therefore be accomplished by a rotation round a point , 
this point is called the instantaneous centie o f rotation 

Example 1 A lamina moves m any manner in its plane Prove that the locus at any 
instant of points which are at inflexions of their paths is a circle, which touches the loci 
m the lamina and m space of the centre of instantaneous lotation (Coll Exam ) 

Example 2 A rigid body m two dimensions is subjected successively to two finite 
displacements m its plane If D% be the line joining the centres of displacement, and if 
A be the line which is brought into the position D 2 by half the first displacement (i e 
by rotation through half the angle), and if A be the position to which A is bi ought by 
half the second displacement, shew that the centre of the total displacement of the ngul 
body is the intersection of A and A (Coll Exam ) 

3 The theorem of Rodrigues and Hamilton *. 

Any two successive rotations about a fixed point can be compounded into 
a single rotation by means of a theoiem, which may be stated as follows 

Successive rotations about three concurrent lines fixed m space, through tmce 
the angles of the planes formed by them , restore a body to its original position 

For let the lines be denoted by OP, OQ , OR Draw Op, Oq , Or per- 
pendicular to the planes QOR, ROP, POQ respectively. Then if a body is 
rotated through two right angles about Oq, and afterwards through two right 
angles about Or, the position of OP is on the whole unaffected, while Oq is 
moved to the position occupied by its image in the line Or , the effect is 
therefore the same as that of a rotation round OP through twice the angle 
between the planes PR and PQ, which we may call the angle RPQ It 
follows that successive rotations round OP, OQ, OR through twice the angles 
RPQ, PQR> QRP , respectively, are equivalent to successive rotations through 
two right angles about the lines Oq, Or, Or, Op, Op, Oq, but the lattci 
rotations will clearly on the whole produce no displacement, which establishes 
the theorem 

4 The composition of equal and opposite rotations about parallel axes . 

A case of special interest is that m which a body is subjected m turn to 
two rotations of equal amount m opposite senses about two parallel axes 

In neither displacement is any point of the body displaced in a direction 
parallel to the axes, and this is therefore true of the total displacement 
Moreover, if any line be taken in the body m a plane perpendicular to the 

* 0 Rodrigues, Journ de Math v (1840), p 380, Hamilton, Lectures on Quaternions , § 344 , 
the proof here given is due to Burnside, Acta Math xxv (1902). 
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axes, this line in the first displacement will be turned through an angle 
equal to the angle of rotation, and m the second displacement will be turned 
back through the same angle, so its final position will be parallel to its 
original position, which evidently can be the case for every line without 
exception, only when the total displacement is equivalent to a simple 
translation It follows that two successive equal and opposite rotations about 
parallel axes are equivalent to a translation in a direction perpendicular to 
the axes, or, m other words, a rotation about any axis is equivalent to 
a notation through the same angle about any axis parallel to it, together with 
a simple translation m a direction perpendicular to the axis 

The converse of this, namely the theorem that a rotation of a iigid 
body about any axis, preceded or followed by a translation m a direction 
perpendicular to the axis , are together equivalent to a rotation of the body 
about a parallel axis, is also true, being essentially the same as the le&ult 
stated in § 2, that any displacement in a plane can be regarded as a rotation 
round some point in the plane By considering the angle between the 
initial and final positions of any lme which is perpendiculai to the axis and 
moves with the body, we see that the angles of rotation round the two axes 
are equal 


5 Chasles * theorem on the most general displacement of a rigid body * 

We shall now consider displacements of a more general chaiacter It is 
evident that a free rigid body can be moved from any one selected con- 
figuration P in space to any other Q by first moving some selected point of 
the body from its position m the configuration P to its position in the 
configuration Q, each of the other points of the body being moved by a simple 
tianslation parallel to this (so that the body is oriented in the same way after 
the operation as before), and secondly rotating the body about this point into 
the configuration Q By Eulei’s theorem, this latter operation can be 
performed by simply rotating the body about a line through the point , so 
we see that the most general displacement of a rigid body can be obtained by 
Just translating the body , and then rotating it about a line 


We shall now shew that the line about which the rotation takes place can 
be so chosen , that the motion of translation is parallel to tins line For let A 
be the initial position of any point c f the body, and B the position to which 
this point is brought by the moti* n of translation Let AK be the line 
through A paiallel to the line round which the rotation takes place, and let 
K be the foot of the perpendicular from B on AK Then the motion of 
translation can evidently be accomplished in two stages, the first of which 
is a translation parallel to the line about which the rotation takes place, 


Muzzi, Ducorso matematico sopia il ? otaniento movientaneo dei coipi , Naples 171 
hxtTuo de Math n (Pans, 1827), p 87, Oeuvus, (2) vn p 94, Chasles, Bullet 
Sciences (F6russao), xiv (1830), p 321, Comptes Studrn de I'Acad xvi (1843), p 14S 


Cauchy, 
Una des 
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bringing the point A to the position K, and the second of which is 
a translation perpendicular to the line about which the rotation takes place, 
bringing the point K to the position B But by § 4, the second translation, 
together with the rotation which follows it, are together equivalent to 
a simple rotation about a new axis parallel to the first one If therefore any 
point on this axis be taken as base-point, the whole displacement can be 
accomplished by a translation of the body parallel to a certain line through 
this point, together with a rotation about this line, this establishes the 
theorem 

This combination of a translation and a rotation round a line parallel to 
the direction of translation is called a screw , the ratio of the distance of 
translation to the angle of rotation is called the pitch of the screw It is 
clear that m a screw displacement, the order in which the translation and 
rotation take place is indifferent 

6 Halphen's theorem on the composition of two genet al displacements 

Halphen has shewn* how to determine geometrically the lOsultant of any two screw- 
displacements as a screw-displacement 

Lot A x and A 2 denote the axes of the two sciews, and A 12 their common perpendicular 
Lot By bo the line which is brought to the position A x2 by half the first displacement 
(i e half the translation, and rotation through half the angle), and let B» be the line to 
whose position A x2 is brought by half the second displacement, lot C denote the common 
perpendicular to the lines B x and B 2 Halphen’s lesult is that the an * of the temltant 
screw-displacement is C, and the displacement is twice that which bring* the line B x to the 
position B 2 

For let A and D t be lines such that half the given displacements will bung ^12 to the 
position A and A to the position A 12 respectively, and let C be the common perpendicular 
to A and D 2 

The figure thus obtained, and that which is obtained from it by rotating it though two 
light angles about d 12 , evidently coincide , whence we have the relations 

Intercept made on B 1 by A x and <7= Intercept made on I\ by A x and C\ 

Intercept made on B% by A 2 and Intel tept made on D 2 by A 2 and O', 

Intercept made on C by B x and A= Intercept made on O' by A and A, 

Anglo between the planes A X B U A#* Angle between the pianos A x A, A 
Angle between the planes A 2 B 2 , B 2 G** Angle between the planes AJ)>, D 2 C', 

Angle between B x and B % = Angle between A ai <1 A 

It follows that the screw about A x bungs C to the position of O' produced, the mtei- 
section of B x and G being brought to the position of the mtei section of A and C ' , and 
then the sciew about A 2 brings C to the position of G pioducod, the intersection of 
A and C ' being brought to the intersection of JJ 2 and C , so G is the avis of the resultant 
screw, and the amount of the translation is twice the mteicept made on G by B x and ZL 
Also the line A* which by the first scicw is brought to the position D v , is by the second 
bi ought to a position making the same angle with B 2 that A makes with B x , and thoiolore 

* Nouvelles Annales de Math ($) i p 298 (1882) The proof given here is duo to Burnside, 

Mess of Math xix p 104 (1889) 
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the rotation of the resultant screw is twice the angle between S 2 and B x This establishes 
Halphen’s theorem 

Example Shew that any infinitesimal displacement of a rigid body can be obtained 
by the composition of two infinitesimal rotations round lines, and that one ot these lines 
can he arbitianfy chosen 

7 Analytic representation of a displacement 

We shall now see how any displacement of a rigid body can be represented 
analytically 

Let rectangular axes Oxyz be taken, fixed m space these will be supposed 
to form a right-handed system, 1 e if the axes are so placed that Oz is directed 
vertically upwards and Oy is directed to the northern horizon, then Ox will 
be directed to the east Let the displacement considered be equivalent to a 
rotation through an angle about a line whose direction-angles are (a, ft, 7), 
and which passes through a point A whose coordinates are (a f b , c), together 
with a translation through a distance d parallel to this line The angle co 
must be taken with its appropriate sign, the sign being positive when the line 
(a, ft, 7) being directed vertically upwards, the rotation from the southern 
horizon to the northern is round by the east Let the point P whose 
coordinates are (x, y , z) be brought by the displacement to the position of the 
point Q(X, Y, Z), and let the point P be brought by the translation alone 
to the position of the point R (f, 77, £) 3 then we have evidently 

f = £C + dcosa, rj — y + dcos ft, £ = z + d cos 7 

Let K be the foot of the perpendicular from R (or Q) on the axis of 
rotation, and let L be the foot of the perpendicular from Q on K R Then 
we have 

X — £= piojection of the broken line RLQ on the axis Ox, 

it being undei stood that projections have their appropriate signs, so that the 
projection of a line AB on the axis of x is (x B — x A ), not (x A — x B ) 

Now the projection of KR on the axis Ox is 

f — a - (projection of AK on the axis Ox) 

01 % — a — cos a {(| — a) cos a 4- (77 — 6) cos ft + (£ — c) cos 7}, 

and as RL — — (1 — cos <a) KR, it follows that the projection of RL on the 
axis 0 % is 

-(1 - cos eo) [f — a -cos a ((£- a) cos a + (y-b) cos/3-Kf — c) cos 7)] 

Moreovei, the line LQ is normal to the plane RKA, and its dnection-cosmes 
are therefore proportional to the quantities 

(? - c) cos B - (77 - b) cos 7, (f - a) cos 7 - (f - c) cos a, 

(77 — b ) cos a — (£ — a) cos ft, 
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and since the sum of the squares of these three quantities, divided by the 

expression {(£ — a) 2 + (^7 — &) 2 + (f — c) 2 }, represents the quantity sm 2 RAK, it 
follows that the sum of the three squares is equal to KR 2 , and the three 
quantities themselves are the projections on the axes of a length + KR 
measured along the line LQ Since LQ = ± KR sin co, the projection of LQ 
on the axis Ox is therefore 

± sm co {(£ — c) cos /3 — (77 — 6) cos 7} 

On considering a special case, e g supposing that the axis of rotation is the 
axis Oz, we see that the upper sign is correct , and thus we have 
X — %= — (1 — cos co) {(| — a) — cos 2 a (£ — a) 

— cos a cos j 3 (v — b) — cos a cos 7 (£*— c)} 

+ sm co {cos # (?— c) - cos 7 (y - b)} 

Substituting for 97, £ their values in terms of x , 7, we have 

X = ^ -h d cos a — (1 — cos co) {(x — a) sm 2 a 

— cos a cos /3 (2/ — &) — cos a cos 7^ — c)} 

+ sm co {cos # (# — c) — cos 7 (?/ — 6)} 

Similarly we have 

Y = y + d cos # — (1 — cos co) {(; y — b) sin 2 / 3 

— cos # cos 7 (# — c) — cos # cos a (a — a)} 

+ sm co {cos 7 (a? — a) — cos a (z — c)} 

and # + d cos 7 - (1 — cos co) {(z — c) sm 2 7 

— cos 7C0S a (x — a) — cos 7 cos #(2/ — &)} 

+ sm co {cos a (y — &) - cos £ (# - a)}. 

These equations give the new coordinates X, F, X in terms of the 
coordmates x , y, $ of the onginal position of the point and the quantities 
which define the displacement 

8 The composition of small rotations 

We shall now apply the last result to the case m which the rotation is 
infinitesimal, the axis of rotation passing through the origin and there being 
no motion of translation We shall write for co, where Byfr is a small 
quantity whose square can be neglected The equations of the last article 
now become 

r X — x 4 - (z cos # — y cos 7) Byfr, 

. Y = y + (x cos 7 — z cos a) Sty, 
s Z — z + (y cos a - x cos #) 

But these are the equations which we should obtain if we successively (in 
any order) subjected the body to infinitesimal rotations cos cl B^fr about Ox, 
cos# 81/r about Oy , and cos 7 Byfr about Oz It follows that any small rota- 
tion Syjr about a line OK is equivalent to successive small rotations Sty cosKOx 
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about Ox, oosKOy about Oy, and cosEOz about Oz , where Ox, Oy, Oz 
are any three mutually perpendicular lines which intersect OK m one of its 
points, 0 


9 Euler s parametric specification of rotations round a point *. 

The analytic expressions for the translational part of a displacement are, 
as we have seen, extremely simple; but the expressions for the rotational 
part are not so simple, and these will now be furthei considered Suppose 
then that a rigid body is rotated through an angle co about a line through 
the origin, whose direction-angles are a, ft, 7 By § 7 , the coordinates 
(K, Y, Z) of the new position of a point whose original coordinates were 
(x, y, z) aie given by the equations 

f X = x — 2 sin 2 £&> {x sm 2 a — y cos a cos ft — z cos a cos 7) 

4 - 2 sm ^ co cos ^(o ( z cos ft — y cos 7), 

^ V ~ 2 sm 2 (y sm 2 ft — z cos ft cos 7 — x cos ft cos a) 

+ 2 sin ^ co cos ( x cos 7 — z cos a), 

2 sm 2 jco (z sm 2 y-x cos 7 cos a - y cos 7 cos ft) 

+ 2 sin cos {<o(y cos a — # cos ft) 

Now mtroduce parameters £ v , £ x , defined by the equations 
£ = cos asm 77 = cos/ 9 sin|&), £=cos7Sin-|G>, ^ = cosjco, 
these parameters evidently satisfy the identical relation 


f + ^ 2 +^ + x 2 -l, 

and the above equations can be written m the form 


l^=(r-^-r 2 +% 2 )*+2(^-f X ) y+ 2(^ +W )^ 

1 F = 2(fy + Zx)‘c + (-?+v' i -? + x i )y+ 2 (vt;-’Zx)z, 

{ z==2 (K-vx)*+2(vZ+Zx)y + (-¥- v * + i? + x *) z 

If therefore the coordinate axes are denoted by OXYZ, and if moveable 
axes which originally coincide with these are brought into the position Oxyz 
by . ^ g^en rotation, the direction-cosines of the two sets of axes with 
leference to each other are given by the following scheme 


X 

Y 

z 

p-l'-p+x' 

2 (it + &) 

2 (l£~7x) 

2 (£?-&) 

-Pw-e+x 1 

\ 

2 (7 C+£x) 

2 (ff + W) 

2 (if- lx) 

- f—tf+P+x 2 

* Nov 1 Comment 

Petrop is (1776), p 208, § 6 sqq 
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It is readily seen that the parameters (£", ij"> x"), corresponding to the resultant of 
two successive displacements (f, 17', g, *') and (f, 17, £, *), are given by the equations 

ix'+^-iV+X*', 

' r- &'-*£'+cx+xr, 

l x"= xx'-tt'-W-CC 

These formulae (which were discovered independently at different times by Gauss, 
Rodrigues, Hamilton, and Cayley) really constitute the theorem for the multiplication of 
quaternions For £, 17, £ may be regarded as the components of a quaternion* 
X+f^+W + f^ where z, j, k satisfy the equations 

i 2 *=j 2 =k 2 =* — 1, i/ = —ji = jk~-kj= z, ki*= -ik—j , 
and the above formulae are then all comprehended m the single equation 
x" + T* == (x + f 1 + *0 + £* ) (tf+^+tf+r*) 

The reader who is acquainted with quaternions will observe that the effect of the 
rotation on any vector p is to convert it into the vector qpq ~ l , where q denotes the 
quaternion x+^+^ + f^ ? the quaternion itself is not the rotational opeiator 

10 The Eulertan angles 

The most piactically useful of the various methods of representing 
parametrically the displacement of a rigid body due to a lotation round a fixed 
point is likewise due to Euler*f“ it has the disadvantage of being unsym- 
metrical, but is otherwise very simple and convenient 

Let 0 be the fixed point round which the rotation takes place, and let 
OXiZ be a right- handed system of rectangular axes fixed m space Let 
Oxyz be rectangular axes fixed relatively to the body and moving with it, 
and such that before the displacement the two sets of axes OX YZ and Oxyz 
are coincident m position Let OK be perpendicular to the plane zOZ, 
drawn so that if OZ is directed to the vertical and the projection of Oz 
perpendicular to OZ is directed to the south, then OK is directed to the east 

Denote the angles zOZ, 10K, y$K by 0, <£, \fr, respectively these are 
known as the three Eulertan angles defining the position of the axes Oxyz 
with reference to the axes OXYZ 

In order to find the dnection-cosines of Ox , 0?/, Oz , with respect to OX, 
we observe that these are equal to the projections on Ox, Oy, Oz, respectively, 
of a unit, length measured along OX Now this unit length has projections 
cos <(> along OL and - sm <f> along OK, where 0L is the intersection of the 
planes XOY and ZOz , but a length cos (j> along OL has projections cos <f> sm 6 
along Oz and cos cos 0 along OM, where OM is the intersection of the 
planes xOy and ZOz , and a length cos (f> cos 6 along OM has projections 
cos <f> cos 0 cos yjr along Ox and -oos$cos0sm«i/r along Oy, also, a length 
-sin <f> along OK has projections -sm^smf along Ox and -sin<£cos ifr 

* This quaternion will have its tensor equal to unity 
f Novi Comment Petrop xx ( 177 fi), p 189 
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along Oy Hence finally the projections on Ox, 0 y , Oz respectively of the 
unit length measured on OX are 

( cos <j> cos 0 cos ifr — sm <f> sm yjr along Ox 
■I — cos <f> cos flsinf - sin <t> cos yjr along Oy , 

[ cos <j> sm 6 along Oz 

Proceeding in this way, we obtain for the direction-cosines of the two sets of 
axes OX YZ and Oxyz with respect to each other the following scheme 


X 7 Z 


cos <j> cos d cos \j V — sm <j> sin ^ 

sin. c p cos 6 cos \js 4- cos <jf> sm ^ 

- sm 6 cos >/r 

—cos <j) cos 6 sm yjr — sm cf> cos ^ 

- sm </> cos 6 sm -f cos <j) cos s/t 

sm 6 sm ^ 

cos (j> sm 6 

sm $ sm 6 

cos 0 


11 Connexion of the Eulenan angles imth the parameters tj, £ ^ 

The relations between the Eulenan angles 0 , <£, \fr and the parameters 
V> £ X § & ma y he obtained by companng the schemes of direction- 
cosines which have been given m §§ 9 and 10 , they may however be obtained 
directly as follows 

Let OXYZ and Oxyz be the fixed axes and the axes derived from these 
by the rotation a round a lme OR, whose direction-angles are (a, /3, 7) 
Draw a sphere of unit radius with the point 0 as centre, so that planes 
passmg through 0 intersect the sphere in great circles, and lines intersect the 
sphere in points Then m the spherical triangle RZz, the sides are 7 , 7 , 9 , 
and the angle at R is &> , whence we have the relation 

sm£0 = sin 7 sin-Jo) 

Moreover, let v denote the angle RZY, so R%z = £rr- <f> - v Then the 
arc RZ is brought to the position Rz by successive rotations <$> about Z, 
e about the pole of Zz, and y/r about but the first of these transforms RZ 
into an arc making an angle £7 r- <£-*/ + <£ 0 r \tt~v with Zz, at Z , the 
second rotation transforms this into an arc making the same angle 
with Zz but passmg through and the third rotation transforms it into an 
arc making an angle £tt - z, + yjr with Zz, at $ But this angle must be equal 

to 7 r RzZ, or 7 r — R%z, or 7 r — (£7 r — <j> — v), or ^7r + <j> 4 - v , so we have 

\tt +<£> + » = £ 7 r — v + yfr, 


or 
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Hence, since m the spherical triangle RZX the sides are a, 7, ^7 r, and the 
angle at Z is — v oi £ Qir — yjr -f <£), we have 

cos a = sm 7 sm % (yfr — <£) 

Substituting for sm7 from the equation already found, this gives 
cos a sm = sm \Q sm £ (yfr — <£), 

01 f = sm ^ sm }(\fr — <£) 

Similarly from the spherical triangle RZY we have 
cos /3 = sm 7 cos ^ — <£), 

and again eliminating sm 7, we have 

cos /3 sm £g> = sm \6 cos \ (yfr — <£), 
or 7) = sm ^0 cos | (\|r — <56) 

Moreover, since we have shewn that m the spherical triangle RZz the 
sides are 7, 7, 0 } and the angles are ^ (7 r — yfr — c£), (7r — yfr — <£), e t > J we have 

the relations 

cos io) = cos \6 cos j (*^ + </>), 
and sin %co cos 7 = cos %0 sm £(yfr 4- <£), 

or % = cos cos £ (i/r + <£), 

f = cos \6 sm J + $) 

The four parameters g, rj , £, % a?e tfAus expressed %n terms of the Euleman 
angles 0 } cf>, yfr by the relations 

f = sm^ sm $ (yfr — <£), 
rj = sin COS J- (yfr — <£), 

5 * == COS \8 sm (yfr 4- <j>), 

— cos ^0 cos A (x/r 4- <jb) 

12 The connexion of rotations with homographies , the Cayley- Klein parameters 

Consider now a spheie, on the surface of which any figures (which we shall call S) are 
drawn Let these figures be stereographically piojected on a plane (eg by taking the 
highest point of the sphere as vertex of projection and the tangent-plane at the lowest 
point of the sphere as the plane) we shall call the projected hguies P Now let the 
sphere be rotated thiough a definite angle about some a\is through its centie, so that the 
figuies on its surface are shifted to new positions let the figures in then new positions be 
called S ' , and let the steieogiaphic projections of the figures S' (with the same \orte\ and 
plane of projection as before) be called P r Then corresponding to the rotation of the 
sphere, which changes S to S\ wo have a transfoi mation 111 the plane, which changes the 
figures P into the figures P' We shall now examine tins tiansfoi mation moie closely 

If one of the figures P is a cnclc in the plane, we know that the conespondmg tiguie$ 
must be a circle traced on the spheie, since by sfereogi aphic projection a cncle is changed 
into a circle therefore S' must also be a circle, and hence P ' must al&o be a circle 
Thus we see that the t> an&formations of the plane , which correspond to notations of the 
spheie , must be such as to change any cncle in the plane into another aide in the plane 


l 
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It may be shewn* that any transformation of this kind may be represented analytically 
m the following way 

Let z—ol i+y J — 1, where x and y are the rectangular cooidinates of any point m the 
plane, so that to this point there corresponds a definite value of the complex variable z 
Similarly let z'^x'+y 1 T, where x f and y' refer to the point into which the point (x, y) 
is changed by the transformation Then any one-to-one transformation of the plane , which 
changes all circles into circlest , may be defined by an equation of the type 

t_as+b 
2 '~~cz+d i 


where a, ft c, d are (real oj complex) constants , or else by a transformation of this latter 
kind combined with a reflexion m one of the axes of coordinates 
A transformation represented by an equation of the type 

cz+d 

is called a homographic transformation, or homography It appears therefore that homo- 
graphies in a plane conespond to rotations of a solid body about a fixed point, m such a 
way that if two homographies correspond respectively to two rotations, the homography 
compounded of these corresponds to the rotation compounded of the two rotations f 

We shall now see now the connexion between rotations and homographies may be 
represented analytically 

Let us replace the parameters ft 7 , ft x by new parameters a, ft y, ft defined by the 
equations 

v a—b a+d 

* 2 9 r] ~ 2i * 2* * ’ 


so that they are connected with the Euler lan angles ft ^ by the equations 


6 z (</>+&) 

a=coa- e 2 


6 £<*-*) 
y=isin- 


e^\ 8=c 

4 2 

These “Cayley- Klein parameters clearly satisfy the relation 

a8 — fty = I , 

and replacing the quantities ft 7, ft x m the scheme of direction-cosines given m § 9 by 
their values in terms of a, ft y, ft we have for the values of the direction-cosines m terms 
of a, ft y, 6 the following scheme 


X Y z 



5 (-a*-/ 3 2 +y*+8S) 

t(ay-|-/ 8 S) 

|(a 2 -/3*+y»-8*) 

i(a®— jS 3 — ys+82) 

— ay 4-/33 

—'i (a$+yS) 

-a/3 + y§ 

aS+fty 


* ? f Y \^ Vdt An tniroductlon t0 the »'e°ry of automorphic functions (London, 1915) 
T A straight line is to be regarded as a particular kind of circle 

* mem ’ Matk (1875), p 183, Cayley, Math Ann n (1879), p 238 
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It may readily be shewn that the parameters (a", 0", y", 8") coirespondmg to the 
resultant of two successive displacements («', 0', y, S') and („, 0, 7 , 8) are given by the 
equations ® J 

a " =a'a + y'ft /3 // = a^ + /3S 7 , 

y"=ya'-b§y', 3" = y£' + $$' 

These equations shew that the transfoi mation 

, a"*±/r 
y"2 + r 

is the result of performing in succession the two substitutions 

, dz- \r$ , , aZ + 3 

y-s+S ys + § 

and the connexion between rotations and homographic transformations is thus evident 
analytically 

One advantage of the Cayley-Klein parameters, as compared with the parameters 
(& Vi C> x)> isjdiat they retain some of the simplicity of the quaternion calculus, while 
using the V-l of ordinary algebra instead of the i, j, & of Hamilton’s quaternions 

Example 1 Let (0, 0, y) denote the Eulenan angles Suppose that a point m space 
which is carried about with the axes Qxyz has the vectorial angles (6 X , fa) (leferied to the 
fixed axes OXYZ) before the motion, and (6 X \ fa') aftqr the motion Denoting tailed, 
by C i , and «■*»' tan by shew that 

^ Q ity = cos 6 

Ct'e"’* tun £0+cos£0 
Example 2 If from the equations 

X x = ax x + ^2 > 

-^2 = 7*1 + 

the quantities XJ, X 3 \ X 1 X i are formed, and if these quantities are regarded as umbral 
symbols and the quantities if,* JTA JTjA,, *», x,‘, aie replaced by -Y+iX, 
r+iA, A, -y+ix, y+ix, z , lespectively, shew that the equations obtained aro 
^ — y+i£*=a 2 (—y + ix) +2 a0«-f0 3 (;/-(-«?), 
y+iX =y 2 ( — y +u.) + 2y8s + 3- (y-t-w;), 

^ =“y(-y + *a) + (aS + 0y)s+08(yH- i u;), 

and that these are the three equations connecting the coordinates (X, Y, Z) of a point 
referred to the axes OXYZ with its coordinates ( i, y, z) referred to the axes Otyz 
Example 3 If 

-y+u y+ix s=\X 1 £(X+X'), 

and -J r +^ r+»jr 2-x,Xi' i H^.H-Xi'), 

shew that 

x 1= a ^±f and X /,S^±.g 
1 yX+8 ana Al yX' + 8 

13 Factors 

, We now P ro °eed to consider the essential features involved m the 
displacement by simple translation of a rigid body 

The operation of translation m itself, considered apart from the body 
translated, evidently possesses the following properties 
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1° It can be specified completely by any one of the equal and parallel 
lines of space which have a given length (viz the distance of the translation) 
and given direction (viz the direction of the translation), since such a lino 
furnishes all the data which describe the operation 

2° If AB be one of these lines, and AGDE KB be a broken line 
joining its extremities, then the operation represented by AB is equivalent 
to the sum of the operations represented by AC, CD, DE, KB 

These pioperties 1° and 2° are possessed by a large number of operations* 
and quantities other than the operation of translation , an operation or 
quantity which possesses them is called a vector quantity 

By 2°, a vector AB is equivalent to the sum of three vectors AK> KL , LB, 
respectively parallel to three given rectangular axes, and forming a broken 
line joining the points A and B These three vectors are called the com- 
ponents of the vector AB along the given axes If l be the length and (a, 7) 

the direction-angles of AB, the lengths of the component vectors are clearly 
(l cos a, l cos yS, l cos 7), being in fact the projections of A B on the axes. 

A single vector which is equivalent to any number of given vectors is 
called their resultant 

If a vector is conceived as varying m dependence on a parameter (e.g the 
time), the difference between the vectois conesponding to any two values of 
the parameter is also a vector, and hence the rate of change of the vector 
with respect to the parameter is also a vector, whose components are the 
rates of change of the corresponding components This is called the flux 
of the. vector with respect to the parameter 

14 Velocity and acceleration , their vectorial character 
Consider now a body which is being continuously translated (though not 
necessarily always in the same direction) without any change of orientation 
Its total translation to any time t is a vector quantity and hence the rate at 
which this changes with the time, 1 e its time-flux, is also a vector quantity, 
which is called the velocity of the body, if x, y, z are the coordinates referred 
to fixed axes of any point fixed m the body and moving with it, then the com- 
ponents of the velocity referred to these axes are the rates of change of x, y, z , 
1 e are x, y, z (where dots denote differentiations with respect to the time t\ 
Similarly the rate of change of the velocity is again a vector, whoso 
components are x, y, z (two dots indicating second derivatives with respect 
to the time) , this vector is called the acceleration of the body 

It is clear that if P and Q are two moving points, the vector which 
represents the translation (or velocity, or acceleration) of Q is the sum of the 
vector which represents the translation (or velocity, or acceleration, as the 
case may be) ol P and the vector which represents the translation (or velocity, 
or acceleration) of Q relative to P, 1 e of Q referred to axes whose origin 
moves with P, and whose directions are invariable 
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15 Angular velocity its vectorial character 

Consider next a body which is rotating continuously about a line Let 8 
denote the angle turned through at any time t then 8 represents the speed 
of turning at the time t If from any point on the line round which the 
rotation takes place a segment whose length represents 8 is measured along 
the lme, this segment will evidently furnish a complete specification of the 
nature of the rotation at the instant t , or (as it is generally expressed) of 
the angular velocity of the body The direction m which the segment is 
measured from the base-point is to be connected with the sense of rotation 
by the usual convention, namely that when the segment is directed vertically 
upwards the rotation from the southern horizon to the northern is round by 
the east 

An angular velocity is therefore repiesented by a line of definite length 
and direction Now by § 8, if a body one of whose points 0 is fixed 
experiences a small rotation Syfr round any lme OK, this displacement is 
equivalent to successive small rotations cos a round Ox, 8 yjr cos y8 round 
Oy , and 8i/r cos 7 round Oz, where Ox, Oy, Oz are any three mutually 
perpendicular lines passing through 0 and (a, /3, y) are the direction-angles 
of OK with reference to Oxyz From this it is clear that we can regard an 
angular velocity represented by a length yjr measured on OK as equivalent 
to angular velocities represented by lengths cos a, yjr cos /9, ^ cos y, 
measured along Ox, Oy, Oz, respectively 

But this is essentially the fundamental property of vectors, and can be 
expressed by the statement that angular velocities can be resolved and 
compounded according to the vectonal law 

It must be observed however that an angular velocity does not fulfil all 
the conditions which enter into the definition of a vector, for an angular 
velocity about one line is not equivalent to an angular velocity of the same 
magnitude about a parallel lme Angular velocity must therefore be regarded 
as a vector which is localised along a definite line 

Example A right circular cone of semi-vet tical angle (3 rolls without sliding on a plane 
To find its instantaneous axis of rotation, and to determine its angular velocity about this 
axis in terms of the anqular velocity of the line of contact in the plane 

Since all points of the generator which is in contact with the plane are instantaneously 
at rest (for there is no sliding), this generator is the instantaneous axis of rotation of 
the cone Let a> denote the angular velocity of the cone about this generator, and let 
denote the angular velocity of the lme of contact in the plane Then the motion of the 
axis of the cone can be represented by an angular velocity 8 round the normal to the 
plane, and the whole motion of the cone is compounded of this together with a rotation 
round the axis of the cone It follows that the component of angular velocity of the cone 
about a lme through the vertex of the cone perpendicular to the axis is ^cos£J, but 
this must equal the resolved part of a> in this direction, which is m> sm £ We ha\ e 
therefore 

co— 6 cot /3, 

which is the required relation between a> and 6 
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16 Determination of the components of angular velocity of a system m 
terms of the Eulenan angles, and of the symmetrical parameters 

The position at any time of a ngid body which is continuously moving 
about a fixed pomt 0 is most conveniently described by taking two sets 
of rectangular axes, of which one set OX YZ are fixed m space, while the 
other set Oxyz are fixed relatively to the body, and move with it, the 
position of the body being then specified by the three Eulenan angles 0 , cf > , yfr, 
which define the position of the axes Oxyz relatively to the axes OXYZ 
We shall now determine the components, along the moving axes, of the 
angular velocity of the body at any instant 

Let OK denote the line of intersection of the planes XOY and xOy , the 
angular velocity of the system is evidently compounded of angular velocities 
$ about OK, <f> about OZ, and yjr about Oz Of these, the first can be 
replaced according to the vectonal law by angular velocities 0 sm ^ about Ox 
and 0 cos ^ about Oy , and the second can be resolved mto — <j> sm 0 cos yfr 
about Ox, <j> sm 0 sm yfr about Oy, and cj> cos 0 about Oz So finally if 
<0i, ® 2 > <»3 denote the components of angular velocity of the body about the 
axes Ox, Oy, Oz, respectively, we have 

! o>i = 0 sm i/r — <f> sm 0 cos 
(o 2 = 0 cos yjr — (j> sm 0 sin yjr, 

(o s =yfr-\- <f>cos0 

From these expressions we can at once deduce the values of co l9 co 2 , 
in terms of the symmetrical parameters rj, of § 9 , for we have 



= (izji , & 

Similarly we have 

!_ -Zv+v% , xt-Zx 

r + t 2 +x 2 ’ 

and we have cos 0 = — £ 2 — f 2 + y* 

Substituting these values in the equation o> 8 = f + <j> cos d, we have 

The values of a> 1 and a> 2 can be at once obtained from this by the 

principle of symmetry, and thus we have the components of angular velocity 
given by the equations J 


-2(xl; + & — vk- lx), 
Kxv+ji-vx). 

■®a = 2 (ij£ — |y + — £%) 
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17 Time-flux of a vector whose components relative to movmy axes are 
given 

Suppose now that a vector quantity is specified by its components £, f 
at any instant t with reference to the instantaneous position of a right-handed 
system of axes Oxyz which are themselves m motion and let it be required 
to find the vector which represents the rate of change of the given vector 

Let o>j, g> 2 , o ) 3 denote the components of the angular velocity of the 
system Oxyz , resolved along the instantaneous position of the axes Ox, Ov , Oz 
themselves 

The time-flux of the given vector is the (vector) sum of the time-fluxes 
of the components f, £ taken separately But if we consider the vector £ H 
it is increased in length to %-\-%dt in the infinitesimal interval of time dt, 
and at the same time is turned by the motion of the axes, so that (owing to 
the angular velocity round Oy) it is displaced through an angle co 2 dt from its 
position in the original plane zOx , in the direction away from Oz , and also 
(owing to the angular velocity round Oz) it is displaced through an angle 
<D s dt from its position in the original plane xOy, towards Oy The coordinates 
of its extremity at the end of the interval of time dt , referred to the positions 
of the axes at the commencement of the interval dt, are therefore (neglecting 
infinitesimals of order higher than the first) 

f £dt, — oozgdt, 

and so the components of the vector which represents the time-flux of £ are 

& - <w a £ 

Similarly the components of the vectors which lepresent the time-fluxes 
of the vectors rj and £ are respectively 

and <•>& -w,r, t 

Adding these, we have finally the components of the time-flux of the given 
vector m the form 

| - r)0) 3 + 

• v - &>i + tj<0 S , 

.£ — + 

This result can be immediately applied to find the velocity and 
acceleration of a point whoso coordinates ( x , y, z) at time t are given with 
reference to axes moving with an angular velocity whose components along 
the axes themselves at time t are (co ; , a> s , co s ) 

For substituting m the above formulae, we see that the components of 
the velocity aie 

x — 3 / 6)3 + y — Z( 0 \ + # 0 ) 3 , z — > # 6)3 -f* ya> x 

w D o 
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Now applying the same formulae to the case in which the vector whose 
time-flux is sought is the velocity, we have the components of the accelera- 
tion of the point in the form 

'i (x - ym a + zw 2 ) - (y - + cm s ) + <o 2 {z- + y«i). 

Cut 

J £ (y - + ffiBj) - ©! (* - X0) 2 + yah) + Wt (as- yco 3 + zoo*), 

Cut 

i-(z — xu > 2 ■+ ywi) — <o 2 (x — ycc 3 + zu> 2 ) + co l (y - za> x + xa > s ) 

at " 

In the case m which the motion takes place in a plane, which we may 
take as the plane Oxy, there will be only two coordinates (a, y), and only one 
component of angular velocity, namely 6, where 6 is the angle made by the 
moving axes with their positions at some fixed epoch , the components of 
velocity are therefore (putting z, toi, co 2 each equal to zero in the above 

expressions) . 

x — yd and y + xv, 

and the components of acceleration are 

x - 2 yd — y6 — x6 2 and y 4- 2x9 + x0— y6 2 

Example Prove that m the general case of motion of a rigid body there is at each 
instant one definite point at a finite distance which regarded as invariably connected with 
the body has no acceleration at the instant, provided the axis of the body’s screwing 
motion be not instantaneously stationary m direction (Coll Exam ) 

18 Special resolutions of the velocity and acceleration 

The results obtained m the last article enable us to obtain formulae, 
which are frequently of use, relating to the components of the velocity and 
acceleration of a moving pomt m various special directions 

(l) Velocity and acceleration in polar coordinates 

Let the position of a point be defined by its polar coordinates r, 6, <f > , 
connected with the coordinates (X, F, Z) of the point referred to fixed 
rectangular axes OXYZ by the equations 

( X = ? sin 0 cos <f)y 
\ 7 = r sin 6 sm <f>, 

[Z —r cos 0, 

and let it be required to determine the components of velocity and 
acceleration of the point in the direction of the radius vector r, m the 
direction which is perpendicular to r and lies in the plane containing r and 
OZ (this plane is generally called the meridian plane ), and m the direction 
perpendicular to the meridian plane ; these three directions are frequently 
described as the directions of r increasing , 8 increasing , and <j> increasing , 
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17, 18] 

Ufspectively Take a line through the origin 0, parallel to the direction ol 0 
increasing, as a moving axis Oi , and take a line through 0, parallel to the 
direction of (f> increasing, as axis (Jy, and a line along the direction ol ? 
increasing as axis Oz The three Eulenan angles which determine the 
position of the moving axes Oxyz with reference to the fixed axes OXYZ are 
(0, fa 0), so (§ 16) the components of angular velocity of the system Oxyz , 
resolved along the axes 0x y Oy , Oz themselves, are 

= — <f> sm 0, o) 2 = 6, g> 3 = <f> cos 0 

The coordinates of the moving point, referred to the moving axes, are 
(0, 0, r), and so by § 17 the components of velocity of the point resolved 
parallel to the moving axes are 

r0, r<f> sm 8 , r, 

and the components of acceleration in the directions of 0 increasing, 
<t> mcreasmg, .and r increasing (again using the formulae of § 17) are 
d 

^ ( rd ) — rfa* sin 0 cos 0 + r0, or r6 + 2 f$ — r<j > 2 sin 0 cos 0 9 

d 1 A 

-yi sm 0) + r<f> sm 0 + r0<f> cos 0, or - a -j- (r“ sm a 8<f>), 

twv r sin tf at 1 

and r — rfr — rfa* sm 2 0 . 

If the motion of the pomt is m a plane, we can take the initial line m this 
plane as axis Oz, and the quantities denoted by r and 0 in these formulae 
become ordinary polar coordinates m the plane , since <f> is now zero, the 
components of velocity and acceleration m the directions of r increasing and 
0 increasing are 

(r, rd), 

and (r - rd 3 , rd+2rd) 

{n) Velocity and acceleration in cylindrical coordinates 
Consider now a pomt whose position is defined by its cylindrical 
coordinates z, p, fa connected with the coordinates ( X , F, Z) of the point 
referred to fixed rectangular axes OXYZ by the equations 

X — p cos fa Y = p sm fa Z — z\ 

and let it be required to find the components of the velocity and acceleration 
of the pomt m the direction parallel to the axis of z, m the direction of the 
line drawn from the axis of z to the pomt, perpendicular to the axis of z, and 
m the direction perpendicular to these two lines These three directions are 
generally called the direction of z mci easing , the direction of p increasing , 
and the direction of <f> increasing , and the coordinate <f> is called the azimuth 
of the point 

In this case we take moving axes Ox, Oy , Oz passing through the origin 
and parallel respectively to the directions of p mcreasmg, <f> increasing, and z 

2 — 2 
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increasing The components of angular velocity of the system Oxyz, resolved 
along the axes Oooyz themselves, are clearly 

©! = 0, 0)2 = 0, G>3 = <£> 

and the coordinates of the moving point, referred to the moving axes, aie 
( p , 0, z) It follows by § 17 that the components of velocity of the point in 
these directions are 

(p> p4>> *)> 

and the components of acceleration are 

(/>— p<f>\ p<t> + ip^>, %)' 

(m) Velocity and acceleration m arc-coordinates 

Another application of the formulae of § 17 is to the determination of the 
components of velocity and acceleration of a point which is moving m any 
way m space, resolved along the tangent, principal normal, and bmormal to 
its path 

Consider first the case of a particle moving m a plane and take lines 
through a fixed point 0, parallel respectively to the tangent and inward 
normal to the path, as moving axes Ox and Oy These axes are rotating 
round 0 with angular velocity <j> } where </> is the angle made by the tangent 
to the path with some fixed line in the plane If v denotes the velocity of 
the point, s the arc of the path described at time t } and p the radius of 
curvature of the path at the point, we have 


ds 


V ~dt 9 


P = 


ds 

d$> 


and the angular velocity of the axes can therefore be written in the form v/p 

Since the components of the velocity parallel to the moving axes are 
(v, 0), it follows from § 17 that the components of the acceleration parallel to 

the same axes are v ^ Since 


v 


^ _ ^5 dv _ dv 
dt~dtd$~ V d$’ 


it follows that the acceleration of the moving point in the direction of the 
dv 

tangent to its path is v , and the acceleration m the direction of the inward 

normal is — 

P 

Now the velocity of a moving point is determined by the knowledge of 
two consecutive positions of the moving point, and the acceleration is therefore 
determined by the knowledge of three consecutive positions , so even if the 
path of the point is not plane, it can for the purpose of determining its 
acceler&fciQu at any instant be regarded as moving in the osculating plane of 


18 ] 
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its path, since this plane contains three consecutive positions of the point 
Hence the components of acceleration of the point , m the directions of the 
tangent , principal normal, and bwormal to its path , are 

dx *» 2 


( M V* r\ 

(*«’ °) 


(iv) Acceleration along the radius and tangent 

The acceleration of a point which is m motion in. a plane may he expressed 
m the following form*, let r be the radius vector to the point from a fixed 
origin in the plane, p the perpendicular from the origin on the tangent to the 
path, s the arc of the path described at time t, p the radius of curvature of 
the path at the point, and v or $ the velocity of the point at time t , and let 
h denote the product pv. Then the accele t ation of the point can be resolved 

h^r 7 /77i 

into components — along the radius vector to the origin and ~ ~ along the 

tangent to the path 

For the acceleration can be resolved into components vdv/ds along the 
tangent and v*/p along the normal , now a vector F directed outwards along 
the radius vector can be resolved into vectors - Fp/t along the inward normal 
and F dr Ids along the tangent, so a vector v s jp along the inward normal can be 

resolved into inwards along the radius vector and ~ ~ along the tangent 

The acceleration is therefore equivalent to components 

dv m* dr , J1 J 

* + ^ds alon 2 the tan S enfc ’ 


and 


rir 

PP 


inwards along the radius vector. 


A*r 


The latter component is — , and the former can be written 
PP 


1 dv* v* dp 

2 ds p ds 7 


or 


which establishes Siacci’s result. 


1 d py) 

2 p* ds 9 


or 


h dh 
p* ds 1 


Example X Determine the meridian, normal, and transverse components of the accelera- 
tion of a point moving on the surface of the anchor-ring 

asm0) cos <f>, yB=(o-fa»in 0) sin^>, 2=»«costf 
Let P be the point ( 9 , <£), and let 0 be the centre of the anchor-ring and 0 the centre 
of the mendian cross-section on which P lies The polar coordinates of C relative to 0 
arc [c, </>), and the polai cooidmates of P relative to 0 are (a } 6 , 4), so the components 
of acceleration of C relative to 0 are 

cef) transverse 

ail( l — outwards from the aus, l e. —c<£ 2 sin 6 along the normal, 

and — c<j> 2 cos 6 along the mendian 
* Dae to Si&eoi, Atti della R Acc . dl Torino, xrr. p, 750 
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The components of acceleration of P relative to C are 

( a£ - a<t> 2 sin d cos d along the meridian, 

transverse, 

{ - a# 2 - <w#> 2 sm 2 d normal. 

Thus finally the components of acceleration of P in space are 

ad - (c + a sm 6) <#> 2 cos 6 along the meridian, 

— a# 2 — a$ 2 sm 2 6 - c<p 2 sm d normal, 

and 


cd> + JL i* (sm 2 9 <f>) transverse 
^ sm d cct N 


Example 2 If the tangential and normal components of the acceleration of a point 
moving in a plane are constant , shew that the point describes a logarithmic spiral 


In 

this case 


dv 



so 


Also 

+ x 


p 

so 

s 

or 

8 


■=as. 


s= Cp, where C is a constant, 
ds 

7-tt, where is the angl 
a<p 

Integrating this equation, we have 


where A and B are constants and this is the intrinsic equation of the logarithmic spiral. 

Example 3 To find the accelei ation of a point which describes a logarithmic spiral mtk 
constant angular velocity about the pole 

h^r 

By Siacci’s theorem, the components of acceleration are along the radius vector 

and ~ ^ along the tangent, but if o> is the constant angular velocity, we have h ** ur- 

so the components of accelei ation are 

coV 5 , 2a>V 3 dr 

^ aud ^-3i- 

Since “ > ” > and ^ are constant in the spiral, we see that each of these components of 
acceleration varies directly as the radius vector 


Miscellaneous Examples 

1 If the instantaneous axis of rotation of a body moveable about a fixed ppint is fixed 
in the body, shew that it is also fixed in space, l e the motion is a rotation round a fixed 
axis. 

2. A point is referred to rectangular axes Ox, Oy revolving about the origin with 
angular velocity o>, if there be an acceleration to x~a, y=0, of amount u 2 o> 2 x (distance), 
shew that the path relative to the axes can be constructed by taking (i) a point 


0 
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v=n*aj(n 2 - 1), (n) a uniform circular motion with angular velocity (n- l)o> about this, 
Ln d (hi) a uniform circular motion with angular velocity (zi + l)©, but in the opposite 
lense * about this last (Coll Exam ) 

3 The velocity of a point moving m a plane is the resultant of a velocity v along the 
adius vector to a fixed point and a velocity v' paiallel to a fixed line Prove that the 
corresponding accelerations are 


dv , w’ dv' , vv f 

dt + T 0O * 3 > and di + T> 

1 being the angle that the radius vector makes with the fixed direction 


(Coll Exam ) 


4 A point moves m a plane, and is referred to Cartesian axes making angles a, 0 with 
' ^ xe d line in the plane, where a, 0 are given functions of the time Shew that the com- 
>onent velocities of the point are 

x-xa cot (0 - a) - y/3 cosec (0 - a), y +y0 cot (0 - a) + xa cosec (0 - a), 

nd obtain expressions for the component accelerations (Coll Exam ) 


5 A point is moving m a plane 6 is the logarithm of the ratio of its distances from 
wo fixed points in the plane, and is the angle between them also 2 k is the distance 
between the fixed points Shew that the velocity of the point is 


k J&+ 

cosh 6 - cos <f> 


(Coll Exam ) 


6 If in two different descriptions of a curve by a moving point, the product of the 
elocities at corresponding places m the two descriptions is constant, shew that the 
ccelerations at corresponding places in the two descriptions are as the squares of the 
elocities, and that their directions make equal angles with the normal to the curve, m 
pposite senses (J V on Vieth ) 


7 A point is moving m a parabola of latus rectum 4a, and when its distance from the 
>cus is r, the velocity is v , shew that its acceleration is compounded of accelerations R 
nd N, along the radius vectoi and normal respectively, where 

(Coll Exam; 


8 Show that if the axes of x and y rotate with angular velocities o>i , respectively, 
nd ^ is the angle between them, the component accelerations of the point (x> y) parallel 
> the axes are 

X - #« 1 2 - (tfa^ -f cot i/r - (ya> 2 + 2y<o 2 ) C0S6C 

'id y -ya> 2 2 + (x&i + 2x<o{) cosec f + (y« 2 4- 2yco 2 ) cot y/r (Coll Exam ) 

9 The Velocity of a point is made up of components w, v in directions making angles 
<0 with a fixed line Prove that the components /, f in these directions of the acoelera- 
on of the point will be given by 

f=*u — vA cot ^ — v<f> '<wc 
f r =v + ud cosec cot *, 
being the inclination of the two directions 

Being given that the lines joining a moving point to two fixed points are r, a m length 
id 6, 4> in inclination to the line joining the two fixed points, determine the acceleration 
the point m terms of o>, the rates of increase of 6 , <£ (Coll Exam ) 
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10 If A, B,C be three fixed points, and the component velocities of a moving point P 
along the directions PA, PB, PC he u, ®, and w, shew that the accelerations in the same 


directions are 





cos APE 
~PT 


) +uw {f& 


cos APC\ 

~nrr 


and two similar expressions 


(Coll Exam) 


11 The movement of a plane lamina is given by the angular velocity a> and the com- 
ponent velocities v of the origin 0 resolved along axes Ox^ Oy traced on the lamina. 
Find the component velocities of any point (x, y) of the lamina Shew that the equations 

~ tan -1 ( U ,^ -')= ±*> 

represent circular loci on the lamina , one being the locus of those points which are passing 
cusps on their curve loci in space and the other being the locus of the centres of curvature 
of the envelopes m space of all straight lines of the lamina (Coll Exam ) 


12 Shew that when a point describes a space-curve, its acceleration oan be resolved 
mto two components, of which one acts along the radius vector from the projection of a 
fixed point on the osculating plane, and the other along the tangent , and that these are 
respectively 

r T 2 


and 


P 8 P ’ 

TdT , T* qdq 
p* ds p A ds 9 


where p is the radius of curvature, q the distance of the fixed point from its projection on 
the osculating plane, r and p are the distances of this projection from the moving point 
and the tangent, T is an arbitrary function (equal to the product of p and the velooity) and 
* is the arc (Siaoci ) 


13 A circle, a straight line, and a point lie in one plane, and the position of the point 
is determined by the lengths t of its tangent to the circle and p of its perpendicular to 
the hne Prove that, if the velocity of the point is made up of components u t v m the 
directions of these lengths and if their mutual inclination be 0, the component accelerations 
will be 

u-uv cos 6jt y v+w[t (Coll Exam) 


14 A particle moves m a circular arc If r, r' are the distances of the particle at P 
from the extremities A, B of a fixed chord, shew that the accelerations along AP, BP are 
respectively 

dv w' . . _ dv' vv' 

_ + _( r _ rooaa)i and _ + _ (/ _ reosa); 

where v, v’ are the velocities in the directions of r, r', and a is the angle APB 

A point describes a semicircle under accelerations directed to the extremities of a 
diameter, which are at any point inversely as the radii vectores r, / to the extremities of 
the diameter Shew that the accelerations are 


4a 4 V 2 4a 4 V 2 
rV 2 * r 2 / 3 * 

where a is the radius of the circle and V the velocity of the point parallel to the diameter. 

(Coll Exam) 
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15 The motion of a rigid body m two dimensions is defined by the velocity ( u , v ) of 
one of its points G and its angular velocity © Determine the coordinates relative to G of 
the point I of zero velocity, and shew that the direction of motion of any other point P is 
perpendicular to PI 

Find the coordinates of the point J of zero acceleration, and express the acceleration of 
P in terms of its coordinates relative to J (Coll Exam ) 


16 A point on a plane is moving with constant velocity V relative to it, the plane at 
the same time turning round a fixed axis perpendicular to it with angular velocity © Shew 
that the path of the point is given by the equation 


VO 


= Jr z -a 2 -\-— cos*" 1 - , 


r and 0 being referred to fixed axes, and a being the shortest distance of the point from the 
axis of rotation (Coll Exam ) 


1*7 The acceleration of a moving point Q is represented at any instant by ©a, where © 
is a fixed point and a describes uniformly a circle whose centre is © Prove that the 
velocity of Q at any instant is represented by Op, where 0 is a fixed point and p describes 
a circle uniformly, and determine the path described by Q 

(Camb Math Tnpos, Part I, 1902 ) 

/ p 2 <,» 2 

18 A point moves along the curve of intersection of the ellipsoid ^ ^ = 1 and 

the hyperboloid of one sheet — a -— - 4- £ 2 ~-+ - 2 ™^=1, and its velocity at the point where 

^.2 jp 

the curve meets the hyperboloid of two sheets - 2 - ~ + h -g— «1 is 

& [A, 0 p C [A, 

( Mfr-X) p 
(*-/•)/ ’ 


where h is constant Prove that the resolved part of the acceleration of the point along 
the normal to the ellipsoid is 


k 2 dbc (/la— X) 

(a 2 — fi) (6 2 — fi) (c 2 -^) J\fx 


(Coll. Exam ) 


19 A rigid body is rolling without sliding on a plane, and at any instant its angular 
velocity has components © 2 along the tangent to the lines of curvature at the point 
of contact, and © 3 along the normal shew that the point of the body which is at the point 
of contact has component accelerations 

—*11 2©j©3, — Aj©2©<}, jR>i<d$P 

where R u R 2 are the principal radn of ourvature of the surface of the body at the point 
of contact (Coll Exam) 
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THE EQUATIONS OE MOTION 


19 The ideas of rest and motion 

In the previous chapter we have frequently used the terms “ fixed ” and 
“moving” as applied to systems So long as we are occupied with purely 
kmematical considerations, it is unnecessary to ^ enter into the ultimate 
significance of these words, all that is meant is, that we consider the 
displacement of the " moving ” systems, so far as it affects their configuration 
with respect to the systems which are called “ fixed,” leaving on one side the 
question of what is meant by absolute “ fixity.” 

When however we come to consider the motion of bodies as due to specific 
causes, this question can no longer be disregarded 

In popular language the word “fixed” is generally used of terrestrial 
objects to denote invariable position relative to the surface of the earth at 
the place considered But the earth is rotating on its axis, and at the same 
time revolving round the Sun, while the Sun in turn, accompanied by all 
the planets, is moving with a large velocity along some not very accurately 
known direction in space It seems hopeless therefore to attempt to find 
anything which can be really considered to be “at rest” 


In the nineteenth century it was supposed that the aether of space (the 
vehicle of light and of electric and magnetic actions) was (apart from small 
vibratory motions) stagnant, and so was capable of providing a basis for 
absolute fixity But this doctrine has been subverted by the modern Principle 
of Relativity*, which asserts that even in the domain of electromagnetic 
phenomena it is impossible to distinguish absolute rest from a state of uniform 
translatory motion common to all the members of a system 

Accordingly m dynamics, although when we speak of the motion of bodies 
we always imply that there is some set of axes, or frame of reference as it may 
be called, with reference to which the motion is regarded as taking place, and 
to which we apply the conventional word “fixed,” yet it must not be supposed 
that absolute fixity has thereby been discovered When we are considering 


* Cf Whittaker’s History of the 'lheones of Aether and Electricity , oh 
or Conway’s Relativity (London, 1915) 


xii (London, 1910) , 
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the motion of terrestrial bodies at some place on the earth's surface, we shall 
take the frame of reference to be fixed with reference to the earth, and it is 
then found that the laws which will presently be given are sufficient to 
explain the phenomena with a sufficient degree of accuracy , m other words, 
the earth s motion does not exercise a sufficient disturbing influence to make 
it necessary to allow for its effects m the majority of cases of the motion of 
terrestrial bodies 

It is also necessary to consider the meaning to be attached to the word 
“time” which in the previous chapter stood merely for any parameter 
varying continuously with the configuration of the systems considered The 
Principle of Relativity reveals the great difficulties that attend any attempt 
to elucidate the idea of time : in particular, it is by no means easy to define 
simultaneity , i.e. to explain what is meant by saying that two events at 
different points of space happen “ at the same time ” However, a system of 
time- measurement which is intelligible from the point of view of ordinary 
instrumental work, and which is sufficient for our present purpose, is the 
following we suppose that the angle through which the earth has rotated on 
its axis (measured with reference to the fixed stars, whose small motions we 
can for this purpose neglect), m the interval between two events, measures 
the time elapsed between the events in question This angular measure can 
be converted into the ordinary measure in terms of mean solar hours, minutes, 
and seconds at the rate of 360 degrees to 24t x 365£/366£ hours 

20 The lam which determine motion * 

Considering now the motion of terrestrial objects, and taking the earth as 
the frame of reference, it is natural to begin by investigating the motion of a 
very small material body, or particle as we shall call it, when moving in vacuo 
and entirely unconnected with surrounding objects The paths described by 
such a particle under various circumstances of projection maybe observed, 
and the methods of the preceding chapter enable us, from the knowledge 
thus acquired, to calculate the acceleration of the particle at any point of any 
particular observed path It is found that for all the paths the acceleration 
is of constant amount, and is always directed vertically downwards This 
acceleration is known as gravity, and is generally denoted by the letter g , its 
amount is, m Great Britain, about 981 centimetres per second per second 

The knowledge of this experimental fact is theoretically sufficient to 
enable us to calculate the path of any fiee terrestrial particle m vacuo, when 
the circumstances of its projection are known the actual calculation will not 
be given here, as it belongs more properly to a later chapter 

The case of motion which is next in simplicity is that of two particles 
which are connected together by an extremely light mextensible thread, and 

* The laws of motion are due to Newton . JPrmoipia, p, 12 (ed. 1687) 
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are free to move m vacuo at the earth’s surface So long as the thread is 
slack, each particle moves with the acceleration gravity, just as if the other 
were not present But when the thread is taut, the two particles influence 
each other’s motion We can now as before observe the path of one of the 
particles, and hence calculate the acceleration by which at any instant its 
motion is being modified We thereby arrive at the experimental fact, that 
this acceleration can be represented at any instant by the resultant of two 
vectors , of which one represents the acceleration g and the other is directed 
along the instantaneous position of the thread 

The influence of one particle on the motion of the other consists there- 
fore m superposing on the acceleration due to gravity another acceleration, 
which acts along the line joining the particles and which is compounded 
with gravity according to the vectorial law of composition of accelerations 
Denoting the particles by A and B , we can at any instant calculate, from the 
observed paths, the magnitudes of the accelerations/! and f thus exerted by 
B on A and by A on B respectively , and this calculation immediately yields 
the result that the ratio of f to / 2 does not vary throughout the motion On 
investigating the motions which result from various modes of projection, at 
various temperatures etc , we are led to the conclusion that this ratio is an 
invariable physical constant of the pair of bodies A and B* 

On consideration of the motion of more complex systems it is found 
that the experimental laws just stated can he generalised so as to form 
a complete basis for all dynamics, whether terrestrial or cosmic This 
generalised statement is as follows If any set of mutually connected particles 
are m motion , the acceleration with which any one particle moves is the 
resultant of the acceleration with which it would move if perfectly free , and 
accelerations directed along the lines joining it to the other particles which 
constrain its motion Moreover , to the several particles A, B, C, , numbers 
m A > m B> m c» can be assigned , such that the acceleration along AB due to the 
influence of B on A is to the acceleration along BA due to the influence of 
A on B m the ratio m B m A The ratios of these numbers m Bi are 
invariable physical constants of the particles 

The evidence for the truth of this statement is to be found in the universal 
agreement of the calculations based on it, such as those given later m this 
book, with the results of observation 

It will be noticed that only the ratios of the numbers m A , me , - flre 

determined by the law , it is convenient to take some definite particle A as 
a standard, calling it the unit of mass , and then to call the numbeis 
malm Ai , the masses of the other particles m B) me , 

* The ratio is in fact equal to the ratio of the weight of B to the weight of A , the ratio 6f 
the weights of two terrestrial bodies, as observed at the same plaoe on the earth’s surface, is a 
perfectly definite quantity, and does not vary with the place of observation 
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The mass of the compound particle formed by uniting two or more particles 
is found to be equal to the sum of the masses of the separate particles 
Owing to this additive property of mass, we can speak of the mass of a finite 
body of any size or shape , and it will be convenient to take as our unit of 
mass the mass of the 7 ^th part of a certain piece of platinum known as the 
standard kilogramme , this unit will be called a gramme , atid the number 
representing the ratio of the mass of any other body to this unit mass is 
called the mass of the body m grammes 

21 Force 

We have seen that in every case of the interaction of two particles A and 
B } the mutual influence consists of an acceleration fi on A and an acceleration 
fa on B , these accelerations being vectors directed along AB and BA respec- 
tively, and being inversely proportional to the masses m A and m & It follows 
that the vector quantity via/a is equal to the vector quantity mjf#, but has 
the reverse direction The vectoi f A is called the force exerted by the 
particle B on the particle A , and similarly the vector ? njif# is ealled the force 
exerted by the particle A on the particle B. 

With this terminology, the law of the mutual action of a connected 
system of particles can be stated in the iorin the forces exerted on each other 
ly eveiy pair of connected pai tides aie equal and opposite This is often 
called the Law of Action and Reaction 

If the various forces which act on a particle iasa result of its connexion 
with other particles are compounded according to the vectoi lal law, the 
resultant force gives the total influence exerted by them on the particle A , 
this force divided by is the acceleration induced m A by the other 
particles , and the resultant of this acceleration and the acceleration which the 
particle A would have if entirely free (due to such causes as gravitation) is 
the actual acceleration with which the particle A moves 

In general, if an acceleration represented by a vector f is induced m 
a particle of mass m by any agency, the vector nif is called the face* due to 
this cause acting on the particle , and the resultant of all the forces due to 
various agencies is called the total force achng on the particle It follows 
that if (X, F, Z) are the components parallel to fixed rectangular axes of the 
total force acting on the particle at any instant, and (#, ty, '£) are the com- 
ponents of the acceleiation with which its path is being described at that 
instant, then we have the equations 

mx =s X, my = F, mz = Z 

Two other terms which are frequently used may conveniently be defined 
at this point 

* Force is the vis tnotnz of Newton’s Pnncipia , t def 8, 
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The product of the number which represents the magnitude of the com- 
ponent of a given force perpendicular to a given line L and the number 
which represents the perpendicular distance of the lme of action of the force 
from the line L is called the moment of the force about the line L 

If the three components (X, F, Z) of the force acting on a single free 
particle are given functions of the coordinates (x, y , z) of the particle, they 
are said to define a field of force . 

22 Work 

Consider now any system of particles, whose motion is either quite free or 
restricted by given connexions between the particles, or constraints due to 
other particles which are not regarded as forming part of the system Let m 
be the mass of any one of the particles, whose coordinates referred to fixed 
rectangular axes m any selected configuration of the system arc (x, y, z) , and 
let (X, Y } Z) be the components, parallel to the axes, of the total force 
acting on the particle in this configuration 

Let (x + 8x,y + Sy, z + Sz) be the coordinates of any point very near to 
the point (x, y , z\ such that the displacement of the particle m from one 
point to the other does not violate any of the constraints (for instance, if m is 
constrained to move on a given surface, the two points must both be situated 
on the surface) Then the quantity 

XSx + YSy + ZSz 

is called the work* done on the particle m by the forces acting on it m the 
infinitesimal displacement from the position ( x , y, z) to the position 

(x + $x, y H- 8y, £ + Sz) 

This expression can evidently be mterpreted physically as being the 
product of the distance through which the particle is displaced and the com- 
ponent of the force ( X , F, Z) along the direction of this displacement 

Since forces obey the vectorial law of composition, the sum of the com- 
ponents m a given direction of any number of forces actmg together on a 
particle is equal to the component m this direction of their resultant and 
hence the work done by a force which acts on a particle m a given displace- 
ment i6 equal to the sum of the quantities of work done m the same displacement 
by any set of forces into which this force can be resolved 

Suppose now that in the course of a motion of the system, the particle m 
is gradually displaced from any position (which we can call its initial position) 
to some other position at a finite distance from the first (which we can call 
its final position) The work done on the particle by the forces which act on 

* Newton defined the Actio Agcntis as the product of the velocity into the component of force 
along the direction of motion, it is evidently the time-flux of the work don«j Of Pnncipia , i 
p 25 (ed 1687) 
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it during this finite displacement is defined to be the sum of the quantities 
of woik done in the successive infinitesimal displacements by which we can 
regard the finite displacement as achieved The work done in a finite dis- 
placement is therefore represented by the integral 

where the integration is taken between the initial and final positions along 
the arc s described in space by the particle during displacement 

These definitions can now be extended to the whole set of particles which 
form the system considered, the system being initially m any given con- 
figuration, we consider any mode of displacing the various particles of the 
system which is not inconsistent with the connexions and constraints, the 
sum of the quantities of work performed on all the particles of the system in 
the displacement is called the total work done on the system m the displace- 
ment by the forces which act on it 

23 Forces which do no work . 

There are certain classes of forces which frequently occur m dynamical 
systems, and which are characterised by the feature that during the motion 
they do no work on the system 

Among these may be mentioned 

1° The reactions of fixed smooth surfaces the term smooth implies 
that the reaction is normal to the surface, and therefore m each infinitesimal 
displacement the point of application of the reaction is displaced in a direction 
perpendicular to the reaction, so that no work is done 

2° The reactions of fixed perfectly rough surfaces the term perfectly 
rough implies that the motion of any body in contact with the surface is one 
of pure rolling without sliding, and therefore the point of application of the 
reaction is (to the first order of small quantities) not displaced in each 
infinitesimal displacement, so that no work is done 

3° The mutual reaction of two particles which are rigidly connected 
together for if (x lt y lt z{) and (rr? 2 , y 2i z 2 ) are the coordinates of the particles, 
and (X, Y, Z) are the components of the force exerted by the first particle on 
the second, so that (—X, — F, — Z) are the components of the force exerted 
by the second particle on the first, the total work done by* these forces in 
an arbitrary displacement is 

X (&r 2 - Bsbj) + Y (8y a - 8y x ) + Z (&? 2 - 8*,) 

But since the distance between the particles is invariable, we have 
8 {(a? 2 - a?,) 2 + (y* - y x y + (* - z 1 Y] = 0, 
or (a? 2 - a?,) (Safe - 8#,) + (y a - j/i) (8y 2 - 8y x ) + (*» - z x ) ($* a - 8z t ) = 0, 
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and since the force acts in the direction of the line joining the particles, we 
have 

X Y Z=(x 2 ^x 1 ) (ya-yO 
Combining the last two equations, we have 

X (&* - 8«0 + Y (Sy 2 - fyd + ^ (^2 - «*) - 0, 
and therefore no work is done in the aggregate by the mutual forces between 
the particles 

4°, A rigid body is regarded from the dynamical point of view as an 
aggregate of particles, so connected together that their mutual distances are 
invariable It follows from 3° that the reactions between the particles which 
are called into play m order that this condition may be satisfied (or molecular 
forces as they are called, to distinguish them from external forces such as 
gravity) do, m the aggregate, no work m any displacement of the body 

5°. The reactions at a fixed pivot about which a body of the system can 
turn, or at a fixed hinge, or at a joint between two bodies of the system, are 
similarly seen to belong to the category of forces which do no work 

In estimating the total work done by the forces acting on a dynamical 
system an any displacement of the system, we can therefore neglect all forces 
of the above-mentioned types 

24 The coordinates of a dynamical system 

Any material system is regarded from the dynamical point of view as 
constituted of a number of particles, subject to interconnexions and con- 
straints of various kinds, a rigid body being regarded as a collection of 
particles, which are kept at invariable distances from each other by means 
of suitable internal reactions 

When the constitution of such a system (i e the shape, size, and mass of 
the various parts of which it is composed, and the constraints which act on 
them) is given, its configuration at any time can be specified m terms of a 
certain number of quantities which vary when the configuration is altered, 
and which will be called the coordinates of the system, thus, the position of a 
single free particle m space is completely defined by its three rectangular 
coordinates (x, y } z ) with reference to some fixed set of axes , the position of 
a single paiticle which is constrained to move m a fixed narrow tube, which has 
the form of a twisted curve m space, is completely specified by one coordinate, 
namely the distance s measured along the arc of the tube to the particle from 
some fixed point m the tube which is taken as origin , the position of a rigid 
body, one of whose points is fixed, is completely determined by three co- 
ordinates, namely the three Eulenan angles 0, <f>, ^ of § 10 , the position of 
two particles which are connected by a taut mextensible string can be defined 
by nve coordinates, namely the three rectangular coordinates of one of the 
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particle* and two of the direction-cosines of the string (since when these five 
quantities are known, the position of the second {Article is uniquely deter- 
muted) , and no on. 1 J 


KxampU. Hut* the mimtwr of it»le|»ii(lent coordinate* required to specify Urn 
configurate,,, at any instant of a rigid Issfy which i. oonstmmedTmove in it with 
a given fixed smooth lurfxoe. 


We shall generally denote by a the number of coordinates required to 
specify the configuration of a system, and shall suppose the systems con- 
sidered to be such that a is finite. The coordinates will generally be denoted 
oy 9>, 9*. • • 9*. If the system contain* moving constraints (o.g. if it consists 
of a particle which is constrained to he in contact with a surface which in 
turn is made to rotate with constant angular velocity round a fixed axis) 
it may be necessary to specify the time t in addition to the coordinates 
9«. f»> 9*> » n order to define completely a configuration of the system, 

The quantities tf,, g (l ... $ n are frequently called the velocities corresponding 
to the ooorrtirmtee q u q t% *„ q H < 


“»• in •?*»< i« «« ***tnpla of a dynamical system 
which is excluded l.y the hmitaUon that a is to be finite ( for the configuration of tbs 
iixitig ouutoi b« upnnad In Urm* of * finite number of pemnetorw, 


85 . HoUmomio and non-hotonomic # ynUms, 

It it now neoeasary to call attention to a distinction between two kinds 
of dynamical system*, which i* of great importance in the analytical discussion 
of their motion, this distinction may lie illustrated by a simple example. 

If we consider the motion of a sphere of given radius, which is constrained 
to move in oontaot with a given fixed plane, which we can take as the piano 
of *y, the configuration of the sphere at any instant is completely specified 
by five coordinates, namely the two rectangular coordinates (<r, y) of the 
centre of the sphere and the three Eulerian angles 0, of § 10, which 
specify the orientation of the sphere about its centre. The sphere can take 
up any position whatever, so long as it is in contact with the plane ; the five 
coordinates (*, y, 0, <p, ifr) con therefore have any arbitrary values. 

If now the plane is smooth, the displacement from any position, defined 
by the coordinates («, y, 0, <ft, -f), to any Adjacent position, defined by the 
coordinate* (» + £*, y + By, 6 + 80, 4> + ty, ^ + ty), where &r, By, B$, ty, ty 
are arbitrary independent infinitesimal quantities, is a possible displacement, 
i.e, the sphere can perform it without violating the constraints of the system. 
Bat if the plane is perfectly rough, this is no longer the case when Sa, By, 10, 

ty are arbitrary ; for now the condition that the displacement of the 
point of oontaot is sere (to the first order of small quantities) must be 
satisfied, and this implies that the quantities Sm, By, Bi, ty, ty are no 
longer independent, but are mutually connected (in foot, they must be such 
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as to satisfy two non-integrable linear equations) , so that m the case of the 
sphere on the perfectly rough plane , a displacement represented by arbitrary 
infinitesimal changes m the coordinates is not necessarily a possible dis- 
placement 

A dynamical system for which a displacement represented by arbitrary 
infinitesimal changes in the coordinates is m general a possible displacement 
{as m the case of the sphere on the smooth plane) is said to be holonomic , 
when this condition is not satisfied (as m the case of the sphere on the rough 
plane) the system is said to be non-holonomic 

If (S q l9 $q 2 , $?») are arbitrary infinitesimal increments of the coordinates 
m a dynamical system, these will define a possible displacement if the system 
is holonomic, while for non-holonomic systems a certain number, say m, of 
equations must he satisfied between them in order that they may correspond 
to a possible displacement The numbei (n-m) is called the number of 
degrees of freedom of the system Holonomic systems are therefore charac- 
terised by the fact that the number of degrees of freedom is equal to the 
number of independent coordinates required to specify the configuration 
of the system. 

26 Lagrange's form of the equations of motion of a holonomic system * 

We shall now consider the motion of a holonomic system with n degrees 
of freedom Let ( q i, q 2 , .. q n ) be the coordinates which specify the con- 
figuration of the system at the time t. 

Let m x typify the mass of one of the particles of the system, and let 
(#i> V\> be its coordinates, referred to some fixed set of rectangular axes 
These coordinates of individual particles are (from bur knowledge of the 
constitution of the system) known functions of the coordinates q u q 2} q n of 
the system, and possibly of t also , let this dependence be expressed by the 
equations 

= . >>qn, t), 

■ = * * qn> ^)> 

? 2 > ,q n > t) 

Let {X x , Y %i Z x ) be the components of the total force (external and 
molecular) acting on the particle , then the equations of motion of this 
particle are 

mx*i = -Xb rKijx = Y x , m x z % = Z x 

Multiply these equations by 

dqf dq r ’ 3 q r y 

* Lagrange, MScumque Analytique (1788), Seconde Partie, Section iv The equations were 
# first suggested in. one of his earher papers, Miscell Taurin n (1760) 
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respectively, add them, and sum for all the particles of the system We 
thus have 



where the symbol 2 denotes summation over all the particles of the system , 
this can be either an integration (if the particles are united into rigid bodies) 
or a summation over a discrete aggregate of particles 
But we have 


a* _ 3 fdf> , a/, 

% 3?r (j$i qi + a?* ?2 + ' 
3/t d& t 


SO 






®*8jr 


1 a?r 

_ c£ / . 3*i\ d fdx\ 

~ cUV , dqJ~ iCl dt\d^J 

_d ( . a®,\ ( d% a 2 /i . 

v ’ a? J * la ffl a 2r 9 l + a ? 2 a ?r 2a ' 

_ d /. a® t \ 
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’3? 

and therefore we have 


a# t 

3Sr 


9g, 




2w, 




= *f w 4{4 ( * + * <s + v) } ~ * ? m< 4 w i(i) 

Now the quantity 

|2w t (^ a + y< a 4-ii 2 ) 

represents the sum of the masses of the particles of the system, each 
multiplied by half the square of its velocity, this is called the Ktnefoc 
Energy of the system* From our knowledge of the constitution of the 
system, the kinetic energy can be calculated"!’ as a function of 

, ii j . 2i» %*’ " 9V* 2u ?a> £ > 

we shall denote it by 

^(?i> • ?n> <Ji> ?2> 

and shall suppose that T is a known function of its arguments, Since 

M 

3?2 


. _ OjU t,. 


3?1 


+ ’ 


* The mass of a particle multiplied by the square of its Telocity was called the vu viva by 
Leibnitz (Acta erud , 1695), 

t The methods of performing this calculation for rigid bodies arc given m Chapter V, 

3—2 
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and y x and z x are likewise linear functions of q x , q s , Jn» we see that T is a 
quadratic function of q u q t , ?» . if the functions /, </>, f do not involve the 
hmfl explicitly (as is generally the case if there are no moving constraints 
in the system), the quantities x, y, z are homogeneous linear functions of 
q lt <fe, 9»i and then T is a homogeneous quadratic function of q lt q a , q n . 

From the definition it follows that the kinetic energy of a system is essentially 
positive, T is therefore a positive definite quadratic form in q a , j n) and so satisfies 
the conditions that its discriminant and the principal minors of every order of its 
discriminant are positive. 


We have thus denved from the equations of motion the equation 

d (dT\ _ dT _ - / T & Y . z 
dt\dqj dq r % dq r l 9?r % dq r ) ' 

and the expression on the left-hand side of this equation does not involve the 
individual particles of the system, except m so far as they contribute to the 
kinetic energy T We have now to see if the right-hand side of the equation 
can also be brought to a form in which the individuality of the separate 
particles is lost 

For this purpose, consider that displacement of the system m which the 
coordinate q r is changed to q r + 8q r , while the coordinates 

qi> ?2> 9V - If ?r+i> • 

and the time (so far as this is required for the specification of the system) aie 
unaltered Since the system is holonomic, this can be effected without 
violating the constramts In this displacement, the coordinates of the 
particle m % are changed to 


*‘ + s| s »" 


* + f£ **■ 




and therefore the total work done in the displacement by all the forces which 
act on the particles of the system is 


l(xM + 7 x d ^ + Z x |fc' 

, v dq T dq r dq, 


)*qr- 


Now of the forces which act on the system, there are several kinds which 
do no work Among these are, as was seen in § 23, 


1° The molecular forces which act between the particles of the rigid 
bodies contained in the system * 

2° The pressures of connecting-rods of invariable length, the reactions 
at fixed pivots, and the tensions of taut inextensible strings 

3°. The reactions of any fixed smooth surfaces or curves with which 
bodies of the system are constrained to remain in contact, or of perfectly 
rough surfaces, so far as these can enter into holonomic systems 
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4° The reactions of any smooth surfaces or curves with which bodies 
of the system are constrained to remain in contact, when these surfaces oi 
curves are forced to move in some prescribed mannei , for the displacement 
considered above is made on the supposition that t , so far as it is required foi 
the specification of the system, is not varied, 1 e that such surfaces or curves 
are not moved during the displacement, so that this case reduces to the 
preceding 

The forces acting on the system, other than these which do no work, are 
called the paternal forces It follows that the quantity 



is the work done by the external forces m the displacement which conesponds 
to a change of q r to q r + 8q r , the other coordinates being unaltered. This is 
a quantity which (from our knowledge of the constitution of the system, and 
of the forces at work) is a known function of q l9 q 2) ... q n , t , we shall denote 
it by 

Qr(qi>q*> .. q n , t) 8q r . 

We have therefore 


d /9 T\ _ 
dt \9gv/ 


dq r 


Qr 


This equation is true for all values of r from 1 to n inclusive, we thus 
have n ordinary differential equations of the second order, in which q lt q if ,.q n 
are the dependent vanables and t is the independent variable , as the number 
of differential equations is equal to the number of dependent vanables, the 
equations are theoretically sufficient to determine the motion when the 
initial circumstances are given. We have now arrived at a result which may 
be thus stated : 


Let T denote the kinetic energy of a dynamical system, and let 
Qityi + Qafyfo + • + Qntyn 

denote the work done by the external forces in an arbitrary displacement 
(fyi) . %), so that T, Q x , Q a , .. Q n are, from our knowledge of the 
constitution of the system, known functions of j a , . q n , q u q t , , q n , t , 
then the equations which determine the motion of the system may he written 

d fdT\ ar _ . , n 

(r = l,2,..n) 

These are known as Lagrange's equations of motion . It will be observed 
that the unknown reactions (e*g of the constraints) do not enter into these 
equations The determination of these reactions forms a separate branch of 
mechanics, which is known as KmetO’-statics * : so we can say that m Lagrange's 
equations the kmeto-statical relations of the problem are altogether eliminated 
* Cf Heun, Deutsche Math Ver ix (Heft 2} (1900), p, 1 
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27 Conservative farces the Kinetic Potential 

Certain fields of force have the property that the work done by the forces 
of the field in a displacement of a dynamical system from one configuration 
to another depends only on the initial and final configurations of the system, 
being the same whatever be the sequence ot infinitesimal displacements by 
which the finite displacement is effected 

Gravity is a conspicuous example of a field of force of this character the work done 
by gravity in the motion of a particle of mass m from one position ata height A to 
another position at a height k above the earth’s surface is mg{ h-k), and this does not 
depend in any way on the path by which the particle is moved from one position to the 

other 

Fields of force of this type are said to be conservative. 

Let the configuration of any dynamical system he specified by n 

coordinates q u g 2 , q n Choose some configuration of the system, say 

that for which , _ , 

q r = ol t> (rm 1, 2, 

as a standard configuration , then if the external forces acting on the system 
are conservative, the work done by these forces in a displacement of the 
system from the configuration (q u g 2 , • Qn) to the standard configuration is a 
definite function of q u g 2 , q n , not depending on the mode of displacement 
Let this function be denoted by V (q\, ga» • ?n)? ^ is called the Potential 
Energy * of the system m the configuration (q u ? 2 > Qn) In this case the 
work done by the external forces in an arbitrary displacement 

(8?i, . $Qn) 

is evidently equal to the infinitesimal decrease m the function V, corresponding 
to the displacement, i.e is equal to the quantity 

Lagrange’s equations of motion therefore take the form 

If we introduce a new function L of the variables q u g 2 > . q n > Qu 
defined by the equation 

JD-JP-F, 

then Lagrange’s equations can he written 


,n), 

$n» 


d_ /d L \ _ dJL 
dt \dq r ) dq r 


‘ 0 , 


(r- 1, 2 


* The Potential-function was introduced by Lagrange m 1778 ( Oeuvres t vx* p. 885). 
name Potential is due to Green (1828) 
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The function L is called the Kinetic Potential , or Lagrangian function , 
this single function completely specifies, so far as dynamical investigations 
are concerned, a holonomic system for which the forces are conservative 


28 The explicit form of Lagrange's equations 

We shall now shew how the second derivatives of the cooidmates with 
respect to the time can be found explicitly from Lagrange’s equations 
Let the configuration of the dynamical system consideied be specified by 
coordinates q lf q 2y q n) we shall suppose that the configuration can be 
completely specified m terms of these coordinates alone, without t> so that 
the kinetic energy of the system is a homogeneous quadratic function of 
q u q*> q n As was seen m § 26, this is always the case when the 
constraints are independent of the time, but not m general when the 
constraints have forced motions (as for instance in the case of a particle 
constrained to move on a wire which is made to rotate m a given way) 
Suppose then that the kinetic energy is 

2’= fr 2 ^a u qicqi , 

yfc-l Z«1 

where a w = <%, and where the coefficients au are known functions of 


qi> ?2> 

The Lagrangian equations of motion for the system are 


or 


or 


d (dT\ dT 
dt\dqj 9?,“ Vr ’ 

(r=l, 2, . »), 


(r- 1,2, n), 

n n n f 7 

2 \qiqm=Qr, 

»- 1 L r J 

(r = l, 2, . . n), 

P ™~\ ’ W ^ 1C ^ 18 ca ^ e d a Ohnstoffel’s 

symbol*, denotes the 


(d a h 

da mr 

\dq m + 

dqi 


expression 


These equations, being linear m the accelerations, can be solved for the 
quantities q 8 In fact, let D denote the determinant 

Glu ^12 ^13 • 


0&2X 0$2 U23 

#31 &32 


I * • • ®nn \ 

* It was introduced by Chris toff el, Journal fib Math lxx (1869), and is of importance in the 
theory of quadratic differential forms. 
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and let A„ be the minor of a r , in this determinant Multiply the n equations 
of the above system by A u , A iv , A n ,„ respectively, and add them re- 
membering that the quantity 2 A is zero when s is different from v, and 

r=l 

has the value D when s is equal to v , we have 


or 


n n n 


Dq.+ 2 2 2 A r 

1 in=l r=l 

1 n n n 

= 2 2 2 Ar 

Js 1=1 m=l r - 1 





2 A r yQr> 

r=l 


1 


i AruQr 

1 


This equation is true for all values of v from 1 to n inclusive , and 
these n equations* m which q u . q n are given explicitly as functions of 
tfi, q» q n , qu ? 2 , * 9n, can be regarded as replacing Lagrange’s equations 
of motion 


29 Motion of a system which is constrained to rotate uniformly round an 
acc%8 

In many dynamical systems, some part of the system is compelled by an 
external agency to revolve with constant angular velocity to round a given 
§xed axis , the motion of a bead on a wire which is made to rotate m this 
way is a simple example There is, as we have seen, no objection to the 
direct application of Lagrange’s equations to such cases, provided the system 
is holonomic, but it is often more convenient to use a theorem which we 
shall now obtain, and which reduces the consideration of systems of this kind 
to that of systems m which no forced rotation about the given axis takes 
place 

Suppose that, independently of the prescribed motion round the axis, the 
system has n degrees of freedom, so that if the given axis is taken as axis of 
z } and any plane through this axis and turning with the prescribed angular 
velocity is taken as the plane, from which the azimuth <j> is measured, the 
cylindrical coordinates of any particle m of the system can be expressed in 
terms of n coordinates q ly , q n> these expressions not involving the time t 

Then if the kinetic energy of the system m the actual motion be T, and if the 
work done by the external forces in an arbitrary infinitesimal displacement 
be QiS2, + Q 2 $? 2 -f- > + Qn&qn, where Q lf Q s> . , Q n will be supposed to 
depend only on the coordinates q u g 8 , ,, q nt and if the kinetic energy of 
the system when the forced angular velocity is replaced by zero be denoted 
by T u we have 

T + ^ + + <»)% 

2\ = \ (z 2 + r 3 + r 3 ^ 2 } 

Now the quantity ^Smr 2 will be a function of q l9 q u . , q nt which is 
determined by our knowledge of the constitution of the system denote it by 
W The quantity 2m r 2 ^ will also be a known function of q 1} q tt . , q n , 
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2i> » being linear in q lt q a , , q n , it will be zero if, when «o is zero, the 

motion of every particle has no component in the direction of cf> increasing , 
while if n is equal to unity, so that there is only one coordinate q, it will be 
the perfect differential with respect to t of a function of q these are the two 
cases of most frequent occurrence, and we shall include them both by as- 

dY 

suming that 2trar*^ is of the form , where 7 is a given function of the 
coordinates q Xl q a> ..., q n 


We have therefore 


and the Lagrangian equations 


T = T 1 + <o~ + a >'W, 


dt \dq r ) dq r 
can be written in the form 

d (dT x \ ,df 9 Y\ 3 T x d (d Y\ 
dt\ dtfrj dt \ dqj dq r W dt \dq r ) W 


aw 

dq r ' 


Qr 


or 


d /ar,\ 

dt [djrJ 


dT, 

dq r 


! a ffr ( “ a ^) + ® r> 


(r = 1, 2, , n) 

(r= 1, 2, . , n ) 
(r = l, 2,.. , n) 


These equations shew that, subject to the assumption already mentioned, 
the motion w the same as if the prescribed angular velocity were zero, and 
the potential energy were to contain an additional term — £2 mr*«o s In this 
way, by modifying the potential energy, we are enabled to pass from a 
system which is constrained to rotate about the given axis to a system for 
which this rotation does not take place. The term centrifugal forces is 
sometimes used of the imaginary forces introduced in this way to represent 
the effect of the enforced rotation. 


30. The Lagrangian equations for quasi-coordinates. 

In the form of Lagrange’s equations given in § 26, the variables are n 
coordinates q x , q t , .... q n > and the time t; the knowledge of these quantities, 
together with a knowledge of the constitution of the system, is sufficient to 
determine the position of any particle in any configuration of the system, 
which may be expressed by saying that q x> q t , .. , q n are true coordinates of 
the system. We shall now find the form which is taken by the equations 
when the variables used are no longer restricted to be true coordinates of 
the system*. 

Consider a system defined by n true coordinates q x> q it ., q n , the 
kinetic energy being T and the work done by the external forces in a 

* Particular oases of the theorem of this article were known to Lagrange and Euler the 
general form of the equation* is due to Boltzmann (Wien Siczungsberichte, 1002) and Hamel 
(ZtiUekrift /Ur Math. u. Phyt. 1904) 
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displacement (Bq u Bq 2 , , Sq„) being Q,Sq, + QiSq 2 + + Q n Sq n , so that the 

Lagrangian equations of motion of the system are 

d /m BT _ . . tt . ... 

dt (dqj dq K ~ Q ' > n ) 0> 

Let <o lt at, , oa n be ?nndependent linear combinations of the velocities 
9i> defined by the relations 


(O r — + &2r?a 4“ . 4* a nr^[n (v — 1, 2, , 7l) *(2), 


where «,!, , , otn n are given functions of g lf g 2 , , and let d7r ly drr 2 , 

• , (?7r n be n linear combinations of the differentials dq ly dq iy , dq n > defined 
by the relations 

d7r r - a lr d^ 4- + .. 4- #» r d?n (r = 1, 2, . , n), 


where the coefficients a are the same as in the previous set of equations 


These last equations would be immediately mtegrable if the relations 
= W6re sa ^ ls ® e( ^ ^ or va ^ ues of tc, r } and ra, and m that case variables 


ir r would exist which would be true coordinates, we shall not however 
suppose the equations to be necessarily mtegrable, so that dir ly dir 2t , dir n 
will not necessarily be the differentials of coordinates ir ly n r 2 , ., 7 r 7l? we shall 
call the quantities diT lf dir 2y dir n differentials of quasi-coordinates 


Suppose that the relations (2), when solved for q ly q it . , q n , give the 
equations 

9« = &i© l 4-& f2 G>2+ • + ft K n(On (k — 1, 2, . ,n) (3) 

Multiplying the Lagrangian equations (1) by & r> &r, ..,&,*•> respectively, 
and adding, we obtain the equation 



Now 2<2*8y* is the work done by the external forces on the system m an 

arbitraiy displacement, so '2,ff Kr Q lc 87r r is the work done m a displacement 

in which all the quantities 87r are zero except Stt,.. If therefore the work 
done by the external forces on the system in an arbitrary infinitesimal dis- 
placement (Stti, 8t r a , . , 8ir n ) is U t iw x 4- n 2 S 7 r 2 + + II n $ 7 r n , we have 


2 A r 


f d (dT\ _ dT\ 
[dqj dqj 


n r . 


By means of equations (3) we can eliminate q u q t , , q n from the 
function T, so that T becomes a function of a x> , ® n , q u q t , . q n (we 
suppose for simplicity that t is not contained explicitly in T) , let this form 
of T be denoted by T. 


dT *dT 
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and therefoie 


2 A, ) + 2. 

* ( # ac \0a) a / * i 


U ^ V0o> a / ^ 73 m 9 dt dq m f ~ ^ 

But 2 Armies is zero or unity according as r is different from, or equal 


to, s so we have 


3 UJ + T » «ft ~ < a 7 « “ n ’ 


We also have 


ar af ~dTda>, df 


dq K dq * + " deo, dq. dq. ^ 9 ®. 3 ?* *”*’ 

80 3 © + ? ? S Ar (a£ “fe)~ ? /9 “ r 37 = ° r 

gyr g/p 0 0 rji 

Now 2 & r 5— , or 2 = — ~ , would represent ^ — if ir T were a true 
« oq K . dq. drr r r _07r r 

dT 

coordinate , we shall denote it by the symbol 5— whether 7r r is a true 

07T r 

coordinate or not Also the expression 


= .- +22 


df da„ 


22 / 3 (try 8 jn! (: 

k m V 


d<*K 8 dfinu* 

.3 q m dq< ) 


depends only on the connexion between the true coordinates and the dif- 
ferentials of the quasi-coordinates, and is independent of the nature or 
motion of the dynamical system considered we shall denote this expression 
by 7 nb We have therefore 


d f dT \^W dT ar _n 

dt\d(o r ) t i^ r * l( ° l da> 9 07 r r r 


do) 9 07 r r 


(r = l, 2, 


These n equations are the equations of motion expressed in terms of the 
quasi-coordinates , when the quasi-coordinates are true coordinates, the 

0 CC * 0ctm 

quantities 7^ are all zero, since the conditions ~~ = are satisfied, and 

oq K 

the equations reduce to the ordinary Lagrangian equations 

d (dT\ dT „ / 1 o \ 

dt[dirj~dv r, ==IIr (r l ’ 2 ’ *’ n) 


Example A ngid body is free to turn about one of its points 0 , which is fixed, so 
that the coordinates of the body can be taken to be the three Eulenan angles 6, <£, >//*, 
which (§ 10) specify the position of axes Oxyz , fixed in the body and moving with it, with 
reference to axes OXYZ fixed in space Let an arbitrary displacement {SB, &<f>, fy) of the 
body be equivalent to the resultant of small rotations 8irj, 8rr 2 , drr$ round Ox, Oy , Oz, 
respectively, so that dw\, dir 2 , drr 3 can be taken as the differentials of quasi-coordinates 
let ax, ®2» ®s be the components about the axes Oxyz of the angular velocity of the body 
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at any instant, so that d* u dv 2 , di r 3 are the differentials of quasi-coordinates corre- 
sponding respectively to the velocities o>j , <b 2 , <03 Shew that the equations of motion of 
the body are 

Id /df\ 



dT , 

df _ 

dT 

“ 3 ST 2 + “ 2 


diri 

df , 

df _ 

df 

<B ifo s + < “ 8 

d&i 

07T 2 

df , 

df 

df 


0a>2 



where T is the kinetic energy of the body, expressed in terms of wj, o> 2 , «>3> </>> ^ , 

n l5 n 2 , n 3 are the moments about the axes Ox, Oy , Oz, respectively, of the external forces 

■7 * . , dT . , , dT dA dTUdTdyjr 

acting on the body , and ^ stands for ^ ^ ^ ^ + 33 


d6 dn r — d(j) drr r (ty dir r 


dr 


It will appear later that f depends only on a> u © 2 , «3, so the terms ate zero 


31. Forces derivable from a potential-function which involves the 
velocities . 

In certain cases the conception of a potential-energy function can be 
extended to dynamical systems m which the acting forces depend not only 
on the position but on the velocities and accelerations of the bodies 

For consider a dynamical system whose configuration is specified by 
coordinates q 1: q 2) q n , and suppose that the work done by the external 
forces in an arbitrary displacement (Sq Xi hq 2 , Sq n ) is 

OiSjx 4- Qg&fr + • • + Qntyn 

Then if Q r can be expressed m the form 


Hr dq,dt [dqj 


(r = 1, 2, ,»), 


where Fisa given function of q u q t , . , q n , q u , q n> the Lagrangian equa- 
tions of motion are 


dt \dqj dq r dq T dt \d(j r ) 
and if a kinetic potential L be defined by the equation 

L = T-V y 

the equations take the customary form 

d SdL\ d£i 
dt \dqj dq r ~ 


(r = 1, 2, .,w), 


(r = 1, 2, , n\ 


The function V can be regarded as a generalised potential energy 
function. An example of such a system is furnished by the motion of a 
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particle subject to Weber’s electrodynamic law of attraction* to a fixed 
point, the force per unit mass acting on the particle being 

1 /- r 3 ■— 2 r r\ 


where r is the distance of the particle from the centre of force 
the function V is defined by the equation 



in this case 


Example If the forces Q u ^ 2 , , Q n of a dynamical system which is specified by 

coordinates q u q 2) , q n are derivable from a generalised potential-function 7, so that 



shew that Q x , Q 2 , , Q n must be linear functions of q l9 q 2 , 

relations 

dQi _ oQi; 

3?* 3ft ’ 


(»= 1 , 2 , ,»), 

, q n9 satisfying the n(2n-l) 


dQi , ^Qk ^ 

9?* ~ ^ \3& fyiV * 

On the general conditions for the existence of a kinetic potential of forces, reference 
may be made to 

Helmholt z 9 Journal ftlr Math , Vol c (1886) 

Mayer, Leipzig Benchte , Vol xlviii (1896) 

Hirsoh, Math Annalen , Vol L (1898) 


32 Initial motions 

The differential equations of motion of a dynamical system cannot in 
general be solved m a finite form m terms of known functions. It is how- 
ever always possible (except m the vicinity of certain singularities which 
need not be considered here) to solve a set of differential equations by powei - 
senes, i,e. to obtain for the dependent variables q l3 q 2 , q H expressions of 

the type 

f q x — c*i + b x t 4* Ci H* 4- d x t? + , 

q% * ctjj + b 2 1 + c 2 1 2 4* d% 1? 4- > 

• • • • f 

^ q n = a n + b n t+c n t* + d n t 8 + , 

the coefficients a , 6, can in fact be obtained by substituting these series in 
the differential equations, and equating to zero the coefficients of the various 

# W Weber, Annalen d. Phys lxxiii (1848), p 193 Cf Whittakers History of the Theories 
of Aether and Electricity , pp 226—231. 
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powers of t , the expansions will converge in general foi values of t within 
some definite circle of convergence m the £-plane 

It is plain that these senes will give any information which may be 
required about the initial character of the motion ( t being measured from the 
commencement of the motion), since a x is the initial value of q Xi b x is the 
initial value of q lf and so on This method of discussing the initial motion 
of a system is illustrated by the following example 


Example Consider the motion of a particle of unit mass, which is free to move m a 
plane and initially at rest, and which is acted on by a field of force whose components 
parallel to fixed i octangular axes at any point (a?, y) are (X, 7 ), and let it be required to 
determine the initial radius of curvature of the path 


Let (ff+f, y+rj) be the coordinates of any point adjacent to the initial point (?, y), 
so that £, rj may be regarded as small quantities , then the equations of motion are 

f =X (#+£> y+v) 


=X(*,y) + f 


3X (g, y) 0X (x, y) 


dx 


-+17- 


,=r ( *,W^^^ } + 


~¥ 

r (x, 

~W 


If theiefore we assume for £ and 7 the expansions 

7 + +/**+- , 

(it is not necessary to include terms of lower order than t 2 , since the quantities £, 7, £, 7 
are initially zero), and substitute m these differential equations, we find, on comparing 
the coefficients of various powers of t, the relations 

«=*X(*,y), 6=0, 

6=0, /-*(x£+r?|) 

The path of the particle near the point (#, y) is therefore given by the series 

^=r«+j(x^+r^)«*+ , 

where u , denotes the quantity $t 2 

Now if the coordinates £ and 7 of any curve are expressed in terms of a parameter u, 
the radius of curvature at the point u is known to be 


1 \duj \du) J 

dry d£ dr) 9 

du 2 du du 2 du 


so the radius of curvature corresponding to the zero value of u, for the curve given by the 
above expressions, is * 


3 (X 2 + 7 *)* 
3 X 1 


and this is the required radius of curvature of the path of the particle at the initial point. 
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33 Similarity m dynamical systems * 

If any system of connected particles and rigid bodies is given, it is 
possible to construct another system exactly similar to it, but on a different 
scale If now the masses and forces m the two systems, which we can call 
the pattern and model respectively, bear certain ratios to each other, the 
workings of the two systems will be similar, though possibly at speeds which 
are not the same but bear a constant ratio to each other 

To find the relation between the various ratios involved, let the linear 
dimensions of the model and pattern be m the ratio x 1, let the masses of 
corresponding particles be m the ratio y 1, let the rates of workmg be in the 
ratio z 1, so that the times elapsed between corresponding phases are in the 
ratio 1 z t and let the forces be in the ratio w 1 Then for each particle we 
have an equation of motion of the form 

mx = X , 

so if m is altered in the ratio y l, x is altered m the ratio xz* 1, and X is 
altered in the ratio w 1, we must have 

w = xyz*, 

and this is the required relation between the numbers a, y , z, w. 

Example If the forces acting are those due to gravity, we have and conse- 

quently «*sb 1, so that the rates of working are inversely as the square roots of the linear 
dimensions 

If the forces acting are the mutual gravitations of the particles, every particle 
attracting every other particle with a force proportional to the product of the masses and 
the inverse square of the distance, we have so that the rates of working are m 

the ratio y4 


34 Motion with reversed forces 

A special case of similarity is that in which the ratio w has the value — 1 

We have seen that the motion of any dynamical system which is subjected 
to constraints independent of the time, and to forces which depend only on 
the positions of the particles, is expressed by the Lagrangian equations 



( r “ li 2, , w), 


where the kinetic energy T is a homogeneous quadratic function of the 
velocities q lf q 2} , q n , involving the coordinates q u q Q , . , q nt m any way, 

and Q is a function of q l9 q 2 , , q n only 

Introduce a new independent variable defined by the equation 

r =» it y where i = V — 1, 


and let accents denote differentiations with regard to r Then since 


* Newton, Prmetpia , Book n Sect 7, Prop 32 
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±(dT\ 

dt \dq r ) 

become 


and 5— are homogeneous of degree — 2 in dt, the above equations 
oq r 


d_ = _g 

dr \dq r 'J 3 q r Vr 


where ® is the same function of qi, q t ', , q n '> ?i> 


(r — 1» 2, . , w), 
q n that T is of 


2i> ?2> > 2 2i> 2a> •> 2* 

But if r (instead of £) be now interpreted as denoting the time, these last 
equations are the equations of motion of the same system when subjected to 
the same forces reversed m direction Moreover, if a lf a 2 , . ,, a n> fi Xi / 9 a > > 

fi n are the initial values of q x , q 2 , , q n > ?i, q$, • , q n > respectively, m any 

particular case of the motion of the original system, then a x , . , cc n> — ifi lf 

— ifit, , — ^» will be the corresponding quantities m the transformed 
problem We thus have the theorem that m any dynamical system subjected 
to constraints independent of the time and to forces which depend only on the 
position of the particles , the integrals of the equations of motion are still real 
if t be replaced by V— It and the initial velocities fi 1} fi %i . , fi n by — V — lfii > 

— sj— 1 fi 2 , , — V— 1 fi n respectively , and the expressions thus obtained repre- 
sent the motion which the same system would have if with the same initial 
conditions , it were acted on by the same forces reversed in direction 


35 . Impulsive motion. 

In certain cases (e g. m the collision of rigid bodies) the velocities of the 
particles in a dynamical system are changed so rapidly that the time occupied 
in the process may, for analytical purposes, be altogether neglected 

The laws which govern the impulsive motion of a system bear a close 
analogy to those which apply m the case of motion under finite forces * they 
can be formulated m the following way* 

The number which represents the mass of a particle, multiplied by the 
vector which represents its velocity at any instant, is a vector quantity 
(localised in a line through the particle) which is called the momentum of 
the particle at that instant f , the three components parallel to rectangular 
axes Oxyz of the momentum of a particle of mass m at the point (x, y> z) are 
therefore (mw, my , mz) If any number of particles form a dynamical system, 
the sum of the components in any given direction of the momenta of the 
particles is called the component m that direction of the momentum of the 
system . The impulsive changes of velocity in the Various particles of a 
connected system can he regarded as the result of sudden communications 
of momentum to the particles. 

The effect of an agency which causes impulsive motion in the system 

* They were involved in the discovery of the laws of impact m 1668 by Wallis and Wren 
Phil Trans No 43, pp 864, 867 * 

t Momentum is the quantity motus of Newton’s Pnncipia , Book i Def 2 The idea can be 
traced back to Descartes 
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will be measured by the momentum which it would communicate to a single 
free particle If therefore (u 0 , v 0 , w 0 ) are the components of velocity of a 
particle of mass m, referred to fixed axes in space, before the impulsive 
communication of momentum to the particle, and if (u, v, w) are the com- 
ponents of velocity of the particle after the impulse, then the vector quantity 
(localised in a line through the particle) whose components are 
m (u — u 0 ), m (y — v 0 ), m(w — w Q ) 
represents the impulse acting on the particle 

For the discussion of the impulsive motion of a connected system of 
particles, it is clearly necessary to have some experimental law analogous to 
the law of Action and Reaction of finite forces , such a law is contained m 
the statement that the total impulse acting on a particle of a connected 
system is equal to the resultant of the external impulse on the particle (l e the 
impulse communicated by agencies external to the system, measured by the 
momentum which the particle would acquire if free) together with impulses 
directed along the lines which join this particle to the other particles which 
constrain its motion, and the mutually induced impulses between two connected 
particles are equal m magnitude and opposite m sign 

If we regard the components of an impulse as the time-integrals of the 
components of an ordinary finite force which is very large but acts only for 
a very short time, the law just stated agrees with the law of Action and 
Reaction for finite forces 

Change of kinetic energy due to impulses 

The change m kinetic energy of a dynamical system whose particles are acted on by a 
given set of impulses may be determined in the following way 

Let an impulse I, directed along a line whose direction-cosines referred to fixed axes of 
reference are (X, p, v), be communicated to a particle of mass m, changing its velocity 
from vo, m a direction whose direction-cosines are (Z 0 , M 0 , No), to v, in a direction whose 
direction-cosines are ( L , M, N) The equations of impulsive motion are 

m (vL - vo Lo) «* iX, m (vM~ v 0 M 0 ) «* Ip, m (vN- v q Nq) = lv 
Multiplying these equations respectively by 

i(vL+v 0 Lo)> i (vM+v 0 M 0 ), and J(viV^v 0 2F 0 ), 

and adding, we have 

£ m v 2 - J mv 0 2 *= $ /v ( ZX + Mp + Nv ) + £ /v 0 ( L 0 X + M 0 p + N 0 v ) 

The change m kinetic energy of the particle is therefore equal to the product of the 
impulse and the mean of the components, before and after the impulse,, of the velocity of 
the particle m the direction of the impulse 

Now consider any dynamical system of connected particles and rigid bodies, to which 
given impulses are communicated , applying this result to each particle of the system, and 
summing, we see that the change i n the kinetic energy of the system is equal to the sum of the 
impulses applied to it, each multiplied by the mean of the domponents , before and after the 
communication of the impulse, of the velocity of its point of application m the directum of the 
impulse In this result we can clearly neglect the irapxdsive forces between the molecules 
of any rigid body of the system 


w D 


4 
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36 The Lagrangian equations of impulsive motion 

The equations of impulsive motion of a dynamical system can be 
expressed in a form* analogous to the Lagrangian equations of motion for 
finite forces, in the following way 

Let (X t , Y„ Z,) be the components of the total impulse (external and 
molecular) applied to a particle m, of the system, situated at the point 
(<r t , y it z t ) The equations of impulsive motion of the particle are 

m t (x t — xj) — X lt w, (y, — y«) — Yu m i (*t — ■*<*) ” » 

where (i„, y,„ and (*., y„ i.) denote the components of velocity of the 
particle before and after the application of the impulse. 

If ?i. ?s. . 9 » denote the n independent coordinates in terms of which 

the configuration of the system can be expressed, we have therefore 


S m, j<±, - « ^ - y») + W “ *>) fj} 


£)• 


where the summation is extended over all the particles of the system. 

Now m forming the summation on the right-hand side of this equation, 
it is seen as in § 26 that the molecular impulses between particles of the 
system can be omitted the quantity 


?(*S**S**g) 


can therefore readily be found when the external impulses are known: we 
shall denote it by the symbol Q r We have consequently 

2 m, {(* - Jb) f* + <* - y») + (it - h .) - Qr 

But as in § 26 we have 

dx, _ 9i, . Sr, 3 

ag. "99.’ *° a 'Wr~*q, 

and similarly 

where 9 ro and q r denote the velocities of the coordinate 9 ,. before and after 
the impulse respectively Thus if 

T m 4 2 m, (if + y* + z{) 


(**<*). 


* Due to Legrenge, iUc. Ami ( 2 * 4 d.), a. p. 188 . 
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denotes the kinetic energy of the system after the impulse, the above 
equation can be written in the form 



where (J^) o denotes the quantity corresponding to g~^but relating to the 
instant before the impulse 

Similar equations can be found for the rest of the coordinates q u q , q n) 
and thus we obtain the set of n equations 


d T fdT\ ^ 

dq r \dqj 0 ~^ r ’ (^-1.2, , n), 

^ iiicli are known as the Lagrangian equations of impulsive motion 

These are algebraical equations for the determination of q 1} q 2 , , q n m 

terms of q 10 , q K , , q m , they are not differential equations like the Lagrangian 
equations of motion for finite forces, since the second denvates of the 
coordinates with respect to the time do not enter 


Miscellaneous Examples 

1 Two rigid bodies moving m space are constrained only by a taut mextensible stnng 
joining a given point of one body to a given point of the other, and one of the bodies is 
constrained to roll without sliding on a given fixed surface How many degrees of freedom 
has the system, and how many independent coordinates are required to specify its con- 
figuration ? 

2 A p6mt is referred to curvilinear coordinates a , b, c, and the square of its 
velocity is 

2 Tm A a 2 4- BlP + CcP + 2Fbe + 2Gca + ZHab 

Shew that p } q, r, the component accelerations m the directions of the tangents to the 
coordinate lines, are given by three equations of the type 

’ ja+ Jb v + 7c r (ColL Elam > 

3 A particle which is free to move in space is initially at rest at the origin, and is m 
a field of foroe whose components (Z, Y, Z ) at any point (x, y, z) are given by the expansions 

Z« a+for-f quadratic and higher terms m x r y>z, 

Y = coo 4 quadratic and higher terms m %,y,z, 

Zm. dx?+ cubic and higher terms m x, y, z 
Find the radii of curvature and torsion of the orbit at the origin 
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CHAPTER III 

PRINCIPLES AVAILABLE FOR THE INTEGRATION 

37 Problems which are soluble by quadratures 

The determination of the motion of a holonomic dynamical system with 
a finite number of degrees of freedom has m the preceding chapter been 
shewn to depend on the solution of a set of ordinary differential equations 
If n denotes ,the number of degrees of freedom, and (q lt q 2) . , q n ) are the 
coordinates specifying the configuration of the system at the time t, then 
the set of equations consists of n differential equations, each of the second 
order, with q l9 q 2 , , q n as dependent variables and t as independent variable 

This set of equations is said to be of order 2 n, the order being defined to 
be the sum of the orders of the highest denvates of the dependent vari- 
ables occurring m the equations It is a well-known result of the theory 
of ordinary differential equations that the number of arbitrary constants of 
integration in the solution of a set of differential equations is equal to 
the order of the system, whence it follows that there are 2 n constants of 
integration m the general solution of a holonomic dynamical problem with 
n degrees of freedom 

Now any given set of differential equations of order k can be reduced 
to the form 

dXy „ 

~ A? (oc i, x 2> « , x ki t ), (r = 1,2, * ,, k) t 

where X l9 X 2} , X k are known functions of their arguments, by taking as 

new variables (^, x 2j . , x k ) the original dependent variables together with 
their denvates up to (but not including) the highest denvates occurring m 
the ongmal set of equations. Thus e g the set of equations 

d?q d*q 

dt* ” Q* q^i = Qa (? 1 > 2a» <li) Ja)> 

(where Qi and Q 2 aQ y functions of the arguments indicated) which is of 
order 4, can be reduced to the set 

dx 3 n / dx 4 ^ , 

dt dt dt ~ ™ x * y ~dt =S ^ 2 ( Xx> x%y x ^ y 
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by taking 
The form 


# 2 “ # 2 , = ^4 = ?2 

dXr v / . \ 

1, #2> 


(*=1,2, ,i) 


may therefore be regarded as the typical form for a set of differential 
equations of order k 


If a function f(x x , x 2 , , x k> t) is such that ^ is zero when (x Xi x 2} , &%) 

are any functions of t whatever which satisfy these differential equations, the 
equation 

/(# i> # 2 ; . , x k} t) = Constant 


is called an integral of the system The condition that a given function f 
may furnish an integral of the system is easily found for the equation 
dfldt = 0 gives 




, 3/ 

+ r— 4- 

3#* 3tf 


2f. 


o, 


or 


l{ z,+ £ Zs+ - * + £ Zi+ |' =0 - 


and this relation must be identically satisfied in order that the equation 

f( x i, 0 = Constant 

may be an integral of the system of differential equations 

Sometimes the function f itself (as distinct from the equation f=a constant) is called an 
integral of the system 


The complete solution of the set of differential equations of order k is 
furnished by k integrals 

fr (#i» # 2 > ♦ . t) = a t , (r *» 1, 2, , k) } 

where a x , a 2 , , a* are arbitrary constants, provided these integrals are 

distinct , i e. no one of them is algebraically deducible from the others For 
let the values of x l} x it , x k , obtained from these equations as functions of 
t 3 a Xi c*2, , , be 

** = <t>r (oi , a 2 , , a k) t ), (r «■ 1, 2, , *) , 

then if (a?i, # a , are a<ny paiticular set of functions of t which satisfy 

the differential equations, it follows from what has been said above that 
h Y to toe arbitrary constants a r suitable constant values we can make 
the equations 

fr (®i t » j ^) = Of-; (r = 1 } 2, , k ) 

true for this particular set of functions (x\, x i} , a k ) , and therefore this set 
of functions (x 1} # 2 , , x k ) will be included among the functions defined by 

the equations oo r = (f> r The solution of a dynamical problem with n degrees 
of freedom may therefore be regarded as equivalent to the determination of 
2 n integrals of a set of differential equations of order 2n, 
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Thus the differential equation 

which is of the second order, possesses the two integrals 

r qt+qt=a u 

1 tan -1 --2=02, 

l ? 

where a x and a 2 are arbitrary constants. On solving these equations for q and q> we have 

’q=a x b sin(2+o 2 ), 
q=a x 4 cos^+oa), 

and these equations constitute the solution of the differential equation 

The more elementary division of dynamics, with which this and the 
immediately succeeding chapters are concerned, is occupied with the dis- 
cussion of those dynamical problems which can be solved completely in 
terms of the known elementary functions or the indefinite integrals of such 
functions These are generally referred to as problems soluble by quadratures. 
The problems of dynamics are not m general soluble by quadratures , and in 
those cases in which a solution by quadratures can be effected, there must 
always be some special reason for it, — in fact the kinetic potential of the 
problem must have some special character The object of the present 
chapter is to discuss those peculiarities of^ the kinetic potential which are 
most frequently found in problems soluble by quadratures, and which m fact 
are the ultimate explanation of the solubility 


38 Systems with ignorable coordinates 

We have seen (§ 27) that the motion of a conservative holonomic 
dynamical system with n degrees of freedom, for which the coordinates are 
?i» and the kinetic potential is X, is determined by the differential 

equations 

d /dL\ ax „ y 

dt {dqj d q r ~°‘ ( r==1, 2 ’ ' ’ 

9X 

The quantity is generally called the momentum corresponding to the 
coordinate q r 


It may happen that some of the coordinates, say q u q 2i q k> are not 
explicitly contained m X, although the corresponding velocities q 1} $ s , , q k 

are so contained Coordinates of this kind are said to be ignorable or cyclic \ 
it will appear m the following chapters that the presence of ignorable 
coordinates is the most frequently-occurring reason for the solubility of 
particular problems by quadratures 

The Lagrangian equations of motion which correspond to the h ignorable 
coordinates are 


d (dL s 
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and on integration, these can be written 


g£"A* (r-1, 2, k), 

where A> A, , ,8* are constants of integration These last equations are 
evidently k integrals of the system 

We shall now shew how these k integrals can be utilised to reduce the 
order of the set of Lagrangian differential equations of motion* 

Let R denote the function L — 2 q r g— , By means of the k equations 

dL „ 

— A-, (r= 1, 2, , k), 

we can express the k quantities q u q t , , q k , which are the velocities cor- 
responding to the ignorable coordinates, in terms of 

?*+»> ?t+2> » 3n> 3*+s i , j», A i A, , /?£ , 

we shall suppose that in this way the function R is expressed in terms of the 
latter set of quantities 

Now let Bf denote the increment produced in any function /of the quan- 
tities q k+1 , q l+ i, , q n , q lt q ir . q n (or of the quantities q k+1 , q k+t , , q n , 
fft+1. •» ?», A, A. A) by arbitrary infinitesimal changes Bq k+1 , Bq k+i , 

Bq n , Sqi, , Bq n in its arguments Then we have 


sR - s ( L - r i"S' 

by the definition of R But 


and 


^ 5T-°?r + z 2 ~r~$q r9 

r^k+l^r r»lO<jr r^k+\Oq r * 


8 C? 1 9r 9Vr) “ r?i S 8?r + , ?! 5/9r ’ 


since 

We have therefore 


U 
dq r 


“A- 


SJR= 


5 ax. , 

2 ST s ?r + 


.1 


and since the infinitesimal quantities occurring on the nght-hand side of this 
equation are arbitrary and independent, the equation is equivalent to the 


* The transformation which follows is really a case of the Hamiltonian transformation, which 
is discussed m Chapter X, it was however first separately given by Routh m 1876, and somewhat 
later by Helmholtz 
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system of equations 


dL _dR 
dq r dq r ’ 

(r — & + 1, & + 2, 

, n), 

3. L_dR, 
dq T dq r ’ 

(r^k + 1, A? + 2, 

. n )> 

II 

1 

(r= 1, 2, .,k) 



Substituting these results m the Lagrangian 
have 


d (dR\ dR 
dt \dqj dq r 


equations of motion, we 
+ A? + 2, , n). 


Now jB is a function only of the variables qjc+ 1 , qk+z> * • > q*t+u **> ?n> 
and the constants ft, ft, , ft so this is a new Lagrangian system of 
equations, which we can regard as defining a new dynamical problem with 
only ( n-k ) degrees of freedom, the new coordinates being ^ +1 , g% +a , « , q n) 
and the new kmetic potential being R When the variables , q n 

have been obtained m terms of t by solving this new dynamical problem, the 
remainder of the original coordinates, namely q u q«, , can be obtained 

from the equations 

9V = - (r= 1, 2, ..,&) 


Hence a dynamical problem with n degrees of freedom , , which has k zgnorable 
coordinates, can be reduced to a dynamical problem which has only (n — k) 
degrees of freedom This process is called the ignoration of coordinates 


The essential basis of the ignoration of coordinates is m the theorem that when the 
kinetic potential does not contain one of the coordinates q T explicitly, although it involves 
the corresponding velocity q ri an integral of the motion can be at once written down, 

1 a l 

namely 0— — constant This is a particular case of a much more general theorem which 

will be given later, to the effect that when a dynamical System admits a known infinitesimal 
contact-transformation, an integral of the system can be immediately obtained 

If the original problem relates to the motion of a conservative dynamical 
system in which the constraints are independent of the time, we have seen 
that its kinetic potential L consists of a part (the kinetic energy) which is 
a homogeneous quadratic function of q u ft , , ?n , an d which involves 
qie+ 2 , * j ?» in any way, together with a part (the potential energy with 
sign reversed) which involves q k+1 , q i+} , , , % only But in the new 
dynamical system which is obtained after the ignoration of coordinates, the 
kmetic potential R cannot be divided into two parts in this way in fact, R 
will m general contain terms linear in the velocities And more generally 
when (as happens very frequently in the more advanced parts of Dynamics) 
the solution of one set of Lagrangian differential equations is made to depend 
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on that of another set of Lagrangian differential equations with a smaller 
number of coordinates, the kinetic potential of this new system is not 
necessarily divisible into two groups of terms corresponding to a kinetic and 
a potential energy We shall sometimes use the word natural to denote those 
systems of Lagrangian equations for which the kin etic potential contains 
only terms of degrees 2 and 0 in the velocities, and non-natural to denote 
those systems for which this condition is not satisfied 


As an example of the ignoration of coordinates, consider a dynamical system with two 
degrees of freedom, for which the kinetic energy is 


and the potential energy is 


2-i 




V=*c+dq 2 2 , 


where a, b 9 o, d are given constants 

It is evident that q x is an ignorable coordinate, since it does not appear explicitly in T 
or V 


The kinetic potential of the system is 



and the integral corresponding to the ignorable coordinate is 


a+bq<p P * 


where f3 is a constant, whose value is determined by the initial circumstances of the motion 

The kinetic potential of the new dynamical system obtained by ignoring the coordinate 
gi is 

- i - o - dq 2 * - \ j3 2 (a + bqf), 

and the problem is now reduced to the solution of the single equation 

d /dR\ 022 A 
dt hi ’ 

or *f fyS 2 ) q^O 

As this is a linear differential equation with constant coefficients, its solution can be 
immediately written down it is 

q^—A sin {(2d +&£*)& *+*}, 

where A and e are constants of integration, to be determined by the initial circumstances 
of the motion This equation gives the required expression of the coordinate m terms 
of the time the value of q x m terms of t can then be deduced from the equation 

== & f ( a +bq£)dt 9 

which gives 

and so completes the solution of the system 
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39 Special cases of ignoration; integrals of momentum and angular 
momentum 

We shall now consider specially the two commonest types of ignorable 
coordinates m dynamical problems 

( 1 ) Systems possessing an integral of momentum 

Let the coordinates of a conservative holonomie dynamical system with 
n degrees of freedom be q Xi q 2 , ., q ni and let T be the kinetic energy of the 

system, and V the potential energy, so that the equations of motion of the 
system are 

d fdT\ dT _ dV , v 

dt \jdq r ) dq r 8 q r ’ ( r > > > n ) 

Suppose that one of the coordinates, say q u is ignorable, and moreover is 
such that an alteration of the value of q x by a quantity l, the remaining 
coordinates q 2} q 9} . , q n being unaltered, corresponds to a simple translation 
of the whole system through a distance l parallel to a certain fixed direction 
in space , we shall take this to be the direction of the #-axis m a system of 
fixed rectangular axes of coordinates. 

Since q x is an ignorable coordinate, we have the integral 

dT 


dq : 


— Constant, 


and we shall now discuss the physical meaning of this equation 
We have 

dT 8 

dq, = * dq x + + z fi> 

where the summation is extended over all the particles of the system, 
dT -c* / • 


or 




!)■ *»* 


26 


- 'Zm % oc % 


,» 0 X{ 

since m this case ~ : 

8?1 


1 ^i=0 ^ 
* a 2l u ’ dq x 


Now 2m l « t represents (§ 35) the component parallel to the <c-axis of 
the momentum of the system of particles m x , and consequently this is the 

physical meaning of the quantity in the present case 

oqi 


The integral 


P- = Constant 

0?l 


can therefore he interpreted thus ; When a dynamical system can be 
translated as %f rigid m a given direction without violating the constraints , 
and the potential energy is thereby unaltered (the way in which the kinetic 
energy depends on the velocities is obviously unaltered by this translation, so 
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the corresponding coordinate is ignorable), then the component parallel to this 
direction of the momentum of the system is constant 

This result is called the law of conservation of momentum*, and systems 
to "which it applies are said to possess an integral of momentum 

( 11 ) Systems possessing an integral of angular momentum 

Again taking a system with coordinates q x , q t , , q n and kinetic and 
potential energies T and V respectively, let us now suppose that the 
coordinate q x is ignorable, and moreover is such that an alteration of q x by 
a quantity a, the other coordinates remaining unchanged, corresponds to 
a simple rotation of the whole system through an angle a round a given 
fixed line in space we shall take this line as the axis of z m a system 
of fixed rectangular axes of coordinates 

Since q l is an ignorable coordinate, we have the integral 

dT _ ± x 

0 — = Constant . , (1), 

and we have to determine the physical interpretation of this equation 

We have as before 


dT v ( dxi , 3?/ l 3 z t \ 

where the summation is extended over all the particles of the system 
if we write 

a), = r,cos(£„ y % =r l Bm<f) l , 
we have dfa = dq x , 

dxi daii 


But 


so 


dq x d<j>{ 


■ - r t sin = - y % . 


and therefore 


dq x ~dcf> i ~ l ^ 

dz, 

dq x 

dT 

dq x 


- 0 , 


= 2m t (- any, + y % x % ) 


( 2 ). 


Now if r denote the distance of any particle of mass m from a given 
straight line at any instant, and if co denote the angular velooity of the 
particle about the line, the pioduct mr^w is called the angular momentum 
of the particle about the line 

Let 0 be any point, and let P, P' be two consecutive positions of the 
moving particle, the interval of time between them being dt Then the 


* This has been evolved gradually from the observation of Newtoh, Pnncipia , Book i in trod, 
to Sect xi , that if any number of bodies are acted on only by fyeir mutual attractions, their 
common centre of gravity will either be at rest, or move uniformly in a straight line 
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angular momentum about any line OK through 0 is clearly the limiting 
value of the ratio 


~ x Twice the area of the projection of the triangle OP P on 
a plane perpendicular to OK , 

so if (l, m, n) are the direction-cosines of OK and if (X, /*, v) are the direction- 
cosines of the normal to the triangle OPP', we see that the angular 
momentum about OK is equal to the product of (?X 4* mp + nv) into the 
angular momentum about the normal to the plane OPP It is evident from 
this that if the angular momenta of a particle about any three rectangulai 
axes Oxyz at any time are hi, A,, Aj respectively, then the angular momentum 
about any Ime through 0 whose direction-cosines referred to these axes are 
(l, m, n) is lh x + mA* -fnA*, we may express this by saying that angular 
momenta about axes through a point are compounded according to the vectorial 
law 


The angular momentum ot a dynamical system about a given axis is 
defined to be the sum of the angular momenta of the separate particles of 
the system about the given axis , m particular, the angular momentum of 
a system of particles typified by a particle of mass m, whose coordinates are 
(#», 2 %), about the axis of z is where 

t 

x l -r l co9tf> x , y x = r t siE <j> x , 

and the summation is extended over all the particles of the system , this 
expression for the angular momentum of a system can be written m the form 

2m l (y t x t -w % y { ), 

t 

and on comparing this ’with equation (2) we have the result that the angular 

dT 

momentum of the system considered t about the axis of z, is 5— 

The equation (1) implies therefore that the angular momentum of the 
system about the axis of z is constant and we have the following result 
When a dynamical system can be rotated as if rigid round a given cuds with- 
out violating the constraints , and the potential energy is thereby unaltered , the 
angular momentum of the system about this axis is constant 

This result is known as the theorem of conservation of angular 
momentum * 


Example A system of n free particles is m motion under the influence of their 
mutual forces of attraction, these forces being derived from a kinetic potential V, which 
contains the coordinates and components of velocity of the particles, so that the equations 
of motion of the particles are 




ar 

dx r 



Kepler s law, that the ladms from the sun to a planet sweeps out equal areas In equal times, 
was extended by Newton to all cases of motion under a central force from this the general 
theorem of conservation of angular momentum has gradually developed 
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shew that these equations possess the integrals 


= Constant, 


( M ’*"+§£)= ( 

2 (ni r y r + ^ = Constant, 

(ni r z r + = Constant, 

2 |m r (y ^ - z v y r ) + y T — «, g— j = Constant, 

f 0 F 3 n 

2 |m r (^ r j? r - x v z r ) 4- z r gj- - r P = Constant, 

/ 0 p 0 

2 |»i r {x r y r -y r x r ) + x r ^ — y r ^—i = Constant, 

which may be regarded as generalisations of the integrals of momentum and angnia,- 
momentum (Uvy) 


40 The general theorem of angular momentum 

The integral of angular momentum is a special case of a more general 
result, which may be obtained in the following way 

Consider a dynamical system formed of any number of free or connected 
and interacting particles if they are subjected to any constraints other than 
the mutual reactions of the particles, we shall suppose the forces due to these 
constraints to be counted among the external forces 

Take any line fixed in space, and choose one of the coordinates which 
specify the configuration of the system (say q } ) to be such that a change m 
ffi, unaccompanied by any change in the other coordinates, imphes a simple 
rotation of the system as if rigid round the given lme, through an angle equal 
to the change in q 1 We suppose the constraints to be such that this is a 
possible displacement of the system 

The Lagrangian equation for the coordinate q x is 


and this reduces to 


d_ 

dt 


a T\ dT 

dq i 


© 




(D 


dt \dq : 


since the value of q x (as distinguished from q x ) cannot have any effect on 

dT dT 

the kinetic energy, and therefore must be zero Now is the angular 

momentum of the system about the given line, and Q l Sq l is the work done 
on the system by the external forces m a small displacement Sq lt le a small 
rotation of the system about the given line through an angle from which 
it is easily seen that Q x is the moment of the external forces about the given 
lme We have therefore the result that the rate of change of the angular 
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momentum of a dynamical system about any fixed line is equal to the moment 
of the external forces about this line The law of conservation of angular 
momentum obviously follows from this when the moment of the external 
forces is zero 

Similarly we can shew that the rate of change of the momentum of a 
dynamical system, parallel to any fixed direction is equal to the component , 
parallel to this live , of the total external forces acting on the system 

For impulsive motion it is easy to establish the following analogous 
results 

The impulsive increment of the component of momentum of a system m any 
fixed ditectum is equal to the component in this direction of the total external 
impulses applied to the system 

The impulsive increment of the angular momentum of a system round any 
axis is equal to the moment round that axis of the external impulses applied to 
the system 


41 The Energy equation . 

We shall now introduce an integral which plays a great part in dynamical 
investigations, and indeed m all physical questions 

In a conservative dynamical system let q l} q 2f q n be the coordinates 
and let L be the kinetic potential we shall suppose that the constraints 
are independent of the time, so that L is a given function of the variables 
q u q%> > ?i, 2s i 2» only, not involving t explicitly We shall not, at 

first, restrict L by any further conditions, so that the discussion will apply 
to the non-natural systems obtained after ignoration of coordinates, as well as 
to natural systems 


We have 


dL * 01. ^ dL 

-jr = 2 2r~--+ 2 2r 5- 

at r - 1 oq r r **i oq t 


Wr + Si qr Jt (|e) ’ hy the W™ 11 * 1 " 1 equations 



Integrating, we have 


where A is a constant 


2 dL j 


* hy 


This equation is an integral of the system, and is called the integral of 
energy or law of conservation of energy *. 

* Galileo was acquainted with the feet that the Telocity of a particle sliding down an inclined 
plane from rest depends only on the vertical height through which it has descended From this 
elementary particular case the principle was gradually evolved by Huygens, Newton, John 
and Daniel Bernoulli, and Lagrange. 
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We have seen that in natural systems, in which the constraints do not 
involve the time, the kinetic potential L can be written in the form T-V, 
where T (the kinetic energy of the system) is homogeneous and of degree 2 
in the velocities, while V is a function of the coordinates only In this case, 
therefore, the integral of energy becomes 


, $ dL 

hss * ir~- 

r =i aq r 


-L 



-T + V 


— 2 T — T+V, since T is homogeneous of degree 2 m q u q t , 
= T + V 


i 


It follows that in conservative natural systems , the sum of the kinetic and 
potential energies is constant This constant value h is called the total energy 
of the system 


This latter result can also be obtained directly from the elementary 
equations of motion For from the equations of motion of a smgle particle, 
namely 

m x d l ^X %9 m x y t =*Y l) * Z u 

we have 


Sm* (a\x x + y % y % + Z&) = £ + Y x y % + Z x z % ), 


where the summation is extended over all the particles of the system, or 


d 2$m { (itf + y* + zf) = £ -}- Ydy -f Zdz), 

so that the increment of the kinetic energy of the system, m any infinitesimal 
part of its path, is equal to the work done by the forces acting on the system 
m this parti of the path, and therefore is equal to the decrease in the potential 
energy of the system. The sum of the kinetic and potential energies of the 
system is therefore constant 


The equation of energy 

d “i*)^Xdx^rYdy-\"Zdz 

(where for simplicity we suppose the system to consist of a smgle particle) is true not 
only when (#, y, z) denote coordinates referred to any fixed axes, but also when they 
denote coordinates referred to axes which are moving with any motion of translation 
m a fixed direction with constant velocity 

For let (£, rj, () denote the coordinates of the particle referred to axes fixed m space 
and parallel to the moving axes Oxyz, so that 

#■*£- at } y—rj — bt> z—(- ct, 

where a, 6, c are the constant components of velocity of the origin 0 of the moving axes 
Then the result already proved is that 

d.bmie+V+p^Xde+Ydi+ZdC, 

or d . {(#+ a)*+ (y -f b)*+ (i + <?)*} *= X (dx + adt) -f Y (dy + bdt) + Z(dz + cdt ), 
or d 2 -j-y a +s*)+<f iniftx+bg+c^^Xdx^ Ydy+Zdg-\*(aX+bY+cZ)dt 
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Now we have 


and therefore 


d m(ax+by+cs)=m(aic+by+cz)dt 

=?n (ag+bj+cC) dt 
z=(a£+bY+cZ)dt i 

d lm{a?+f+**)=Xdx+ Ydy+Zdz, 


which establishes the theorem 

It may be noted that from this result the three equations of motion of the particle 
can be derived, by taking «-£-<*« to, and subtracting the equation of energy in the 
coordinates (#, y, z) from the equation of energy in the coordinates (£, rj, f) 


42 Reduction of a, dynamical problem to a problem with fewer degrees of 

freedom, by means of the energy-equation 

When a conservative dynamical system has only one degree of freedom, 

the integral of energy is alone sufficient to give the solution by quadratures 

For if q be the coordinate, the integral of energy 

31 r i 
q- L-h 

3g 

is a relation between q and q , if therefore q be found explicitly in terms of q 
from this equation, so that it takes the form 

?=/(?)> 

we can integrate again and obtain the equation 



+ constant, 


which constitutes the solution of the problem 

When the system has more than one degree of freedom, the integral of 
energy is not in itself sufficient for the solution , but we shall now shew that 
it can be used for the same purpose as the integrals corresponding to lgnor- 
able coordinates were used, namely to reduce the system to another dynamical 
system with a smaller number of degrees of freedom* 

In the function L, replace the quantities ft, g„ q n by q, ft', ft ft', 

ft q n ' t respectively, where q r ' denotes and denote the resulting function 

aqi 

by to (q u q 2 , q», , ql, ft, ft, , ft.) Then differentiating the equation 


L (ft > ft, 

we have 


, ?», ?u 9s, , ft) to (ft , ft, ft, • , ft , ft, ft, . , ft»)> 

dL _ dto g ft dto 
3ft” 3ft r-sqfdq? 

(r- 2, 3, 

(**- 1,2,3, . ,») (3). 


at = j_an 

3gr ft 3ft' 
a L = dto 
3ft 3ft 


.. ... ..( 1 ), 
.») ( 2 ), 


* Whittaker, Men, of Math xxx (1900) 


41 * 42 ] Principles available for the integration 


Equations (1) and (2) give 


9D = 9Z » q, 0Z 

9?i 9g, r=2 ?iSqr ( 4 >- 

Now m the integral of energy 

V dL ' T 2. 

S q r s - — L — h, 

r=l OJr 

replace g r by for all values of r from 2 to n inclusive, and then from this 
equation obtain g, as a function of the quantities (g a ', g 3 ', . , g„', g„ g a , , g,,), 
and by using this expression for g„ express the function 

)*=1 3i 

in terms of (g*, g, , , g», gi, g 2 , , g n ) Let the function thus obtained 


be denoted by Z' , then from (4) we see that L' is the same as , but 
differently expressed 


Differentiating the equation of energy, which by (4) may be written in 
the form 

an n r 

*di~ n=h ’ 

and regarding it as a relation which implicitly determines g, as a function of 
the variables (g/, g,', , q n ', q lt g 2 , . , g„), we have 


a 3 n ag, an a®n 

qi dtfdq r ' Sq r ’ q 'd qi dq r ' ' 

• (5), 

. 3 a n 9g x an a»n 

Sl 3?i a 9ffr 9g r ?1 9giag r 

(6) 

But differentiating the equation 


r, 3n 

L ~ZqS 


regarded as an identity in the variables (g„', g/, .. , q n \ q u 

• , gn). we have 

a L' _ a»n a*n ag, 

a?r 9gi a 9g/ 

• •• (7), 

az' _ a*n a»n a ?1 

3g r agi9g r 9g, 2 3g r 

. . ..(8) 

Comparing equations (5) and (7), we have 


az/_ i an 

9g r ' 3t 3g r ' ’ 

(r = 2, 3, . , n), 

and comparing equations (6) and (8;, we have 



az' i an 
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Combining these with equations (2) and (3), we have 
0J7 a L , dj/ IdL 
dq r ' 2 * * 5 

Substituting from these equations in the Lagrangian equations of motion, 
we obtain the system 


w 


or finally 


dq 1 


o 

II 

CO ICO 

(r = 2, 3, 

• »«), 

II 

© 

It 

J>£> 

CO 

• » ») 


Now these may be regarded as the equations of motion of a new dynamical 
system m which L is the kinetic potential , (q 2) q 3 , , ?») are the coordinates , 

and q 1 plays the part of the time as the independent variable The new system 
will, like the systems obtained by ignoration of coordinates, be m general 
non-natural, 1 e U will not consist solely of terms of degrees 2 and 0 m the 
velocities (ql, q $ ', , q n ') , but on account of its possession of the Lagrangian 

form, most of the theorems relatmg to dynamical systems will be applicable 
to it The integral of energy thus enables us to reduce a given dynamical 
system with n degrees of freedom to another dynamical system with only (n — 1) 
degrees of freedom 

The new dynamical system will not in general possess an integral of 
energy, since the independent variable q 1 occurs explicitly m the new kinetic 
potential L' But if q 1 is an ignorable coordinate in the original system, 
then q x will not occur explicitly m any stage of the above process, and there- 
fore will not occur explicitly in 11 From this it follows that the new system 
will also possess an integral of energy, namely 


2 qf - L' = constant, 

r~ 2 <??r 


and this can m its turn be used to reduce further the number of degrees of 
freedom of the system 

The preceding theorems shew that any conservative dynamical system with 
n degrees of freedom and (n — 1) ignorable coordinates can be completely 
integrated by quadratures 3 we can proceed either (a) by first performing the 
process of ignoration of the coordinates, so arriving at a system with only one 
degree of freedom, which possesses an integral of energy and can therefore be 
solved m the manner indicated at the beginning of the present article, or 
(ft) we can first use the integral of energy to lower the number of degrees of 
freedom by unity, then use the integral of energy of the new system to lower 
the number of degrees of freedom again by unity, and so on, obtaining finally 
a system with one degree of freedom which again can be solved m the manner 
indicated. 
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Example The kinetic potential of a dynamical system is 
-£“$•/(?*) <?i s + J?s s - f (g») 

equation ^ ?1 and * 18 by the differential 

— f d JL\- d Jl 

dq x \oq 2 J dq^ ’ 

where ?«'=^ , and where L is defined by the equation 

(q 2 )}i {f(q a )+qp}i 

Shew that the non-natural dynamical system represented by the last differential 
equation possesses an integral of energy, and hence solve the system by quadrature 

43 Separation of the variables, dynamical systems of Lwumlle’s type. 

A class of dynamical equations which are obviously soluble by quadratures 
is constituted by the equations of those systems for which the kinetic energy 
is of the form 

T= ^ ft* + (?.) + + K (q n ) q n \ 

and the potential energy is of the form 

F = i»i (q t ) + Wi (q a ) + +Wn 

where e„ v„, . v n , w„ w„ , w n are arbitrary functions of their respective 

arguments; so that the kinetic potential breaks up into a sum of parts, each 

of which involves only one of the variables 

For in this case the Lagrangian equations of motion are 

di K (?»•) ?»•} — i v r (?r) ?r* = — W,' (jr), (r = l, 2, , n), 

or ®r(?r)4, + iv;( ?r ) ?r » w T '(q T ), (r = 1, 2, , n) 

These equations can be immediately mtegrated, and give 

i*v(?r) ?, , + w r ( ?r ) = Cr , (r = 1, 2, ,«), 

where c, , c,, , c B are constants of integration, these equations can be 

further integrated, since the variables q r and t are separable, and we thus 
obtain 

* " /{& r -2w r ) ( ?r )| + ' yr » ( r = !> 2 « » «). 

where 7i> 7s> ***> 7» are new constants of integration These last equations 
constitute the solution of the problem. 

An important extension of this class of dynamical systems was made by 
Liouville*, who shewed that all dynamical problems for which the kinetic 
and potential energies can respectively be put m the forms 

^ = i S (?i) +«*(?*) + • + «n (?«)} {t?i (?i) Vi* + v a (q a ) q t * + + v n (?») ?«’}, 

w i (?») + «>.(</.)+ +w n (g») 

«1 (?i) + «, (?,) + . . . +Un (q n ) 
can be solved by quadratures. 

* Journal do Sfath xtv (1849), p 257 


5—2 
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(r = 1, 2, , n), 


For by taking 

J vV (?>•) dq r = ?/> 

where a' o,' are new variables, we can replace all the functions 

«.<*). £4)! ’ ,«»(?») by unity, we shall suppose this done, so that the 

kinetic and potential energies take the form 

2 T =iw(g l !! + g a ! + +?»). 

7- -K(?i) + «*(&) + +w» (?„)}, 

u 

where u stands for the expression 

(?l) + (?s) + + u n (W 

The Lagrangian equation for the coordinate q x is 

d (dT\ _vr = _dv 

dt / 


dqi dqi ’ 


or 


+qn>)as ~Wr‘ 


Multiplying this equation throughout by 2 uq x , we have 

j t W)-vqi^W + ti+ • +?n 2 ) = -2u? 1 — 

But from the mtegral of energy of the system, we have 
\u (qi + q<i + + q<n) — h — V, 

where A is a constant, The equation for the coordinate q x can therefore 
be written m the form 


l 0g, 


= 2 qi ±{(h-V)u] 


g 

= 2q x ^ {hu v ($) - Wi (Q'x)} 

= 2 ^{H(?.)-M'l (?!>}. 

Integrating, we have 

H (?i) - ^i (?0 + 7i> 

where yi is a constant of integration. We obtain similar equations for each 
of the coordinates (g,, g a , , q n ) , the corresponding constants (y„ y t , . . , 7 „) 
must satisfy the relation 

7i + 7s + • + y* = 0, 

m virtue of the mtegral of energy of the system* 
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These equations give 

Cffx) - Wl (^) + Vl } -i ^ = {Aw , (?i) _ Wa (?a ) + = 

= (in) - W n (q n ) + y„j ~i dq n , 

and this set of equations, which can be immediately integrated since the 
variables are separated, furnishes the solution of the system. 

For further investigations on this subject cf Stackel, Math Ann xur 1 18011 „ *.1* 

SnH) l’of an/? u ( 1911 >- p 10f 5, Kurgatti, Rom Arc L Rend xx’ 

( 911), p 108, and Vrkljan, AeiUchr f Phys iix (1910), p 718 , iav (I 930 j, p 280 


Miscellaneous Examples. 

tSazh' rs ° f “* prokfe " ■■ “*• *° ^ ****»« 


Wl 


-2A=0 


2 A system of free particles is in motion, and their potential energy, whioh depends 
only on their coordinates, is unaltered when the system ,n any configuration is translated 
as if rigid through any distanoe m any direction What integrals of the motion can 
at once be written down? 


3. In a dynamical system with two degrees of freedom the kinetic energy is 

r -2^,) + i?»V, 

and the potential energy is 

V**c+dq 3 , 

where a, b, c, d are oonstants. Shew that the value of q t in terms of the time is given by 
an equation of the form 

where A, A, and f 0 are oonstants. 

4. The kinetic potential of a dynamical system is 

£m, a ^+6 + i? J,+ V+‘S?s, 

where a, b, o are given oonstants shew that q 3 is given in terms of t hv the equation 

& -?<*+•), 

where * is an arbitrary constant and p denotes a Weierstrassian elliptic function 

6 Prove that in a system with lgnorable coordinates the kinetic energy is tho sum 
of a quadratic function T r of the velocities of the non-ignored coordinates and a quadratic 
function K of the cyclic momenta. 

In the case where there are three coordinates x, y, <p and one coordinate tj> is ignored 
investigate the equations of motion of the type 

d (W\ dT’ 0A' 0F . (d /0A\ 7 /dd>\) „ 

It [&) ~ dx + dx + dx \dx (ay) - Ty % )) “°> 
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where V is the potential energy, h is the cyclic momentum, and the differential coefficients 
of <t> with respect to and y are calculated from the linear equation by which h is 
expressed m terms of x, y, <f> (Camb Math Tripos, 1904 ) 

6 The kinetic potential of a dynamical system with two degrees of freedom is 

£=f|+Mi a +«V 

By using the integral of energy, shew that the solution depends on the solution of the 
problem for which the kinetic potential is 

z '=(^ q - + & +p f’ 

and by using the integral of energy of this latter system, shew that the relation between 
Qi and <? 2 1S of the form 

where c and c are constants of integration, and p denotes the Weierstrassian elliptic 
function 


7 The kinetic energy of a dynamical system is 

. . , T~l (ji’+ja 2 ) 

and the potential energy is 

V= l 

tf+q a 2 

Shew (by use of Liouville’s theorem, or otherwise) that the relation between q x 
and is 

a 2 q x 2 + 6 2 q 2 2 + Zabqi 92 cos y — sin 2 y, 
where a, by y are constants of integration 


8 The kinetic energy of a particle whose rectangular coordinates are (#, y) is J (^ 2 +^ 2 ), 
and its potential energy is 


? + p + 7 + F + ^+^ 


where (4, A\ B, B\ G) are constants and where (r, /) are the distances of the particle 
from the points whose coordinates are (c, 0) and ( — c, 0), where c is a constant Shew 
that when the quantities (r-fr') and J (r - /) are taken as new variables, the system is 
of Liouville’s type, and hence obtain its solution 


9 The observation that “a cat always falls on its feet” suggested the problem 
A system, whose state at any instant is completely specified by the position and velocity 
of each element, is initially without velocity in free space m vacuo Can it at a subsequent 
instant resume its initial configuration but with a different orientation m space ? 

Shew that if the system is not conservative, or if the forces are derived from a potential 
which is not one- valued, the reply is affirmative hut if the system is conservative with a 
one-valued potential, the reply is negative 

(Of Pamleve, Comptes Rendus , oxxxix (1904), p 1170 ) 



CHAPTEB IV 


THE SOLUBLE PROBLEMS OP PARTICLE DYNAMICS 

44. The particle with one degree of freedom the pendulum 

As examples of the methods described in the foregoing chapters, we shall 
now discuss those cases of the motion of a single particle which can be solved 
by quadratures 

We shall consider first the motion of a particle of maw m , which is free 
to move in the interior of a given fixed smooth tube of small bore, undei 
the action of forces which depend only on the position of the particle m the 
tube The tube can in the most general case be supposed to have the form 
of a twisted curve in space 

Let s be the distance of the particle at time t from some fixed point of 
the tube, measured along the arc of the curve formed by the tube and let 
f(s) be the component of the external forces acting on the particle, m the 
direction of the tangent to the tube 

The kinetic energy of the particle is 

lm&, 

and its potential energy is evidently 

-f v 

J S 0 

where s 0 is a constant The equation of energy is therefore 

f($)d$ + c, 

Js 0 

where c is a constant 

Integrating this equation, we have 

t = (If)* f, { f, ds + c | ^ ds + 1 > 

where l is another constant of integration This equation represents the 
solution of the problem, since it is an integral relation between s and t, 
involving two constants of integration 
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The two constants c and l can be physically interpreted m terms of the 
initial circumstances of the particle’s motion , thus if the particle starts at 
time t — from the point s = s B , with velocity u, then on substituting these 
values m the equation of energy, we have 

and on substituting the same values m the final equation connecting s and t } 
we have l = 

The most famous problem of this type is that of the simple pendulum , 
m this case the tube is supposed to be in the form of a circle of radius <x 
whose plane is vertical, and the only external force acting on the particle is 
gravity* Using 6 to denote the angle made with the downward vertical by 
the radius vector from the centre of the circle to the particle, we have 
s = aO and /(*)«- mg sm 9, 


so the equation of energy is 

ad 2 = 2g cos $ + constant = — 4 g sm a + constant. 

Suppose that when the particle is at the lowest point of the circle, the 

quantity has the value h Then this last equation can be written 

a’0’ = 2 gh — 4 ga sin’ J 0. 

Taking sm^^ = y, this becomes 




Now in the pendulum-problem there are two distinct types of motion, 
namely the * oscillatory,” in which the particle swings to and fro about the 
lowest point of the circle, and ohe “ circulating,” in which the velocity of the 
particle is large enough to carry it over the highest point of the circle, so 
that it moves round and round the circle, always m the same sense We 
shall consider these cases separately. 

( 1 ) In the oscillatory type of motion, since the particle comes to rest 
before attaining the highest point of the circle, y must be zero for some value 
of y less than unity, and therefore h/2a must be less than unity. Writing 

h = 2akP, 

where & is a new positive constant less than unity, the equation becomes 



* In actual pendulums, the tube is replaced by a rigid bar connecting the particle to the 
centre of the circle, which serves the same purpose of constraining the particle to describe 
the errcle 

The isochronism of small oscillations of the pendnlum was discovered by Gftlileo in I63S, 
and the formula for the period was given by Huygens m 1678 Oecillations of finite .m pH fau U 
were first studied by Euler in 1736 
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the solution of this is* 
where t Q is an arbitrary constant 

This equation represents the solution of the pendulum-problem m the 
oscillatory case the two arbitrary constants of the solution are 4 and k , and 
these must be determined from the initial conditions From the known 
properties of the elliptic function sn, we see that the motion is periodic, its 
period (i e the interval of time between two consecutive occasions on which 
the pendulum is m the same configuration with the same velocity) being 

4 (^j K, where 

K - ['(I - (1 - **)-* dt 

J o 

(n) Next, suppose that the motion is of the circulating type , m this 
case h is greater than 2a, so if we write 2a = kk 3 , the quantity k will be less 
than unity. 

The differential equation now becomes 


y’-iiO-y'Ki-ay), 


the solution of which is 


y** sn 


VV- 


and in this % and k are the two constants which must be determined in 
accordance with the initial conditions. 

(lii) Lastly, let h be equal to 2a, so that the particle just reaches the 
The equation now becomes 


vertex of the circle 



>r y~s/\o-f), 

he solution of which is 

y«tanhjy/|(*_k).. 

It was remarked by Appellt that an insight into the meaning of the imaginary period 
f ®! ipl10 fuuotlons wluctl ooour m the solution of the pendulum-problem is afforded 
y he theorem of § 34 For we have seen that if the particle is set free with no initial 
elooity at a point of the circle which is at a vertical height h above the lowest point 
he motion is given by ’ 

y-Asn (<-<„), ij- , where#- A ; 

* G£ Whittaker and Watson, Modem Analysis, g 22 11 
t Oomptee Hendus , (187S) 
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and therefore by § 34, if, with the same initial conditions, gravity were supposed to act 
upwards , the motion would be given by 

y=*sn|» A v /f(r- T o). k ) 

But the period of this motion is the same as if the initial position were at a height 
(2 a-h), gravity acting downwards and the solution of this is 

y—Jc 1 an ( T - nO, , where # 2 = 1 - k % 


The latter motion has a real period 4 


K ' , and therefore the function 


811 f f a ( T-T °)’ 4 

must have a period 4 K\ so the function sn (w, h) must have a period 4iK' The 

double periodicity of the elliptic function sn is thus inferred from dynamical considerations 

Example A particle of unit mass moves on an epicycloid, traced by a point on the 
circumference of a circle of radius b which rolls on a fixed circle of radius a The particle 
is acted on by a repulsive force pr directed from the centre of the fixed circle, where r is 
the distance from this centra Shew that the motion is periodic, its period being 




[Tbs result is most easily obtained v^en the equation of the epicycloid is taken in 
the form 

O + 26)2 — r 2 = ( . a + 2i)2 _ a2 , 
s being the arc measured from the vertex of the epicycloid ] 


45 Motion m a moving tube 

We shall now discuss some cases of the motion of a particle which is free 
to move in a given smooth tube, when the tube is itself constrained to move 
m a given manner 

(l) Tube rotating uniformly 

Suppose first that the tube is constrained to rotate with uniform velocity 
a) about a fixed axis m space We shall suppose that the particle is of unit 
mass, as this involves no real loss of generality 

We shall moreover suppose that the field of external force acting on the 
particle is derivable from a potential- energy function which is symmetrical 
with respect to the fixed axis, and so can be expressed m terms of the 
cylindrical coordmates z and r, where z is measured parallel to the fixed 
axis and r is the perpendicular distance from the fixed axis , for a particle 
in the tube, this potential energy can therefore be expressed m terms of 
the arc s we shall denote it by V (s), and the equation of the tube will be 
written m the form 


r = g(s) 
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By § 29, the motion of the particle is the same as if the prescribed angular 
velocity <o were zero, and the potential energy were to contain an additional 
term — -Jr*® Hence we can at once write down the equation of energy m 
the form 

**•-*•* to WJ’+n*)-* 

where c is a constant 

Integrating again, we have 

t ~ f [2c +■ ® s {g («)}* — 2 V (s)]“^ds + constant, 

and this relation between t and s represents the solution of the problem 

Example ]. If the rotating tube is plane, and the particle can describe it with 
constant velocity when the fixed axis is vertical and in the plane of the tube, and the 
field of force is that due to gravity, shew that the tube must be in the form of a parabola 
with its axis vertical and vertex downwards 

Example 2 A particle moves under gravity m a circular tube of radius a which 
rotates uniformly about a fixed vertical axis inclined at an angle a to its pi«™ , if d be 

the angular distance of the particle from the lowest point of the circle, shew that a solution 
exists given by 

where the function p is formed with the roots 

1 _ cc,s a t Oo^COSa a«o* COS a 

and ^ is a constant 


(n) Tube moving with constant acceleration parallel to a fixed direction 

Consider now the motion of a particle in a straight tube, inclined at an 
angle o to the horizontal, which is constrained to move m its own vertical 
plane with constant horizontal acceleration/ 

Taking the axis of x horizontal and that of y vertically upwards, with the 
origin at the initial position of the particle, we have for the kinetic energy 

where # = y cota + ^/fc*, 

so T *= ^ (y cot a + ft)* 4- -Jy* 

= £y* cosec* a -h y cot a .ft -f 
and the potential energy is 

V=gy 

The equation of motion 

dV 


d ( dT 
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gives therefore 

d 

^ (y cosec 2 a 4- ft cot a) = — y, 

or y * (— g —/cot a) sin 2 a 

Integrating, we have, supposing the particle to be initially at rest, 
y= |£ 2 (— ysma — /cos a) sina, 
and therefore x = (— g cos a+/sin a) sin a 

These equations constitute the solution of the problem it will be observed 
that m this system the kinetic energy involves the time explicitly, so no 
integral of energy exists 


46. Motion of two interacting ft ee particles 

We shall next consider the motion of two particles, of masses nrtx and m 2 
respectively, which aie free to move m space under the influence of mutual 
forces of attraction or repulsion, acting m the line joining the particles and 
dependent on their distance from each other 

The system has six degrees of freedom, since the three rectangular coordi- 
nates of either particle can have any values whatever We shall take, as the 
six coordinates defining the position of the system, the coordinates (X t Y y Z) 
of the centre of gravity of the particles, referred to any fixed axes, and the 
coordinates (sc> y, z) of the particle m 2 referred to moving axes whose origin is 
at the particle m 1 and which are parallel to the fixed axes 


_ The coordinates of m lf referred to the fixed axes, are 


(*-■ 


m%x 


Y- 




n%i + * m x + m 2 ' 

and those of m*, referred to the fixed axes, are 


Z- 


m 2 z 

m 1 + m* 


( 


X + 


TTbyW 


Y + 


m^y 


Z + - 


m x z 
wii + n 


)■ 

)• 


4 - m 2 rn^-h m 2 

The kinetic energy of the system is therefore 

V m l + m*/ 2 V mi + mj 2 V + mj 

\ + mj 1 \ m x + 2 \ + mj 


or 2’*|(m, + m 8 )(Z 2 +r* + ^) + i-^-(i a + y s + i I ) 

Tn^-tiThi 

The potential energy of the system depends only on the position of the 
particles relative to each other, so can be expressed m terms of (x, y, z ) let 
it be V (*, y, z) 
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The Lagrangian equations of motion of the system are 

z=0 ’ y=o, z= o, 
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nii _ 3F 

Wi + ma* 9® ’ 


niyni^. 


dV 


4- y dy ’ 


Wii + ma " 


0F 

02 


The first three of these equations shew that tAe c<mfoe of gravity moves m 
a straight live mth uniform velocity, and the other three equations shew that 
the motion of m t relative to is the same as if n h were fixed and m t were 

attracted to »i, with, the force derived Jrom the potential energy ' rn ' + m * y* 


m. 


Exw fP le If two free particles move in space under any law of mutual attraction 
shew that the tangents to their paths meet an arbitrary fixed plane in two pomte the 

line joining which passes through a fixed point (MeSke) 

47 Central f oi ces in general Hamilton’s theorem 

The last article shews that the problem of two interacting free particles 
is reducible to the problem of the motion of a single free particle acted on by 
a force directed towards or from a fixed centre This is known as the problem 
of central forces There is clearly no loss of generality if we suppose the 
mass of the particle to be unity 

If the particle be projected in any way, it will always remain m the plane 
which passes through the centre of force and the initial direction of projec- 
tion for at no time does any force act to remove it from this plane We can 
therefore define the position of the particle by polar coordinates (r, 0) in this 
plane, the centre of force being the origin Let P denote the acceleration 
directed to the Centre of force We shall not suppose for the present that P 
is necessarily a function of r alone 

The kinetic energy of the particle is 

T = i(r s +r 2 ^), 

and the work done by the force in an arbitrary infinitesimal displacement 
(Sr, 80) is 

-P8r 

The Lagrangian equations of motion of the particle are therefore 

(r - rd 1 = - P, 

The latter equation gives on integration 

= h } where A is a constant , 

this is the integral corresponding to the ignorable coordinate 9 ) and can be 
physically interpreted as the integral of angular momentum of the particle 
about the oentre of force. 

* Newton, Pnncipia , Book i. Sect 11. 
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To find the ddferentud equate* of the path deemtod (which » generally 
called the ortoeeira}^™ ehminete it from the feet equation by ueing 

the relation , . , 

d __h d_ 

dt~ r* d6’ 

we thus obtain the equation 


h d (h dr\ p 

?dd\?dO)~r* 


or, writing u for ljr, 


d*u _P_ 
dd 1 + “ hW 


This is the differential equation of the orbit* m polar coordinates , its 
integration will introduce two new arbitrary constants m addition to the 
constant h, and a fourth arbitrary constant will occur in the determination of 
t by the equation 


-iJ- 


r^dd + constant 


The differential equation of the orbit in (r, p ) coordinates, (where p 
denotes the perpendicular from the centre of force on the tangent to the 
orbit), is often of use it may be obtained directly from Siaccis theorem 
(§ 18), which (since h is now constant) gives at once 

pY 


or 


P = i a # 

p 8 dr 9 


which is the differential equation of the orbit 

Since h—vp, where v is the velocity in the orbit, we have from this equation 

r 

which may be written in the form * 

■Where g is the chord of curvature of the orbit through the centre of force. 

We frequently require to know the law of force which must act towards a 
given point m order that a given curve mag be described , this is given at once 
by the equation 

dht,\ 


' ~ k ' u% ( M + de) ■ 


if the equation of the curve is given m polar coordinates ; while if the equa- 
tion is given m (r, p) coordinates, the force is given by the equation 

p = »dp 
p 8 dr 

* This ^ substantially given in Newton’s Pnncipia, Book i §§ 2 and B, and m Clairaut’s 
Thioru de la Lune (1765) ; and in the above form in WhewelTs Dynamics (1828) 
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If the equation of the curve is given m rectangular coordinates, we pro- 
ceed as follows 

Take the centre of force as origin, and let /(*, y) = 0 be the equation of 
the given curve The equation o 1 angular momentum is 

xy — yx = h 

Differentiating the equation of the curve, we have 

fx x+f v y = 0, 

From these two equations we obtain 

^¥v ¥* 


where f x stands for % 

OX 


X * 


*fx + yfv’ * afx+yfv ' 

Differentiating agam, we have 

T - f 8 i + v 9i _ h fy d ( h fy \ hfx 9 ( hfy \ 
dx *dy xf x +yf/dx\x/ z + yf v J xf x + yf y dy\xf x + yjJ 

Performing the differentiations, this gives 

x _ fy 2 f z% + 2/xfyfxy — fxfyy) 

(* f* + yfv y 

But the required force is P, where x = — P — , and therefore we have 

T 

P = ^ (fvf** ~ %/g f ifxy fxfyy) 

(*/* 4- yfyY ' 

this equation gives the required central foice 

The most important case of this result is that in which the curve 
f(x, y)~0 is a conic, 

2f(a t y ) = cwc* + 2 hxy 4* by 8 + 2 gx + 2 fy + c =» 0 
In this case we find at once that the expression 

fxxfy ~~ %/xyfxfy + fwf* 

has, for points on the conic, the constant value 

— (aJbc -f 2fgh — a/ a — bg * — ch*) t 

while the quantity 

3 /, 3 )f 

has the value 

-Ojx+fy + c), 

and so is a constant multiple of the perpendicular from the point (x, y)on the 
polar of the origin with respect to the conic We thus obtain, foi the force 
under which a given conic can be described, an elegant expression due to 
Hamilton*, namely that the force acting on the particle in the position (x, y) 


* Pros Roy Insh Acad 1846, 
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varies directly as the radius from the centre of force to the point (x, y), arid 
inversely as the cube of the perpendicular from (x, y) on the polar of the centre 
of force 


The two following theorems, the proof of which is left to the student, may together be 
regarded as the converse of Hamilton’s theorem 

( 1 ) If a particle moves under the action of a force directed to a fixed point, varying 
directly as the distance from the fixed point and inversely as th6 cube of the distance 
from a given straight line, the orbit is always a conic 

(u) If a particle moves under the action of a force directed to the origin, of 
magnitude 

(cur 2 + %fixy + yy 2 ) " K 

where ( x , y) are rectangular coordinates and p> a, ft y are constants, the orbits are comes 
which touch the lines 

cur 2 + Zfixy + yy ' 1 = 0 

Darboux ( Comptes Rendus , lxxxiv p 936) has shewn that these two laws of force are 
the only laws for which the orbits are always comes, if the force depends only on the 
position of the particle Suchar (Nouv Ann* vi p 532) has found other laws of force, 
which involve the components of velocity of the particle 


j Example 1 If a conic be described under the force ~ given by Hamilton’s theorem, 
shew that the periodic time is —= p 0 ^ t where p 0 is the perpendicular from tjie centre of 

V/* 

the conic on the polar of the centre of force (Glaisher ) 


Example 2 Shew that if the force be 



(Ax*+2Hxy+By*+lY' 

a particle will describe a conic having its asymptotes parallel to the lines 

A x l 4- ZHocy + By 2 = 0, 

if properly projected (Glaisher.) 


48. The mtegrable cases of centred forces , problems soluble m terms of 
circular and elliptic functions . 

The most important case of motion under central forces is that in which 
the magnitude of the force depends only on the distance r Denoting the 
force by /(r), the differential equation of the orbit is 


dd * + AV 


Integrating, we have 
where c is a constant integrating this equation again, we have 


dr 

r*~’ 
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and this is the equation of the orbit in polar coordinates When r has been 
found from this equation in terms of 8, the time is given by the integral 

1 f 9 

t—’g] + constant 

The problem of motion under central forces is therefore always soluble by 
quadratures when the force is a function of the distance only 

Example Shew that the differential equations of motion of a point P are always 
mtegrable by a simple quadrature when the central force F is of the form 

rr_ 

r*(at+b)’ 

where ^ is a function of 6 only, while a and b are arbitrary constants (Armelhm ) 

We shall now discuss the cases in which the quadrature can be effected 
in terms of known functions, the central force being supposed to vary as some 
positive or negative integral power,— say the nth, — of the distance 

Let us first find those problems for which the integration can be effected 
m terms of circular functions The above integral for the determination of 6 
can be written in the form 



where a, b, c are constants, except when n = — 1, when a logarithm replaces 
the term m u n 1 If the problem is to be soluble in terms of circular func- 
tions, the polynomial under the radical in the integrand must be at most of the 
second degree , this gives 

1 = 0, 1, or 2, 

and consequently 


n — — 1, — 2, or — 3 


The case n = -1 is however excluded by what has already been said, and 
the case n - 1 is to be added, since in this case the irrationality becomes 
quadratic when tt* is taken as a new variable. 


Next, let us find the cases in which the integration can be effected by the 
aid of elliptic functions*' For this it is necessary that the irrationality to be 
integrated should be of the third or fourth degree f in the variable with 
respect to which the integration is taken But this condition is fulfilled if 

n = — 1 4, or — 5, when u is taken as the independent variable ; 

n = 3, 5, or - 7, when «* is taken as the independent variable. 

It follows that the problem of motion under a central force which varies as 
the nth power of the distance is soluble by circular or elliptic functions m the 
cases 

»= 5, 3, 1, 0, - 2, - 3, - 4, - 5, - 7 

* These cases were first investigated by Legendre, IMone det Fonctioru Elhpttquet (1826) 
and afterwards by J F Stader, Crelle't Journal , xlvi (1853), p 262 
t Whittaker and Watson, Modem Analysit , § 22*7 
W D 


6 
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Example Shew that the problem is soluble by elliptic functions when n has the 
following fractional values 

-b -t 

The general case of fractional values of n is discussed by Nobile, Qiamale di Mat xlvi 
( 1908), p 313 

The cases in which motion under a central force varying as a power of 
the distance is soluble by means of circular functions are of special interest 
They correspond, as shewn above, to the values 1 ,- 2 , — 3 of n, the case 
« = -2 will be considered in the next article 'the cases n = l and m = -3 
can be treated m the following way 

(i) n = 1 

In this case the attractive force is 

f(r) = pr, 

so the equation of the orbit becomes 

= dv, where w ! = v, 

c 

or 2 ( 0 - 7 ) = arccos ■ , where 7 is a constant of integration, 

/c a fiy 

U“w 

or J = l + (i - £) COB(20 ~ 2y) 

This is the equation of an ellipse (when fi>0) or hyperbola (when fi< 0) 
referred to its centre The orbits are therefore conics whose centre is at 
the centre of force* 

(n) n = — 3 

In this case the attractive force is 

so the equation of the orbit becomes 

0 = _J“| c + (^_ 1 )u»} *du 

* Newton found that if a body move in an ellipse under the action of a force directed to the 
centre of the ellipse, the force is directly proportional to the distance : Principia , Book i §2, 
Prop x 
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Integrating, we have 

u~A cos ( k6 -f e), where Ic 2 = 1 - ^ , when /i < h\ 

]u = A cosh (kd + e), where P = ^-1, when p. > h\ 

w = A6 + e, when p = A, 8 , 

where m each case J. and e are constants of integration 

These curves are sometimes known as Cotes’ spirals, the last is the 
reciprocal spiral* 

In connexion with forces varying as the inverse cube of the distance, it may be observed 
that if 

'=/(*) 

be an orbit described under a central force P(r ) to the origin, then the orbit 

r=fm, 

where k is any constant, can be described under a central force P(r)+-|, where c is 

a constant . the intervals of time between corresponding points, i e points for which the 
radius veotor has the same value, in the two orbits being the same 

For, if accented letters refer to the second orbit, we have 

(»+£) 

A ' 2 

If therefore we ehoose the new constant of momentum K so that 

h'*»hk 

^this equation implies that the intervals of time between corresponding points m the two 

jji ji*\ 

orbits are the same, since it can be written ^ J , we have 

P' »= p ~ 

r 5 7 

which establishes the result This is sometimes known as Newton's theorem of revolving 
orbits 

The types of central motion corresponding to 

5 , 3 , 0 , — 4 , — 5 , — 7 

lead, as has been shewn, to elliptic integrals * on inverting the integrals, we 
obtain the solution m terms of elliptic functions As an example we shall 
take the case of n = - 5 

# Newton, Principal, Book I §2, Prop ix , R Cotea, Harmonia, Mensurarum , pp 81, 98 

6—2 
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Let /im* be the force towards the centre of attraction , we shall suppose 
the particle initially projected with a velocity less than that which would be 
acquired by a fall from rest at an infinite distance to the point of projection, 
so that the total energy 

is negative : call this quantity — ^7 Then the equation of energy 

4- 'y = 0 

together with the equation 

r i 6 = h 

/dr \ 2 y . M 

\de) - ^ + 2 h 2 

Introducing in place of v a new variable p defined by the equation 

h(p + if 

the differential equation becomes 

$)■-«<>+»(✓- M-s) 

The roots of the quadratic 

p *_£_ 2 _w =0 
p 39 a 1 

are real when 7 is positive , their sum is and the smaller |of them is less 
than - £ Hence if the greater and less of the roots be denoted by e x and e z 
respectively, and if e 2 denotes — -J, we have the relations 

e i + ^2 + 0g = 0, 

* 61 > ^2 > 63, 

{m) = 4 (p-«i)(p-e a )l/)-e a ) > 
s° p = p(e- e \ 

where e is a constant of integration, and the function §> is formed with the 
roots e u 62, e 3 Thus we have 

r-(g\* l 

' 2 ' Mj»(0-e) + *J* 

Now r is real and positive, and, as we see from the equation of energy, 
cannot be greater than^g. So §>(*-«) + * is real and positive and 
has a finite lower limit, but when e 1 >e s >e„ the function p(0-e) is real 
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and has a finite lower limit for all real values of 6 only when e is real 
so e is purely real, and by measuring 6 from a suitable initial line we can 
take e to be zero We have therefore 


r ■= (~ 


J 2 ' MpW + i}*’ 

and this is the equation of the orbit m polar coordinates* 
The time can now be determined from the equation 

or * = 

2 h> It 


dd 


Performing the integration, we have 


* 2(iT-*)<*-«b) pfoyh + e * d } • 

where £(d) is the Weierstrassian zeta-functionf This equation determines t 

Example 1, Shew that the equation of the orbit of a particle which moves under the 
influence of a central attractive force p/r 6 can be written m the form 


or else m the form 





\ vr+p 

( K- -1_ , 

V Vi+^ 


*)• 

*)• 


provided h 4 > 4pE > 0, where h is the angular momentum round the origin and E is the 
excess of the total energy over the potential energy at infinity 

(Cambridge Math Tripos, Part I, 1894 ) 


Example 2. A partiole is attracted to the origin with constant acceleration p , shew 
that the radius vector, vectorial angle, and time, are given in terms of a real auxiliary 
angle u by equations of the type 





t*mi( -\“tu)+up («$+#) — if (a>i), 


e ie mm +*) °1 (" 1 + a) o- (c^ — a > 2 - a) 

<r (a>i + iw — <d 2 — a) a (a>i + <02 + a) 


(Schoute ) 


Among the points of special interest on an orbit are the points at which 
the radius vector, after having increased for some time, begins to decrease 
or after having decreased for some time, begins to increase # A point 
belonging to the former of these classes is called an apocentre , while points 
of the latter class are called pericmtres , both classes are included under the 


# The orbits are discussed and classified by W D. MacMillan, Amer Joum Math xxx 

(1908), p, 282 

+ Cf Whittaker and Watson, Modern Analysts^ § 20 4 
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general term apse At an apse, if the apse is not a singularity of the orbit 
(e g a cusp), we have 

ia = o 

dd ’ 

which implies that the tangent to the orbit is perpendicular to the radius 
vector 

The words aphelion and perihelion are generally used instead of apocentre 
and pencentre when the centre of force is supposed to he the Sun 


Example A particle moves under an attractioh 



to a fixed centre , shew that the angle 
apses is 


subtended at the centre of force by two consecutive 


7 r 



where h is the constant of angular momentum 


49 Motion under the Newtonian law *, 

The remaining case m which motion under a central force varying as an 
integral power of the distance can be solved in terms of circular functions is 
that m which the force varies as the inverse square of the distance This 
case is of great importance m Celestial Mechanics, since the mutual attractions 
of the heavenly bodies vary as the inverse squares of their distances apart, m 
accordance with the Newtonian law of universal gravitation. 

(i) The oi hits 

Consider then the motion of a particle which is acted on by a force 
directed to a fixed point (which we can take as the origin of coordinates), of 
magnitude pu 2 , where u is the reciprocal of the distance from the fixed point 
Let the particle be projected from the point whose polar coordinates are 
(c, a) with velocity v Q m a direction making an angle y with c , so that the 
angular momentum is 

h = cv 0 sm y. 

The differential equation of the orbit is 
dhi __ P _ ft 

* dd 2 U hV ~ sin 2 7 J 

this is a linear differential equation with constant coefficients, and its 
integral is 

« = ? g {1 + s cos (6 - »)), 

Vc 2 sin 2 7 L v /J ’ 

* Newton, Principle Book i § 3, Props xi , xxi«, xm. 
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where 0 and « are constants of integration. This is the equation, in polar 
coordinates, of a conic whose focus is at the origin, whose eccentricity is e 
and whose semi-latus rectum l is given by the equation 

j = Vc 2 sin 2 7 

the constant «- determines the position of the apse-lme, and is called the 
perihelion-constant 

The circumstance that the focus of the conic is at the centre of force is m accord wuth 
Hamilton s theorem, for if the centre of force is at the focus of the come the perpen- 
dicular on the polar of the centre of force is the perpendicular on the directrix, which is 
proportional to r, as by Hamilton’s theorem the force must be proportional to 1/r* 

To determine the constants e and w in terms of the initial data c, a, y, v 0 , 
we observe that initially ' 0 ’ 


0 = a, « = -, 
c 


du 

d 0 


= - - cot 7 , 


substituting these values in the equation of the orbit and the equation 
obtained by differentiating it with respect to 9 , we have 

( i> 0 a c sin a 7 = /i + /ue cos (a — «r), 

(Vc sin 7 cos 7 m fie sin (a - w) 

Solving these equations for e and w, we obtain 

an = 1 + V° a y _ 2n 0 a csin a 7 
/** 11 


cot (a — w) 


ct> 0 3 sin 7 cos 7 


4* tan y. 


The semi-major axis, when the conic is an ellipse, is generally called the 
mean distance of the particle , denoting it by a, we have 


a ■■ 


l 


and substituting the values of l and e 3 already found, we have 

this equation determines a in terms of the initial data. * 

The time occupied in describing the whole ciicumference of the ellipse, 
which is generally called the periodic time , is 


■ x area of ellipse, 
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since h represents twice the rate at which the area is swept out by the radius 
vector, the periodic time is therefore where b is the semi-minor axis 

But we have 

A = « 0 csui7= ^ = 

/a? 

so the periodic time is 2n w \J ~ ^ 

by n , the periodic time can then be written 


is usual to denote the quantity /Aa~% 


n is called the mean motion, being the mean value of 9 for a complete period. 

It has been shewn by Bertrand and Koenigs that of all laws of force which give a zero 
force at an infinite distance, the Newtonian law is the only one for which all the orbits are 
algebraic curves, and also the only one for which all the orbits are closed curves 

Example Shew that if a centre of force repels a particle with a force varying as the 
inverse square of the distance, the Orbit is a branch of a hyperbola, described e^out its 
outer focus 

(n) The velocity 

Consider now the case in which the orbit is an ellipse , the equation 

establishes a connexion between the mean distance a and the velocity % and 
radius vector c at the initial point of the path Since any point of the orbit 
can be taken as initial point, we can write this equation 

where v is the velocity of the particle at the point whose radius vector is n 
Similarly if the orbit is a hyperbola, whose semi-major axis is a, we find 

and if the orbit is a parabola, the relation becomes 


It is clear from this that the orbit is an ellipse , parabola, or hyperbola, 
2ll 

according as = — , 1 e according as the initial velocity of the particle is 


less than, equal to, or greater than , the velocity which the particle would 
acquire m falling from a position of rest at an infinite distance from the 
centre of force to the initial position 
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It can further he shewn that the velocity at any point can he resolved into 
a component perpendicular to the radius vector and, a component ^ perpen- 
dxcul&v to the axis oj the conic . each of these components being constant 

For if S be the centre of force, P the position of the moving particle, 
Q the intersection of the normal at P to the conic with the major axis, GL 
the perpendicular on SP from G, and SY the perpendicular on the tangent at 
P from S } it is known that the sides of the triangle SPG are respectively 
perpendicular to the velocity and to the components of the velocity m the 
two specified directions, and therefore we have 


Component perpendicular to the radius vector = 


v SP h SP h 
PG SYPG-PL 

__ h _ fJL 

~l~h’ 


and Component perpendicular to the axis = gp x Component perpendicular 

to the radius vector 


Which establishes the result stated. 


e/i 

~h ) 


Example 1 Shew that in elliptic motion under Newton’s law, the projections, on the 
external bisector of two radii, of the velocities corresponding to these radii, are equaL 
Shew also that the sum of the projections on the inner bisector is equal to the projection 
of a line constant m magnitude and direction (Cailler.) 

Example 2 Shew that in elliptic motion under Newton’s law, the quantity J Tdt r 

where T denotes the kinetio energy, integrated over a complete period, depends only on 
the mean distance and not on the eccentricity (Gnnwis ) 

Example 3 At a certain point m an elliptic orbit descnhed under a force /i/r 2 , the 
constant /* is suddenly changed by a small amount If the eccentricities of the former and 
new orbits are equal, shew that the point is an extremity of the minor axis. 

(ni) The anomalies in elliptic motion 

If a particle is describing an ellipse under a centre of force in the focus S 9 
the vectorial angle ASP of the point P at which the particle is situated on 
the ellipse, measured from the apse A which is nearer to the focus, is called 
the true anomaly of the particle and will be denoted by 0, the eccentnc 
angle corresponding to the point P is called the eccentric anomaly of the 
particle, and will be denoted by a • and the quantity where n is the 

mean motion and t is the time of describing the arc AP, is called the mean 
anomaly of the particle. We shall now find the connexion between the three 
anomalies. 
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The relation between 0 and u is found thus 
We have 


- = 1 + e cos 0, 
r 

— & — ex, where x is the rectangular coordinate of P referred 
to the centre of the ellipse as origin, 
r = a (1 — 6 cos u) 

Hence (1 — 6 cos u) (1 + e cos 6) — 1 — e\ 

an equation which can also be written in the forms 


and 


or 


tan 


and 


u (\ — 6\i 9 

2*(r+i) •“i- 


(1 — e 2 )* sm 0 
* mu ~ 1 + 6 cos 9~ 


The relation between u and nt can be obtained in the following way * 

We have 

2 2 b 

t — ^ x Area ASP — - x Area ASQ, where Q is the point on the auxiliary 

circle corresponding to the point P on the ellipse 

2 

— — i {Area ACQ - Area, SCQ], where 0 is the centre of the 

iKt 


ellipse 


a 2 


ore 




f 


so 


= 2_ 
no} 

nt — n — esmu 
This is known as Kepler's equation 

A nomogram for the solution of this equation is described by H Chrdtien, Assoc. Prang, 
Vongres, Reims (1907), p 83 The solution by analytical expansion has been discussed by 
many writers, an important recent memoir being that by Levi-Civita, Am della R, Aeo * 
dei Lined, Rendiconti, (5) xin (1904), p 260 

Lastly, the relation between 0 and nt can be found as follows * 

W e have nt = u — e sin u 

Replacing u by its value in terms of 0 , this becomes 


nt = aresm 


(1 - e 2 )* sin 0) e(l- «“)* sm 0 


in e (1 

1 + e cos 6 j 1 + e cos 0 

which is the required relation , this equation gives the time in terms of the 
vectorial angle of the moving particle 

A solution of the problem of calculating the True Anomaly from the Mean Anomaly, 
based on a geometrical deduction, was found among the unpublished papers of Newton 
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Example 1 Shew that 

» i 

+ 2 2 - J T (re) sm rnt 

r=l r rK ' ’ 

where the symbols J denote Bessel coefficients* * * § 

For we have 
_1 ofo __ 1 

71 dt 1—6 cos u 


a jL p* o 

27tJo 1- 

1 raw 

B 2^Jo ' 


” cosrw? 
ecosw r_j~ 


[ 2ir cos rs 

fo ~ 




, by Fourier’s theorem t 


du+ 2 

r=l 


* cOsnztf f 2 *’ 


/: 


cos {r (u - e sm w)} dw 


«= 1 + 2 2 »/ r (re) cos mt J 

r»l 

Integrating, we have the required result 
Example 2 f Shew that 

0-nt+ 2e sm w£ + |e 2 sm 2nt + 

Example 3 In hyperbolic motion under the Newtonian law, shew that 

1)4 aintf_ 

l (e+l)4c<38j(9 + (e-l)4sin^l 1+ecostf’ 

and in parabolic motion, shew that 

(^s)^= tan -2+i tanS |. 

where p is the distance from the focus to the vertex 


Example 4. In elliptic motion under Newton’s law, shew that the sum of the four 
times (counted from perihelion) to the intersections of a circle with the ellipse is the same 
for all concentric circles, and remains constant when the centre of the circle moves parallel 
to the major axis (Oekmghaus ) 

(xv) Lambert's theorem 

Lambert in 1701 shewed that in elliptic motion under the Newtonian 
law, the time occupied m describing any arc depends only on the major axis, 
the sum of the distances from the centre of force to the initial and final 
points, and the length of the chord joining these points so that if these 
three elements are given, the time is determinate, whatever be the form 
of the ellipse^. 


* The name of Bessel is commonly connected with this expansion but it is really due to 
Lagrange, Oeuvres , in p. 130. 

t Of Whittaker and Watson, Modem Analysis , Chapter xx 

% Ibid , Chapter xvn 

§ Lambert’s original demonstration was geometrical and synthetic the theorem was proved 
analytically and generalised by Lagrange in 1778 (Oeuvres de Lagrange , iv p 559) 
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Let v> and u' be the eccentric anomalies of the points , then we have 

n x the required time = u' — e sin v! — (u — e sin u) 

u'-u u' + u 
= (u - u) —<2e sm — cos — g— 

Now if c be the length of the chord, and r and r be the radii vectores, 
we have 

r + r' , - * n a u + u! v! — u 

- = 1 — e cos u + 1 — e cos u = 2 — ze cos — ^ — cos - ^ — , 


a 


and c 2 = a 2 (cos u — cos u) 2 + 6 2 (sm w'-sin- 

u 4* v! j 


, o « u — u /, 

= 4a 2 sm 2 — g — (1 — 


so - = 2 sm 

a 

Hence we have 

r -{- r' 4- c 
a 

r +r'— c 


^cos 2 

^cos 2 


2 


and 

and therefore* 


a 


0 f u' 
— 2 coss 


= 2 — 2 cos 
2 


■ + arccos 


( u + u\ 

^cos—j 

(■ 


- + arccos e cos 




2 arcsin 


1 /r + r' + c\* vl ■ 

2 \ a ) ~ 

1 /r + r 1 - c\i v! 

2 \ a ) ~ 


and 


2 arcsin 


■ + arccos 


+ arccos 


/ u + u'\ 

( ecos — J' 

/ u + v/\ 
\e cos ^ J 


Thus if quantities a and j3 are defined by the equations 


fr + r' + c\* 

P 

8111^ = 

1 /r + r' — c\4 

V a ) ’ 

2 

2 \ a ) ’ 


sm- 


the last equations give 

r> / j 0L+ $ Vi + vf 

a - /S = w and cos — — = e cos — - T , 

* 2 

Thus finally we have 

n x the required time = a - /3 - 2 cos sift — “ & 

2 2 


This is Lamberts theorem 


= (a - sm a) — (£ — sm #) 


Am** 1. Eiarmne the limiting case when the minor axis of the ellipse vanishes, so 
that the orbit is rectilinear 

* It Will be noticed that owing to the presence of the radicals, Lambert’s theorem is not free 

from ambiguity of sign The reader will be able to determine without difficulty the interpretation 
of sign corresponding to any given position of the initial and final points * 
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Example 2 To obtain the form of Lambert ’» theorem applicable to parabolic motion 

If we suppose the mean distance a to become large, the -angles a and 0 become very 
small, so Lambert’s theorem can be written <111 the approximate form 

Required time = ^ 
on 

-©* i {(-^Z -(—)'} 

= eT K r+r, + c )* ~ 

and this is the required form* 

Example 3 Establish Lambert’s theorem for parabolic motion directly from the formulae 
of parabolic motion 

50 The mutual transformation of fields of central force and fields of 
parallel force 

If m the general problem of central forces we suppose the centre of force 
to be at a very great distance from the part of the field considered, the lines 
of action of the force in different positions of the particle will be almost 
parallel to each other; and on passing to the limiting case in which the 
centre of force is regarded as being at an infinite distance, we arrive at the 
problem of the motion of a particle under the influence of a force which is 
always parallel to a given fixed direction 

For the discussion of this problem, take rectangular axes 0x } Oy in the 
plane of the motion. Ox being parallel to the direction of the force, and let 
X(x) be the magnitude of the force, which will he supposed to be independent 
of the coordinate y The equations of motion are 

X => X (it), y = 0, 

and the motion is therefore represented by the equations 

t = ay + b**J {2f X (x) dx + c}~^ dx + 1, 

where a, b, c, l are the constants of integration ; the values of these are 
determined by the circumstances of projection, i e by the initial values of 
*, y, x, y. 

While the problem of motion in a parallel field of force is a limiting case 
of the problem of motion under central forces, it is not difficult to reduce the 
latter more general problem to the former more special one 

For if a particle is in motion under a force of magnitude P directed to 

* This result was given by Newton (Pnncipia, Booh m, lemma \), and later by Eulei in lus 
Determmatio Orbitae Corntae Anm 1742 (1743), before Lambeit published the geneial theorem 
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a fixed centre (which we may take as origin of coordinates), the equations 
of motion are 


* = -P-, 

r 


r = -p2 


The angular momentum of the particle round the origin (which is con- 
stant) is xy-yx let this be denoted by h Introduce new coordinates X, Y, 
defined by the homographic transformation 


X=-, 

y 


F= - , 

y 


and let T be a new variable defined by the equation 

[dt 


i_ fat 

J y • 


Then we have 


so 


dX 

d (a 

;\ dt 

dT ~ 

dt \j 

,) dT~ 

dY 

d n 

L\ dt 

dT~ 

dt v j 

}) dT~ 

cPX 

0, 

d?Y 

dT>~ 

dP~ 




— *L y* — — 1 


t 


These equations shew that a particle whose coordinates are ( X , Y) would, 
if T were interpreted as the time, move as if acted on by a force parallel to 

the axis ot Y and of magnitude As the solution of this transformed 

problem will yield the solution of the original problem, it follows that the 
general problem of motion wider central forces %8 reducible to the problem of 
motion »n a parallel field of force 

Example X Shew that the path of a free particle moving under the influence of gravity 
alone is a parabola with its axis vertical and vertex upwards 

Example 2 Shew that the magnitude of the force parallel to the axis of x under which 
the curve /(ar, y)«=0 can be described is a constant multiple of 

■m 

Example 3 If a parallel field of force is such that the path described by a free particle 
is a come whatever be the initial conditions, shew that the force vanes as the inverse cube 
of the distance from some line perpendicular to the direction of the force 

51 . Bonnet's theorem . 

We now proceed to discuss the motion of a particle which is simultaneously 
attracted by more than one centre of force An indefinite number of particular 
cases of motion of this kind can be obtained by means of a theorem due to 
Legendre*, but generally known as Bonnets theorem , which may be stated 
thus 

# Legendre, Exere de Calc Int tu (1817), p 383. 


(£) { _ I?(D +2 
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If a given orbit can he described m each of n given fields of force, taken 
separately the velocities at any point P of the orbit being v u &, « 

respectively, then the same orbit can be described m the field of f wee which 
is obtained by superposing all these fields, the velocity at the point P being 
(vS + vf+ +»„»)* 

For suppose that in the field of force which is obtained by superposing 
the original fields, an additional normal force R is required m order to make 
the particle move on the curve m question, and let it be projected from 
a point A so that the square of its velocity at A is equal to the sum of the 
squares of its velocities at A m the original fields of force Then on adding 
the equations of energy corresponding to the original motions, and comparing 
with the equation of energy for the motion in question, we see that the 
kinetic energy of the motion in question is the sum of the kinetic energies 
of the original motions, le that the velocity at any point P is 

W + %.* + + v n »)h 

Hence, resolving along the normal to the orbit, we have 


TO 


t»i* + V+ + Vr? 


— F x + F a + + F n + R t 


where to is the mass of the particle, p the radius of curvature of the orbit, 
and Pj, F t , ..., P„ are the normal components of the original fields of force 
at P. 


But 


mv, 


m «n t? 

T ~ K ' 


TOlV „ VIV 3 * „ 

~~r~ * —■ — *2, 

P P 

and therefore R is zero 3 the given orbit is therefore a free path in the field 
of force which is obtained by superposing the original fields 

Example Shew that an ellipse can he described if forces 


8 a 3 r a 


and p 


8a 3 

8aV2 


respectively act in the directions of the foci. 

This result follows at once from Bonnet’s theorem when it is observed that the given 
forces are equivalent to forces ^ and -~§ acting m the directions of the foci, together with 

a foroe ~^x distance acting m the direction of the centre of the ellipse 


52 Determination of the most general field of force under which a given 
curve or family of curves can be described 

Let (f> (w, y) = c 

be the equation of a curve , on varying the constant c, this equation will 
represent a family of curves. We shall now find an expression for the 
most general field of force ({he force being supposed to depend only on the 
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position of the particle on which it acts) for which this family of curves is 
a family of orbits of a particle 

Let v denote the velocity of the particle, and (X, Y) the components of 
force per unit mass parallel to the coordinate axes The tangential and 

normal components ol acceleration being ^ and — respectively, we have 
^ = ” “ < f >* (<£* 2 + “^77 ^ 2 / (£* 2 + 


2 

Y = -~ p *y + (*.* + W)~* 

Substituting for - its value, namely 
P 


we have 


<fty 2 <j>xx <t>y<fixy + <f>x 2 $yy 

<&*+&*)* 


Y— < 4 . ,,2 'bvbvx — ty’c'bl l < l > xt/+ <l>x S <f>vu 1 dv* . i 

Writing « 2 = -m ($,» + <&/■), 

and replacing Jr by (^ a a + <t> y a )~^ (<t>x ^ — <f> y , this equation becomes 

X =u(<p x (f)y y— <f>y <j> xy ) + \ <j)y ^ (<f>J + <f>y ^ 

Now u is arbitrary, since it depends on the velocity with which the given 
orbits are described , and as X and Y are to be functions of the position of 
the particle, we can take u to be an arbitrary function of x and y , we have 
therefore 

X — U (<f>x<f>yy — <j>y<f>xy) + i <f>y (<t>x^y ~ ^y^x), 

and similarly 

Y = U (<f)y(f>xx “ <£as <f>xy) + i <f>x {<f>y &x ~ tyx^y), 

where u is an arbitrary function of x and y. These expressions for the field 
of force under which the curves of the given family are orbits were first given 
by Darnel li* 

Example 1 Skew that a particle can describe a given curve under any arbiti ary forces 
A? directed to given jixed points , provided th ese forces satisfy the relations 

2 ±d(Wp\ Q 
kpu 2 ds \ r h J 9 

where r k is the i adius and p k the perpendicular on the tangent , from the k th of the given fixed 
points , and where p is the radius of curvature of the given curve 

For the tangential and normal components of force on the particle are 

Trx-zPydp! and iir-s Py£k 

k d* k n’ 

* Giomale di Mat . xyni (1880), p 271 
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«<> from tlio equation 


wo have 


da db ^ '» 


01 7 - 1 - — ( ?pPf p\ n 

k pi? ds \ n ) 0 

2«*<M(£)=0, 

where e* >h the chord of curvature of the curve in the direction of <f> k (0u rtia j 

moves m a field of force in two dimensions of which the work 
equation ’ " ™ ^ a ° eqmpotentliU curve 1H a possible path, provided V satisfy the 

Ow/(F)|^iYi^V-2 3, i- 3K0 t4. a lI7 3p- V) (/SPy /3Fyi* 

V $.’/ ) forty (S' rty + iy 2 ( S.r ) f + {("0 t) + ( gj ) } (Coll Exam ) 

58. The problem of two centres of gravitation 

The equations of motion of a particle moving m a plane under arbitiary 

1' ‘‘ S Ca " n ° t be mte R rated b y quadratures m the general case The most 
famous of the known soluble problems of this class, other than problems of 
central motion, is the problem of two centres of gravitation, i e the problem 
of determining the motion of a free particle in a plane, attracted by two fixed 
Newtonian centres of force in the plane, its integrability was discovered by 


Let 2c denote the distance between the two centres of force, and take 
the jiomt midway between them as origin, and the line joining them as axis 
of x, so that their coordinates can be taken to be (c, 0) and (- c, 0) The 
potential energy of tho particle (whoso mass is taken to be unity) is’ therefore 

V~-p {(x-cy + y a ) “* - p' {(* + c y + y J } "4, 

where p and p are constants depending on tho strength of the centres of 
attraction 


Now any ellipse or hyperbola with the two centres of force as foci is a 
possible orbit when either centre of force acts alone, and therefore by Bonnet's 
theorem it is a possible orbit when both centres of force are acting It 
is therefore natural, in defining the position of the particle, to replace the 
rectangular coordinates (x, y) by elliptic coordinates (£, rj), defined by the 
equations 

® *■ o cosh £ cos r;, y = c smh f sin p 

* Euler, Mim, dt Berlin , 1760, p. 228, Nov. Comm Petrop x (1764), p. 207, xt (1766) 
p. 188 s Lagrange, Mim. de Turin, iv. (1766-9), pp 118, 215, or Oeuvre., n p 67 
W, ». 
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The equations £ = Constant and y = Constant then represent respectively 
ellipses and hyperbolas whose foci are at the centres of force , and these are 
a particular family of orbits 

The potential energy, when expressed in terms of £ and y, becomes 

v t nL 

V ~ c (cosh f- cos y) c (cosh £ + cos y) ’ 
and the kinetic energy T is given by the equations 

T = \x' + \y' 


= ^ (cosh 2 £ - cos 2 y) (£ 2 + y*) 

This problem is evidently of Liouville’s type (,§ 43 ), and can therefore 
be integrated by the method applicable to this class of questions The 
Lagrangian equation for the coordinate £ is 

j 3 F 

c 2 -j t {(cosh 2 £ - cos 2 y) £} - c 2 cosh f sinh £ (£ 2 + VO = - g| > 

or 

c 2 ~ {(cosh 2 £ - cos 2 y)- - 2c 2 cosh £ sinh £ (cosh 2 £ - cos 2 y) £ (£ 2 + y 1 ) 

a y 

— — 2 (cosh 2 £ — cos 2 *7) £ g|r , 

or, using the equation of energy T + V = A, 


4 {(cosh 2 £ — cos 2 t ;) 2 

. 7 )V 7 ) 

= — 2 (cosh 2 £ — cos 2 77) £ ^ (A - F) f (cosh 2 f — cos 2 i?) 

= {(A - F) (cosh 2 f — cos 2 ??)} 

= 2 | ^ (cosh 2 f - cos 2 77) 4 - ~ (cosh £ + cos 77) 4 - —■ (cosh f cos 77) * 

= 2 ^ ^ cosh 2 £ 4 - — cosh % j 


Integrating, we have 

~ (cosh 2 1 - cos 2 rff f 2 = h cosh 2 £ 4- - - - cosh f — 7, 

™ c 

where 7 is a constant of integration 

Subtracting this from the equation of energy, which can be written 

~ (cosh 2 1 — cos 2 77)* (f a 4- rf) 

= h (cosh 2 1 - cos 2 rj) 4- - (cosh f 4- cos 77) + — (cosh f — cos 77), 
c c 
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we have 


c 3 t 

2 ( cos h 2 £ — cos 2 rj) 2 rj 2 = — /?, cos 2 rj - — ^ C os y +■ 7 


Eliminating citf between these equations, we have 
- (dj;)* (dr}) 2 


Acosh 2 | + ^-i^-cosh^~ y — h cos 2 77 — — — -cos <174-7 
c c 

Introducing an auxiliary variable u, we have therefore 
« = J|/t cosh 3 1 + cosh f- y| ' if, 

«= fj— Acos 2 y -P-— ? cos t) + y 


dr) 

These are elliptic integrals, and we can therefore express £ and rj as elliptic 
functions of the parameter w, say 

? * X ( u )> V=<f>(u) 

These equations determine the orbit of the particle, the elliptic coordinates 
(£> y) being expressed in terms of the parameter u* 


54 Motion on a surface j" 

We shall next proceed to consider the motion ot a particle which is free 
to move on a smooth surface, and is acted on by any forces 

Let ( X , Y, Z ) be the components, parallel to fixed rectangular axes, of 
the external force on the particle, not including the pressure of the surface 
let («, y, g) be the coordinates and v the velocity of the particle, .5 the arc and 
p the radius of curvature ot its path, ^ the angle between the principal 
normal to the path and the normal to the surface, and (X, ^ v) the direction- 
cosines of the line which lies in the tangent-plane to the surface and is 
perpendicular to the path at time t , the mass of the particle is taken as unity 

The acceleration of the particle consists of components vdvjds along the 
tangent to the path and v 2 /p along the principal normal , the latter component 
can be resolved into (v J /p) sm^ along the line whose dnection-cosmes are 
(X, /4, v) and (v 2 /p) cos ^ along the normal to the surface We have therefore 
the equations of motion 


v d J- = x^+ yQ+zi 

as as ds ds 
. («*//>) sin x = 4 Yp + Zv 


(A) , 

(B) , 


* Some generalisations ot the problem of two fixed centres will be found in a paper by 
Hiltebeitel, Amur Joum Math xxxm (1911), p 337 

t The eaihest investigation ot motion on a surface was Galileo’s study of the motion of a 
heavy particle on an inclined plane (Discourse*, Third Dialogue, 1638). The motion of a heavy 
particle moving in a horizontal circle on a sphere was examined by Huygens (Kvrvlog oscill , 


7 — 2 
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and these, together with the equation of the surface, are sufficient to determine 
the motion , for the equation of the surface may be regaidod .is giving ' * m 
terms of x and y, and by using this value foi * we can express all the 
quantities occurring m equations (A) and (B) m terms of a, ?/, r, y, x, y 
equations (A) and (B) thus become a system of differential equations of the 
fourth order for the determination of x and y in terms of t 

If the forces are conservative, the expression 
— Xdx — Ydy - Zdz 

will be the differential of a potential-energy function V (r, y, z ) , equation (A) 
can therefore be integrated, and gives on integration the equation of energy 

+ V (x t y, z) = c, 

where c is a constant Substituting the value of v a given by this equation 
“(B), we have 

t(0-V)2y&mXk+Yp + Zv 

This is (on eliminating z by means of the equation to the surface) a 
differential equation of the second order between x and y, and is in fact the 
differential equation of the orbits on the surface 

The differential equations of motion on a surface are not integrable by 
quadratures m the general case there are however two cases m which the 
problem can be formulated in such a way as to utilise results obtained m 
other connexions 

( 1 ) Motion under no forces 

When no external forces act on the particle, equation (B) gives % m 0, so 
the orht is a geodesic on the surface* , the integral of energy shews that this 
geodesic is described with constant velocity 

Example A particle moves under no forces on the fixed smooth ruled surface whose line 
of stnct&on is the axis of z, the direction-cosines of the generator at the point z being 

z z 

sin a cos — , sm a sin — , cosa, 
respectively To determine the motion 

Let v denote the distance of the point on the surface whose coordinates are (#, y, $) 
from the line of stnction, measured along the generator, and let (0, 0, () be the coordinates 
of the point m which this generator meets the line of stnction Then we have 

( C 

x=imnacox — , y=v sin a sin — , cos a. 

m m 

* This theorem is due to Eul$r, Mechamca (1786), n cap. 4, 
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kinetic energy of the (mptiolo is 

(*»+&+**) 

' 1 (•*+{* mn* « + f * + i£v fun 

, t J‘ k " ;; H, " f f ' W th “ tw " which define tho jioHit.on of tho particle j ,t 

evident that the it h ml m*tn ( m ignorable, and tho oormqxmdirig integral w 

r>r . 

3*. “ *’ where k ih a constant, 

or (w* ^ n,<, + ^ ^+iUhw«—^ 

The integral of energy in 

" here A is a constant. 

Eliminating ( hetween these two mtegralN, wo have 

*«(»* + «, »).;jA»» + (2A-*«) m* mt>a. 

If r w initially sufficiently large oom|siwd with £, tho quantity (12A-P) m positive : we 
shall suppose this to he the case, ami shall write 1 

- k*) n i* chmkhi * a <* %h\\ where X is a now oomtant , 

the equation thus Isniimm 

^(r’ + m^-SAfr****) 

defined hy^w equation** ° K " ** offi *' tod l,y l,ltro(luoi,| g » real auxiliary variable w, 

fj(m*+v*) (A*+ »*)} “ i dn 
Writing “ t, thi* bruemm* 


Hm L l 4i ’( ,, +^) (•»+*»*)!“ 

**hI tin#* m miuivniimt to the aquation 

whon^ the n*otn r,, **, of tho ft motion p (**) are peal and nr© defined by tho equation# 

*i + « s + *x* 0 * 

The n inflexion Uitwoon the vnruiihm v and u in therefore oxproMmxl by the equation 

•m Am (§>(«)- r,;~l. 

Hu Isiti luting Hus \ slue of i> in the equation which uonneuta e and (, wo have 


<*/»>*- ( (-1 *> / ^ ~ *^du + Constant 

J r W “ 

m j{ (**+•»!)! du + Constant * 

m -«ij« (tt-h**i) + Coniitj!Uits 


Of. WbitUkor and Wfttaoo, llodsrn Analysis, | HQ'M. 



102 


The Soluble Problems of Particle Dynamics [ch, iy 


This equation expresses the time t in terms of the auxiliary variable w, and thus m 
conjunction with the equation 

gives the connexion between v and t 


(n) Motion on a developable surface 

If the surface on which the particle moves is developable, we can utilise 

the known theorems that the arc s and the quantity are unaltered by 

developing the surface on a plane these results, applied to the equations of 
motion given above, shew that if m the motion of a particle on a developable 
surface under any forces the surface is developed on a plane , the particle will 
descnbe the plane curve thus derived from its orbit with the same velocity as 
before , provided the force acting in the plane-motion is the same m amount 
and direction relative to the curve as the component of force in the tangent- 
plane to the surface m the surface-motion. 


Example 1 A smooth particle is projected along the surface of a right circular cone , 
whose arts is vertical and •vertex upwards, with the velocity due to the depth below the vertex 
Prove that the path traced out on the cone , when developed into a plane , will be of the form 

r*sm$tf=a* (Coll Exam) 

For on developing the cone, the problem becomes the same as that of motion m a plane 
under a constant repulsive force from the origin, and with the velocity compatible with 
rest at the origin We therefore have the integrals 

W = O, where C is a constant, 


These equations give 





+ 1* 


Cr* 
* h 2 


where A is a constant 


r 3 

so if u=\ we have 
r ’ 

fdu y I -W 
\dOJ 8=1 ahi 9 

and therefore 

0__ f cSvfcdu 
' (1— a 3 !* 3 )^ 

(i_»s)4 

= 3 sin -1 v, 

which is equivalent to the equation 

r % sin 


where a is a new constant, 


where v=vfta%, 


Example l If m the motion of a point P on a developable surface the tangent IP to 
the edge of regression describes areas proportional to the times, shew that the component 

of force perpendicular to IP and m the tangent-plane is proportional to ^ , where p is 

Hie ladius of curvature of the edge of regression (Hazzidakis) 
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55 Motion on a surface of revolution , cases soluble in tei mi of circular 
and elliptic functions * 

The most important case of surface-motion which is soluble by quadra- 
tures is the motion of a particle on a smooth surface of revolution, under 
forces deuvable from a potential-energy function which is symmetrical with 
respect to the axis of revolution of the surface 


Let the position of a point m space be defined by cylmdncal coordinates 
(z, >, (j>\ wheie z is a coordinate measuied parallel to the axis of the surface, 
7 is the peipendicular distance of the point from this axis, and cf> is the 
azimuthal angle made by ? with a fixed plane through the axis The 
equation of the surface will be a relation between z and sav 

>-/<*>, 

and the potential energy will be a function Of z and ? (it cannot invohe 0, 
since it is symmetrical with respect to the axis), which foi points on the 
surface can, on leplacmg r by its value f(z), be expressed as a function of z 
only, say V (z), the mass of the particle can be taken as unity 

The kinetic eneigy is, by § 18, 

T~ £ (z 1 + r 2 + ? J </> 2 ) 


The coordinate <f> is evidently ignorable, the coi responding mtegial is 

where L is a constant, 




dj> 

or {/0)} J <£ = /„; 

this equation can be interpreted as the mtegial of angulai momentum about 
the axis of the surface 


The equation of eneigy is 

T + V = h, wheie h is a constant, 

and substituting foi <£ m this equation from the preceding, we have 
[}/ ' (z)Y + 1 J {/ (*)l- 2 +2V (z) = 2 h , 
integrating this equation, we have 

*-[[{/'(■»>}• + 1] 4 [2/i-2F(*)-A,’ \f (z)\ ~ J ] + Constant 


The i elation between t and z is thus given by a quadrature, the values 
of r and (f> are then obtained fiom the equation of the surface and the 
equation 

{/(*)}>-*, 

respectively 


* The motion of a particle on a surface of revolution was investigated by Newton, Pnncipia , 
Book i Section 10 < 
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We shall now discuss the motion on those surfaces foi which this quad- 
rature can be effected by means of known functions, when the axis of the 
surface is vertical (z being measured positively upwards) and gravity is the 
only external force, so that 

V (z) = gz> 

( 1 ) The circular cylinder 

When the surface is the circular cylinder r = a, the above integral 
becomes 

t= 2h-2gz-^j ^ dz, 

and if the origin of coordinates is so chosen that 2 ha 2 =* k*, we have 

t- [(-2 gz)~^dz, 


oi 2 = - \g (t — £ 0 ) 2 > where is a constant 

The equation 

a~(j> = ^ 

then gives 

k 

0 - = “s($ - 1 0 \ where <f> 0 is a constant 

Qj 


(n) The sphere 

The case m which the surface is tlie sphere 

» = (P - z'fi 

is called the problem of the spherical pendulum*, and can be realised by 
supposing a heavy particle attached to a fixed point by a light rigid wire 
capable of moving freely about the point 

In this case the quadrature for t becomes 


oi 


t= j{i*-? +1 ~ [ 2 h -ty z - 

t=lj\(21i- 2 gz) ( l * - *) - 4»pU 


k> H 


l J -z* 

'z 


dz, 


The integral on the right-hand side of this equation is an elliptic 
integral, which we shall now reduce to Weierstrass’ canonical form Denote 
by «i, z it z, the loots of the cubic 


since the expression 


2(h-gz)(l*-z>)-l<* = 0- > 
2(h-gz)(l i -z , )-hl‘ 


Lagrange, Mecamque Analytique The complete solution in terms of (Jaoobian) elliptic 
functions was obtained by A Tissot, Lwuville's Journal, (1) xvn (1H82), p 88 Jaoobi’s own 
solution of the pioblem of a rotating rigid body in terms of elliptic functions had been published 
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is negative for the values l and — l of z t and positive for very large positive 
values of z and also for the values of z which occur m the problem considered 
(which must necessarily lie between — l and + l , since the particle is on the 
sphere) we see that one of the roots (say z x ) is greater than l and the other 
two (say z 2 and z g, where z^^-Zq) are between l and — l The values of z m 
the actual motion will lie between and * 3 , since for them the cubic must 
be positive 


Write 


z — 5— H c, 

3 g 9 

h 21* 


where f is a new variable, 


(*■- 1, 2, 3) 


so that e u e 2t e z are new constants, which satisfy the relation 

e } -f e 2 + e z « ^ 4- z 2 + z 3 — -^J = 0, 

and also satisfy the inequalities e x >e 2 >e 3 
The relation between t and z now becomes 

or*<£ 

or ?=f(« + e), 

where e is a constant of integration and the function fp is formed with the 
roots 6$ 

Now when e u e 2 , e 3 are real and m descending order of magnitude, 
p(u) and if (u) are both real when u is real, m which case f>(w) is greater 
than e u and also when u is of the form &>j-f a real quantity, where co 3 is 
the half-penod corresponding to the root e 3 , in this latter case, p(u) lies 
between e 2 and Since in the actual motion z lies between z 2 and z 3) it 
follows that £ lies between e % and e Zi and therefore the constant e must con- 
sist of an imaginary part and a real part depending on the instant from 
which time is measured by a suitable choice of the origin of time, we can 
take this real part of e to be zero and we then have 

This equation gives the connexion between z and t We have now to 
determine the azimuth <f> For this we have the equation 

j > ^ j± _ hdt 

d4> = -dt = l2 _ et , 


We have now to 


P-z*’ 




where <£ u is a constant of integration 
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To effect the integration, we take X and //, to be the (imaginary) values of 

t 4* o) 3 corresponding to the values l and —loiz respectively , so that X and p 

are new constants defined by the equations 

7 1 21 s M , 7 h 2i 2 , , 

l - =- = — p (X) and - 1 - — = — p (fi ) , 

3 g g r v ' 3 g g r 


these equations give 


f>'0O=p' 0*) = : 


The integral now becomes 

, _ w, = _ In* f — 

v 0 4l 4 J [$>(t + «Oj) — g) (X)} (jf>(< + (o 3 ) — g)(^j} 

__ kg f( dt dt ' 

4?i|p(< + ®*) — Sf»(X> p(t + a>»)-pO i) 
= i f[ P' CM dt _ if ?' Q) dt | 

2 J lg> («+»,)- p (X) p(« + «,)-pO*)J 


But* we have 


P'fo) 

P 0) - P 00 
ff>' (X) dt 


= f(s-\)-£0 + X) + 2f(X), 


so f_ P (tydt = . o; (* + «, -X) o f ^>, 

J p (t + «,)- P (X) 1 g <r(* + © 3 + X) + ' ’ 

and therefore 

e 2 t(^- 0 o ) = e 2 {f(rt-f(X)}« y(f+o»,-/*)ar(t+a>, + X) 
c7 (tf + » 3 + /i) <r (£ + co 3 — X) * 

this equation expresses the angle* </> as a function of t, and so completes the 
solution of the problem 

We see that when t increases by 2 co lf fa increases by 
- ^ f(X» - 2i Vl (X-/a) 

Example When the bob of the spherical pendulum is executing periodic oscillations 
between two parallels on the sphere, shew that one of the points reached on the higher 
parallel, and the point on the lower parallel at which the bob arrives after a half period, 
ha\e a difference of azimuth which always lies between one and two right angles 

(Puiseux and Halphen ) 

The problem of the spherical pendulum has been discussed from the standpoint of 
periodic solutions by F R Moulton, Palermo Rend xxxiu (1911), p 338 

(in) The paraboloid 

Consider next the problem of motion on the paraboloid, whose equation is 

r = 2a^ z ^ 

In this case the quadratuie for t becomes 

t — J(a 4- z) i ^2 hz — 2gz* — - dz 

* Cf Whittaker and Watson, Modern Analysis, § 20 53, Ex 2 
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To obtain the solution of the problem in terms of elliptic functions, we 
introduce an auxiliary quantity v, defined by the equation 

v = j' (a + ^2 hz — 2gz 2 — " dz 

If a and ft (where a ^ / 3) denote the roots of the quadratic 

Jc 2 

2hz — 2gz~ — — = 0, 
we can write this integral m the form 

'( {4 (* + <*) (z- ft)(z-a)}~^ dz 


Define a new vanable f by the equation 


r = -(« + a) £+ 


— a '+ a + ft 
3 


and let e,, e 3 be the values of f corresponding to the values of — a, ft, a 
respectively of z , then the mtegials become 

g (a + «)|* v = j^ 4 (f _ et) (r _ ej)a _ () , -i ft 

and it is easily proved that the quantities e lf e 2 > e ] satisfy the relations 
G \ 4" #2 4* &,} * 0, ^1 > 02 ^ 

The auxiliary quantity v can now be replaced by an auxiliary quantity u, 
defined by the equation 



and then the mveision of the integial gives 

?-!>(« + e )> 

where e is a constant of integration and the function p is formed with the 
roots e lt e,, e it which are given by the equations 

2u + a + /S _ — a + a - 2/d p _ — a— 2a + ft 

3(a + «) ’ *“ 8(a + «) ’ 8 3(a + a) " 

As in the actual motion z evidently lies between a and /3, it follows that 
p ( U + e) lies between e % and e 2 , and therefoie (as we wish v to be real) the 
lmaginaiy pait of the constant e must be the half-period o> 3 , the real pait can 
be taken to be zero, since it depends merely on the lower limit of the integral 
for u 


Wc have therefore 

z a - (a + a) p (u 4- a> 3 ) + 


h — aq 

3*7 


since a+/3 = - 
9 
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The equation to determine t is 
t = J(a + z) dv 


= - | 2 t a + a ) |'j‘jy ( ,J + 6)0 “fill dU 


and this equation gives t m terms of the auxiliary variable u 
Lastly, we have to determine the azimuth cf> for this we have 


, , _ kdt _ 

4a (jjr (a + a) 


it Oj+gQ-gi 


p(M + t0 8 )- 


— a + a + # 


c?it. 


and therefore 
4a 

r 


3 (a + a) 

^(a + a)^ + « + ^ .) f du 

2"i (»-^)-« + { -8 (a + a)- ~ ei I 




= u - a J a + a ) i (-ty) i f p'(I) du 

k Ji>(u + u>f-f(l)’ 

where </> 0 is a constant of integration, and £ is an auxiliary constant defined by 


the equation 




The equation can now be written 
, , Aa 

9-90 = 


(-S^r)*(a + «)t 

^ » f j/ (Z) du 

a {8^ (a 4- «)} i ^ J ^ (w + ® 3 ) _ ^ (i) ’ 


the integral of which is found (as m the problem of the spherical pendulum) 
to be 


.Li 


2tk 




6 2t(0-0 o ) = e La{8 5 F(a + a)j-i <r (u -f a>, - Z) 

c (w + 0>3 4* /) ’ 

this equation expresses <f> in terms of the auxiliary variables, and so completes 
the solution r 


(iv) The cone 

Consider next the cone, whose equation is 

r = 2 tan a, 

where a is the semi-vertical angle 
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Since this is a developable surface, we can apply the theorem of § 54, and 
we see that the orbit of a particle on the cone under gravity becomes, when 
the cone is developed on a plane, the same as the orbit of a particle of unit 
mass m the plane under a force of constant magnitude g cos a acting towaids 
a fixed centre of force (namely the point on the plane which corresponds to 
the vertex of the cone) This (§ 48) is one of the known cases m which the 
problem of central motion can be solved m terms of elliptic functions, and 
this solution furnishes at once the solution of the problem of motion on the 
cone 

Example 1 Shew that the motion of a particle under gravity on a surface of revolution 
whose axis is vertical can also be solved m terms of elliptic functions when the surface is 
given by any one of the following equations 

9ar 2 «;s(;s-3a) 2 , 

2r 4 +3a 2 r 2 -2*a 3 ==0, 

(? 2 - az - ^ # 2 ) 2 = ( Kobb and Stackel ) 

Example 2 Shew that the same problem can be solved in terms of elliptic functions 
when the surface is 

(x? -f y 2 ) 3 4- 2a 6 = 8a 3 a ( x 2 4*y 2 ) (Salkowski ) 

Example 3 Shew that if an algebraic surface of revolution is such that the equations 
of its geodesics can be expressed m terms of elliptic functions of a parameter, the surface 
must be such that r 2 and z can be expressed as rational functions of a parameter, i e the 
equation of the surface regarded as an equation between i 2 and z is the equation of 
a umcursal curve , where z, i , (j> are the cylindrical coordinates of a point on the 
surface (Kobb ) 

Example 4 Shew that m the following cases of the motion of a particle on a sui face 
of i evolution, the trajectories are till closed curves 

1° When the surface is a sphere, and the force is directed along the tangent to the 
meridian and proportional to cosec 2 0, where 6 is the angular distance from the particle to 
* the pole (The trajectories are in this case sphero-comcs having one focus m the pole ) 

2° When the surface is a sphere, and the force is directed along the tangent to the 
meridian and proportional to tan 0 sec 2 0 (The trajectories in this case are sphero-comcs 
having the pole as centre* ) 

56 Joukovsky’s theorem 

We shall now shew how to determine the potential-energy function under 
which a given family of curves on a surface can be described as the orbits of 
a particle constrained to move on the surface 

The three rectangular coordinates of a point on the surface can be expressed 
m terms of two parameters, say u and v, so that an element of arc ds on the 
surface is given m terms of the increments of u and v to which it corresponds 
by an equation of the form 

ds 9 =* Edu a -+■ 2 Fdudv + Gdv *, 
where E, F, G are known functions of u and v. 

* Darboux has examined the possibility of other cases, in Bull, de la Soc . Math, de France, v 
(1877) 
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Let the family of curves which are to he the orbits under the required system 
of forces be defined by an equation 


and let 


q ( u , v) = Constant, 
p ( u , o) = Constant 


denote the family of curves which is orthogonal to these 

Then instead of u and v we can take p and q as the two parameters 
which define the position of a point on the surface, let the lme-element 
m this system of parameters be expressed by the equation 

ds 2 = E'dq 2 -f G'dp 2 , 


the term m dqdp being absent, because the curves p = Constant and 
q = Constant cut at right angles E' and G ' being known functions of 
p and q 

The kinetic energy of a particle which moves on the surface is 

T=\(E'q*+G'p*)> 

the Lagrangian equations of motion are therefore 



where V denotes the unknown potential-energy function, which it is required 
to determine 


These equations are to be satisfied by the value q= 0 , they then become* 


1 dff # dV 


oq 


[2dp K F) dp' 


Ehmiuatmg jf-, we have 


d_ 

dp 



Integrating this equation, we have 


G 


„3F 


djf 

lq 


where / is an arbitrary function, 
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or 

and therefore 




where g denotes an arbitrary function 

Now ~ is &i(p), the differential parameter* of the first order of the 

function p , and thus we have a theorem enunciated by Joukovsky in 1890, 
that if q - Constant is the equation of a family of curves on a surface , and 
p = Constant denotes the family of curves orthogonal to these , then the curves 
q = Constant can he freely described by a pai tide under the influence of forces 
derived from the potential-energy function 

r-A(p)t(r)+ (?) ’//<»> ^ <*?■ 

where f and g are arbitrary functions , and denotes the first differential 
parameter 

The above equations give 

*P = ^/df = -G' V+ -&’ 

and hence the equation of energy in the motion is 

*0^ + 7-/(5) 


Miscellaneous Examples 

1 A particle moves under gravity on the smooth cycloid whose equation is 

s=r4asm <£, 

where s denotes the arc and <£ the angle made by the tangent to the curve with the 
horizontal shew that the motion is periodic, the period being 4 tt - 

2 A particle moves m a smooth circular tube under the influence of a force dnected 
to a fixed point and proportional to the distance from the point Shew that the motion is 
of the same character as m the pendulum-problem 

* If the lme element on a surface is given by the equation 
*ds 2 - j Edv? + 2 F dudv + G 

the first differential parameter of a function <p (w, v) is given by the formula 

The differential parameter is a deJormation<ovanant of the surface, i e when a change of 
variables is made from (u, v) to (u\ v'), the differential parameter transfoims into the expression 
formed in the same way with the new variables (u', v') and the corresponding new coe&cients 
(E',r,G0 
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3 A particle moves m a straight line under the action of two centres of repulsive 
force of equal strength fi, each varying as the inverse square of the distance Shew that, 
if the centres of force are at a distance 2 c apart and the particle starts from rest at 
a distance kc, where k< 1, from the middle point of the line joining them, it will perform 
oscillations of period 

t r 

2 J* (1 -**gin*0)*ci0 

(Camb Math Tripos, Part I, 1899) 

4 A particle under the action of gravity travels in a smooth carved tube, starting 

from rest at a given point 0 of the tube If the particle describes every arc OP m 
the same time that would be taken to slide down the corresponding chord OP, shew that 
the tube has thje form of a lemniscate ' 

5 A particle is projected downwards along the concave side of the curve 

with a velocity jj (2ag)i from the origin, the axis of x being horizontal , shew that the 
vertical componeut of the velocity is constant. (Nicomedi ) 

6 A particle moves in a smooth tube in the foim of the curve r^a 2 cos 20, under 
the action of two attractive forces, varying inversely as the cube of the distance, towards 
the two points on the initial line which are at a distance a from the pole Prove that if 

the absolute force is p, and the velocity at the node 2^4 /a, the time of describing one loop 
of the curve is na^ (0a mb Math Tnpos, Part I, 1898) 

7 A particle describes a space-curve under the influence of a force whose direction 
alwajs intersects a given straight line. Shew that its velocity is inversely propoitional 
to the distance of the particle from the line and to the cosine of the angle whnh the 
plane through the particle and the line makes with the normal plane to the orbit 

(Dainelh ) 

8 A heavy particle is constrained to move on a stiaight line, which is made to 
rotate with constant angular velocity « round a fixed vertical axis at given distance from 
it Shew that the motion is given by the equation 


Ci>ba Pe~ 

where r is the distance of the particle from a fixed point on the line, a is the angle made 
by the line with the horizontal, and A, £ are constants (H am Elide ) 

9 A heavy particle is oonstramed to move on a straight line, which is made to 
rotate with given variable angular velocity round a fixed horizontal axis Shew that the 
equation of motion is 

r = +g sin a sin 6 - »# sin 2 a + a6 sin a, 

wheie a is the angle between the line and the axis of rotation, 0 the angle made with 
the vertica 1 by the shortest distance a between the lines, and » the distance of the 
jiarticle from the intersection of this shortest distance with the moving lme 

(Vollhenng ) 

10 A particle slides in a smooth straight tube which is made to rotate with umforiu 
angular velocity « about a vertical axis shew that, if the particle starts from relative 
rest from the point where the shortest distance between the axis and the tulie meets the 
tul*, the distance through which the particle moves along the tube in time t is 

2a . 

^ cot a cosec a sinh 2 (£«* sm a), 
where a is the inclination qf the tube to the vertical 

(Camb Math Tripos, Part I, 1899 ) 
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11 A particle is constrained to move under no external forces in a plane circular tube 
which is constrained to rotate uniformly about any point m its plane Shew that the 
motion of the particle m the tube is similar to that in the pendulum-problem 


12 A small bead is strung upon a smooth circular wire of radius a , which is con- 
strained to rotate with uniform angulai velocity o> about a point on itself The bead is 
initially at the extremity of the diameter through the centre of rotation, and is projected 
with velocity 2a>b relative to the wire shew that the position of the bead at time t 
is given by the equation 

sm<£ = sn boot /a (modulus alb) 

01 


sin d> = (b/a) sn oat, 


(modulus bja) 


according as a< oi >b, <j> being the angle which the radius \ector to the bead makes 
with the diameter of the circle through the centre of rotation 

(Camb Math Tripos, Part I, 1900 \ 


13 Shew that the force perpendicular to the asymptote under which the cune 

■£3-fy3=a3 

can be described is proportional to 

vy(x 2 +y 2 )-* 


14 A particle is acted on by a force whose components (AT, F) parallel to fixed axes 
aie conjugate functions of the coordinates (#, y) Shew that the problem of its motion is 
always soluble by quadratures 


15 If ( C ) be a closed orbit described by a particle under the action of a cential force, 
S the centre of force, 0 the centre of giavity of the curve (C), G the centre of gravity of 
the curve ( 0 ) on the supposition that the density at each point varies inversely as 
the velocity, shew that the points O , G are collinear and that 2SG — ZS0 

(Laisant ) 

16 Shew that the motion of a particle which is constrained to move m a plane, 
under a constant force directed to a point out of the plane, can be expressed by means 
of elliptic functions 


17 Shew that the curves 

a.v+by+c=xf(£) , 

where a , b, c are aibitrary constants and f is a given function, can be described under the 
same law of central foice to the origin 


18 Shew that when a circle is described under a cential attraction directed to 
a point m its circumference, the law of force is the inverse fifth power of the distance 

19 A particle describes the pedal of a circle, taken with lespect to any point m 
its plane, under the influence of a centre of force at this point Shew that the law 
of force is of the form 

4 +* 

where A and B are constants 

Shew that the law of force is also of this form when the imersc of an ellipse with 
respect to a focus is described under a centre of force in the focus (Curtis ) 

8 


W D 
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20 Prove that, if when projected from ? = 72, 0=0 with a velocity V m a dnection 
making an angle a with the radius vector the path of a particle be/(r, 0, 72, F, sina) = 0, 
the path with tne same initial conditions but under the action of an additional central 

force ~ is 
r* 

/(?,?i0, 72, T r ( 9 i 2 sin 2 a-f co8 2 a)^, n sin a (n 2 sin 2 a-l-cos 2 a)~^) = 0, 

where 

Wlkrta (CoU ExMn) 


21 A particle of unit mass describes an orbit undei an attractive force P to the 
origin and a transverse force T perpendicular to the radius vector Prove that the 
differential equation of the orbit is given by 


d l u _ P _ T_~ du 
W* +u ~ de ’ 


M? 

de 


=2 Tu~ z 


If the attractive force is always zero, and the particle moves in an equiangular spiral 
of angle a prove that 

se ° 2 a ~ 3 and h = (p sin a cos a)^ r se ° 2 a 

(Camb Math Tnpos, Part I, 1901 ) 


22 A particle, acted on by a central force towards a point 0 varying as the distance, 
is projected from a point P so as to pass through a point <3 such that OP is equal to OQ , 
shew that the least possible velocity of projection is 0P{fi&inP0Q)b, where /a OP is the 
force per unit mass at P (Camb Math Tripos, Part I, 1901 ) 


23 Find a plane curve such that the curve and its pedal, with legard to some point 
in the plane, can be simultaneously described by particles under central forces to that 
point, in such a manner that the moving particles are always at corresponding points 
of the curve and the pedal , and find the law of force for the pedal curve 

(Camb Math Tripos, Part I, 1897 ) 


24 If/(#, y) be a homogeneous function of one dimension, then the necessary 

and sufficient condition that the curve y) = l be capable of description under accele- 
ration tending to the origin and varying with the distance alone, is that / be subject 
to a condition of the form 


g + K + r W -o 


Hence shew that the only curves of this class are necessarily included in the equation 
r (4 + 2? sm 6+C cos 0) = 1 

Proceed to the discussion of the case wherein /(#, y) is homogeneous and of n 
dimensions (Coll Exam ) 


25. An ellipse of centre C is described under the influence of a centre of force 
at a point 0 on the major axis of the ellipse , shew that 

nt=u — e&mu, 

where 2 ir/n is the periodic time, e is the ratio of CO to the semi-major axis, and u is the 
•eccentric angle of the point reached by the particle in time t from the vertex 

26 Two free particles p, and M move in a plane under the influence of a central force 
to a fixed point 0 Shew that the iatio of the velocity of the particle /a at an arbitrary 
point m of its path, to the velocity which is possessed at w by the central projection of M 
on the orbit of /a, is equal to the constant ratio of the areas described m unit time by the 
radii 0 /a, OM , multiplied by the square of a certain function / of the coordinates of m y 
which expresses the ratio of OM, Om (Damelli.) 
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27 A particle is moving freely m a parabola under an attraction to the focus Shew 

that, if at every instant a point be taken on the tangent through the particle, at distance 
4a cos 0/(6 + sin 6) from the particle, tins point will describe a central orbit about 
the focus, and the rate of description of areas will be the same as m the parabola , whcie 
4a is the latus rectum, and 6 the vertical angle of the particle measured from the apse 
l ine (Camb Math Tnpos, Part I, 1896 ) 

28 When a periodic comet is at its greatest distance from the sun, its velocity 
receives a small increment Bv Shew that the comet’s least distance from the sun 
will be increased by the quantity 

4&v {«•>( l-«)/ M (l+«)}i (Coll Exam ) 

29 If POP ' is a focal choi d of ail elliptic path described round the sun, shew that 

the time from P f to P through perihelion is equal to the time of falling towards the 
sun from a distance 2 a to a distance a(l-f cos a), where a= 27 r — (v! - u), and u'—u is the 
difference of the eccentric anomalies of the points P, P f (Cayley ) 

30 A particle moves in a plane under atti active forces /i/rV 2 , /x/rV 8 along the 
radii i, r' drawn to two fixed points at distance 2 d apart Shew that, if it is projected 
with the velocity due to a fall from lest at infinity, a possible path is a circle with regard 
to which the two fixed ceutres aie inverse points, and that, if the radius of this circle is a, 
the periodic time is 

Ana?,*-* {efi+drf (Coll Exam) 


31 A heavy particle is projected hoi i?ontally with a velocity v inside a smooth 
sphere at an angular distance a from the vertical diameter drawn downwards shew that 
it will never fall below or never rise above its initial level according as 

v 2 > or < ag sin a tan a (Coll Exam ) 


32 A particle is projected horizontally with velocity V along the interior of a smooth 
sphere of radius a from a point whose angular distance from the lowest point is a Shew 
that the highest point of the spherical surface attained is at an angular distance ft from 
the lowest point, where is the smaller of the values of y given respectively bv 
the equations 


(3 cos ^ - 2 cos a) ag + V 2 = 0) 
(cos x + c °s a) V 2 - 2 ag sm 2 y = OJ 


(Coll Exam ) 


33 If the motion of a spherical pendulum of length a be wholly between the levels 
fa, below the point of support, shew that at a time t after passing a point of greatest 
depth, the depth of the bob is 

%a{4~Bn 2 t*J(\tyl\4a)} (mod \/(7/65)) 

and that a horizontal coordinate referred to the point of support as origin is determined 
by the equation 

v^{gxja) {-Jf +£ sn 2 * sf(lZgll4a)}, 

whioh is a case of Lamd’s equation (Coll Exam*) 

34 Shew that if a conical pendulum is executing small oscillations, the horizontal 
projection of the bob describes an ellipse whose axes turn in the sense of the motion 
with the angular velooity 

where 6 0 is the angle of greatest deviation from the vertical, 0 X that of least deviation, 
l the length of the pendulum, and ^gravity. (R&al ) 

8—2 
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35 A particle is constrained to move on the surface of a spheie, and is attracted to a 

fixed point M on the surface of the sphere with a force that varies as r - : 2 (d 2 - H) - where 
d is the diameter of the sphere and r is the rectilinear distance from the particle to M 
If the position of the particle on the sphere be defined by its colatitude 6 and longitude <£, 
with M as pole, shew that the equations of motion furnish the differential equation 



1 

sin 2 0 


= aeot 6 + b> 


where a and b are constants , and integrate this equation, shewing that the orbit is 


a sphero-conic 


36 A particle of mass m moves on the inner surface of a cone of revolution whose 
semi-vertical angle is a, under the action of a repulsive force ra/x/r 3 from the axis , the 
angular momentum of the particle about the axis being m J p tan a, shew that the path 
is an arc of a hyperbola whose eccentricity is sec a 

(Camb Math Tripos, Part I, 1897 ) 


37 Shew that the necessary central force to the vertex of a circular cone m order 
that the path on the cone may be a plane section is 


A_B 


(Coll Exam ) 


38 A particle of unit mass moves on the inner surface of a paraboloid of revolution, 
latus rectum 4a, under the action of a repulsive force \ir from the axis, where r is the 
distance from the axis , shew that, if the particle is projected along the surface in a 

direction perpendicular to the axis with velocity 2a/x- , it will describe a parabola 

(Coll Exam ) 

39 A smooth surface of revolution is formed by rotating the catenary *=ctan<£ 
about its axis of symmetry, and a particle is projected along its surface from a point 

distant b from that axis with velocity h(a 2 + b 2 )^ /b 2 The direction of projection is such 
that the component velocity perpendicular to the axis is hjb and the particle moves m 
contact with the surface, under the influence of a force of attraction h 2 (r* + 2a?) /r 6 in the 
direction of the perpendicular r to the axis Shew that, if gravity be neglected, the 
projection of the path on a plane at right angles to the axis will have a polai equation 

T 

csinh-s=a0 (Coll Exam) 


40 A particle moves on a smooth helicoid, z=a<j>, under the action of a force \xr 
per unit mass directed at each point along the generator inwards, r being the distance 
from the axis of z The particle is projected along the surface perpendicularly to the 
generator at a point where the tangent plane makes an angle a with the plane of xy, its 

velocity of projection being fx^a Shew that the equation of the projection of its path on 
the plane of uy is 

a 2 /r 2 = sec 2 a cosh 2 (</> cos a) — 1 

(Camb Matn Tnpos, Part I, 1896 ) 

41 Shew that the problem of the motion of a particle under no forces on a ruled 

suiface, whose generators cut the line of stnction at a constant angle, and for which the 
latio of the length of the common perpendicular to two adjacent generators to the angle 
between these generators is constant, can be solved by quadratures. (Astor ) 

42 A particle (a?, y, z) whose potential energy is {ax 2 + by 1 + cz 2 ) is constrained to 

move on the sphere Determine the motion 

(C Neumann, Journal fur Math nvi (1859), p 46) 
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57 Definitions 


Before proceeding to discuss those problems m the dynamics of rigid 
bodies which can be solved by quadratures, it is convement to introduce and 
calculate a number of constants which can be assigned to a rigid body, and 
which depend on its constitution it will be found that these constants 
determine the dynamical behaviour of the body 

Let any rigid body be considered , and let the particles of which (from 
the dynamical point of view) it is constituted be typified by a particle of 
mass m situated at a point whose coordinates referred to fixed rectangular 
axes are (x, y, z) 

The quantity 2m (y 2 4 - z 2 ), 

where the symbol 2 denotes a summation extended over all the pai tides of 
the system, is called the moment of inertia of the body about the axis Ox * 
Similarly the moment of inertia about any other lme is defined to be the sum 
of the masses of the particles of the body, each multiplied by the square of 
its perpendicular distance from the lme These summations are evidently in 
the case of ordinary rigid bodies equivalent to integrations, thus 2m (y 2 + z 2 ) 


is equivalent to 


JjJ(y a -f z 2 ) pdxdydz, where p is the density , or mass per 


unit volume, of the body at the point (x, y, z). 

The quantity 2m#y 

is called the product of mertia of the body about the axes Ox, Oy , and 
similarly the quantities 'Zmyz and 'Imzx are the products of inertia about 
the other pairs of axes 

For the moments and products of inertia with reference to the coordinate 
axes, the notation 


J =2m($/ a + **), j? = 2 m(z 2 + x?\ 0 = 2m + y 2 ), 

F — %myz, G = 2 mzx, H = 2 mxy 

will be generally used. 

Two bodies whose moments of inertia about every lme m space are equal 
to each other are said to be equimomental It will be seen later that this 
involves also the equality of the products of inertia of the bodies with respect 
to any pair of orthogonal lines. 

* Moments of inertia were first introduced by Huygens in his researches on the pendulum 
( Horolog . o$cill , 1678 ) The name is due to Euler 
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If if denotes the mass of a body and if A is a quantity such that Mid 1 is 
equal to the moment of inertia of the body about a given lme, the quantity 
k is called the radius of gyration of the body about the line 

In the case of a plane body, the moment of inertia about a line perpen- 
dicular to its plane is often spoken of as the moment of inertia about the 
point m which this lme meets the plane 

68 The moments of inertia of some simple bodies * 

( 1 ) The rectangle 

Let it be required to find the moment of inertia of a uniform rectangular 
plate, whose sides are of lengths 2a and 26 respectively, about a lme through 
its centre 0 parallel to the sides of length 2a. Taking this line as axis Ox, 
and a lme through 0 parallel to the other sides as axis Oy, the required 
moment of inertia is 

2 my 3 , or f j try'dxdy, 

J — jJ —a 

where c r is the mass per unit area of the plate, oi the surface-density as it is 
frequently called , evaluating the integral, we haye for the required moment 
of mertia 

f cra& 3 , or Mass of rectangle x £6*. 

The moment of mertia of a uniform rod, about a lme through its middle 
point perpendicular to the rod, can be deduced from this result by regarding 
the rod as the limiting form of a rectangle m which the length of one pair 
of sides is indefinitely small It follows that the moment of mertia m 
question is 

Mass of rod x J6 3 , 
where 26 is the length of the rod 

(n) The rectangular block 

Consider next a uniform rectangular block whose edges are of lengths 2a, 
26, 2c , let it be required to find the moment of mertia about an axis Ox 
passing through the centre 0 and parallel to the edges of length 2a This 
moment of inertia is 

£m(y* + 2 a ), or f f f p(y 9 + z*)dzdydx , 

J - aJ — 6 -c 

where f, is the density Evaluating the integral, we have for the moment of 
inertia 

8paoc 

— jj— (6* + c*), or Mass of block x i (6* + c*) 

* For practical purposes the moments of mertia of a body are determined experimentally , 
convenient apparatus la described by W H Demrnan, Phil Mag v. (1909), p 648, and by 

W B Cassie, Phyt Soc Pjoc xxi (1909), p 497 See also Amsler, Zetts Instrument xlvi. 
(1926), pp 16 and 19 
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(ui) The ellipse and the circle 

Let it now be required to find the moment of inertia of a uniform elliptic 
plate whose equation is 

f£+£,= i 

a* i 2 ’ 

about the axis of x It is 
ra 

J-aJ h cy-dydx, where a is the surface-density 

- a (a 2 -v*)h 

Evaluating the integral, we have for the required moment of inertia 
\n rab 3 a, or Mass of ellipse x 

The moment of inertia of a circle of radius h about a diameter is therefore 

Mass of circle x 

(iv) The ellipsoid and the sphei e 

The moment of inertia of a uniform solid ellipsoid of density p, whose 
equation is 

^ + + i 

c 2 ’ 

about the axis of x is similarly 

JJJp (y 2 d * z ~) Ax dy dz } integrated thioughout the ellipsoid 

To evaluate this integral, wnte 

x—ctg, \j = br) } z = c£, 

where £ rj, f are new variables the integral becomes 

pab 3 c j f lv"-d£dyd£+ pabc 3 f ff^dgdydt, 
where the integration is now taken throughout a sphere whose equation is 

o ,i , , f + ^ + 

bince the integrals 

fjjZ-dgdydt, Ijfy-dgdydt, and J[f?dgd v d£ 

are evidently e<iual, the requned moment of meitia can be written m the 
form 


or 

or 

or 


pabc (b- +o J )JJj FdgdydZ, 

rrpabc (b* + c') J* f 2 (1 - f 2 ) <2£ 

■fair pabc ( b 2 + c 1 ), 

Mass of ellipsoid x }(b‘ + c 1 ) 
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The moment of inertia of a uniform sphere of radius a about a diameter 
is therefore 

Mass of sphere x |a 2 

(v) The tnangle 

Let it now be lequired to find the moment of inertia of a unifoim 
triangular plate of surface-density <r, with respect to any line in its plane , 
the position of the line can be specified by the lengths a, /3, y of the pei- 
pendiculars drawn to it from the vertices of the triangle 

Taking (x, y , z ) to be the areal coordinates of a point of the plate, the 
perpendiculai distance from this point to the given line is (ax 4* /3y + yz ), and 
the required moment of inertia is therefore 


[ '[(«* + fiy + yzYdS, 


where dS denotes an element of area of the plate 

Now if Y denotes the length of the perpendiculai from the point (#, y, z) 
on the side c of the triangle, and if X denotes the length intercepted on the 
side c between the vertex A and the foot of this perpendicular, we have 

Y = zb sin A 

and X sin A — Y cos A = peipendicular fiom (x, y, z) on the side h 

= yc sin A 

We have therefore 

dydz = ® ■% dXdY = ,——t dXdY = — dS, 

J 0 (X, F) be sm A -2A 9 

where A denotes the area of the triangle Hence the integral jJy 2 dS , wheie 

the integration is extended over the area of the triangle, can be written m 

the form 2A jjy 2 dydz } where the integration is extended over all positive 

values of y and z whose sum is less than unity this is equal to 

2A[ y* (1 - y) dy, 

1 a 


or 


By symmetry, the integrals JJ* x a dS and J j* z 2 dS have the same value, 
and a similar calculation shews that the integrals 


jJyzdS, Jj zxdS } f j xydS 


each have the value A 
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Substituting these values m the integral <j J j (ax + /Sy + yzf dS, the 
moment of inertia of the triangle about the given line becomes 

(a? + ft* + y* + fiy + ya + a@), 

or $ x Maos of taanglo x |(i+a!)' + (•£+*)’ + (1 + *)*} 

But this expression evidently represents the moment of inertia about the 
given line of three particles situated respectively at the middle points of the 
sides of the triangle, the mass of each particle being one-third the mass of 
the triangle, the triangle is therefore equimomental to this set of three 
particles 

Ex ample Shew that a uniform solid tetrahedron of mass M is equimomental to a set 
of five particles, four of which are each of mass ^ M and are situated at the vertices 
of the tetrahedron, while the fifth particle is at the centre of gravity of the tetrahedron 
and is of mass J M 

59 Derivation of the moment of inertia about any axis when the moment 
of inertia about a parallel axis through the centre of gravity is known 

The moments of inertia found m the preceding article were for the most 
part taken with respect to lines specially related to the bodies concerned 
these results can however be applied to determine the moments of meitia of 
the same bodies with respect to other lines, by means of a theorem which will 
now be given 

Let/(#, y, z , x> y, z y x y y, z) be any polynomial (with no constant term) 
of the second degree m the coordinates and the components of velocity 
and acceleration of a particle of mass m Let (x, y, z) denote the coordinates 
of the centre of gravity of a body which is formed of such particles, and 
wnte 

x = x+x u y = y + yi, z^z + z. 

If now we substitute these values for x } y, z , respectively, m the function f 
we obtain the following classes of terms 

(1) Terms which do not involve x lt y lt z x * these terms together evidently 
give 

f{x } y , i, cr, y, % % y, z) 

(2) Terms which do not involve x, y, z , these terms give 

f(x u y u z u x ly y u z u x l} y u z x ) 

(3) Terms which are linear m & u y u z u x u y ly £ lt x 1} y lt z x , when the 
expression S mf(x t y, z t x t y, z , x t y f z) is formed, the summation being taken 
over all the particles of the body, these terms will vanish m consequence of 
the relations 


'%mx l = 0, 2wyi == 0, 2mz 1 — 0 
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We have therefore the equation 

tmf(x, y, z, x, y, z, x, y, z) = tmf fa, y„ z u x u y„ i„ x u y„ z x ) 

+/(®, y, z, x, y, z, x, y, z) 2m, 

and consequently the value of the expression %mf taken with respect to 
any system of coordinate axes, is equal to its value taken with respect to a 
parallel set of axes through the centre of gravity of the body, together with 
the mass of the body multiplied by the value of the function / at the celitre 
of gravity, taken with respect to the original system of axes 

From this it immediately follows that the moments and products of mei tia 
of a body with respect to any axes are equal to the corresponding moments and 
products of inertia with respect to a set of parallel axes through the centre of 
gravity of the body , together with the corresponding moments and products 
of inertia, with respect to the original axes , of a particle of mass equal to that 
of the body and placed at the centre of gravity 

As an example of this result, let it be required to determine the moment of inertia 
of a straight uniform rod of mass M and length l about a line through one extremity 
perpendicular to the rod It follows from the last article that the moment of inertia 

about a parallel line through the centre of the rod is Jif ^ , and hence, applying the 
above result, we see that the required moment of inertia is 



or l Ml* 

60 Connexion between moments of inertia with respect to different sets of 
axes through the same origin 

The result of the last article enables us to find the moments of inertia of 
a given body with frespect to any set of axes, when the moments of inertia 
are already known with respect to a set of axes parallel to these We shall 
now shew how the moments of inertia of a body with respect to any set of 
rectangular axes can be found when the moments of inertia are known with 
respect bo another set of rectangular axes having the same origin 

Let A, B, C\ F, G, H be the moments and products of inertia with respect 
to a set of axes Oxyz , and let Ox'y'z ' be another set of rectangular axes 
having the same origin 0, the direction-cosines of either set of axes with 
respect to the other will be supposed to be given by the scheme 


z’ 



# 
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If the moments and products of inertia with respect to the axes Ox'y'z' 
are denoted by A', B\ O', F', (?', H\ we have 

A' - Xm (y* + z'% where the summation is extended over all the particles of 
the body, 

* 2m {(^2® 4- why 4- t?*#) 2 + (l&c + 7ft s y 4- ?i, z)*\ 

** {#* W + Z, a ) + y a (?n, a 4* 7/t, 2 ) 4- z 9 (n 2 2 4- n 3 2 ) 4- 2 yz 4- m 3 ?? 3 ) 

4- (n^ + t? 3 Z 8 ) 4- 2#y (Z a 7/? a 4- Z,m,)} 

= 2 tw {a? 2 (m! 2 4- Hi 2 ) 4- y 2 (t^ 2 4- 1 *) 4- & ( l x 2 4- mx 2 ) — 2ra l n l yz — 2nJ, x zx — 2 / 1 m 1 a?y} 
= 2m {Zj 2 (y a 4- s 2 ) 4- m x a (2?* 4 * a? 2 ) 4- /h 2 (a? 2 4- y a ) — 2m l n l yz — 2nJ> x zx — 2Zi??2 1 ary} 

— dZx 2 4- 5m! 2 4- C^ 2 — 2Fiyiytti — 2(?n 1 Z 1 — %Hl l rn l , 
and similarly 

5' - Al? 4- 5m, 2 4- Onf - 2Fm % n i - 2 Qn& - 2 2fZ a 7?i a , 

O' = 4Z 3 a 4- An, 2 4- 0/? 3 a - 2Fm i n> - 2Qn& - 2Hkm, 

We have also 
5" = 2myV 

= 2m (Zja? 4- 4- n*z) (Z,a 4- ?n,y 4- ?i*s) 

= Z*Z, Sma? 2 4- 7/1*771, 2my a 4- 4* (7712^3 4- m,?? a ) 2 myz 

4- (w a Zj 4- w*Z a ) 27/1*# 4- (Z a m 3 4- Z 3 ?w a ) Hmxy 
= £ Ws (5 4- 0 - -4) + £ 771,771, (0 4“ -4 — 5) 4~ £71*77, ( J. 4- 5 - 0) 

4- ( 771,713 4* 77i,7i a ) F 4- (t^Z, 4- »i 2 Z a ) (? 4- (Z 2 wi 3 4- Z 3 ??i 2 ) 5T, 
or 

~F' = -4Z a Z, 4- 5m a m 3 4- Cn 2 » 3 - F(m 2 n 9 4 - 7 / 1 , 712 ) - 0 (Z 3 ?? a 4 1 ^) - £T(Z a m 3 4- Z^), 
and similarly 

— O' = -4Z,Zj 4“ 5771,77?! 4- 0/? 3 ?i! — jF ( m,/?! 4- 772x7?,) — 0 (Z|7l, 4 Z 3 7 ?i) — H (/ 3 77li 4* Z^/l*), 

— J5T = dZ^ 4- Bm l m 2 + On-!??, — F(m 1 n 2 4- m a ??i) — (? (Z^ 4- Zin 2 ) — if ( l x m 2 + Z a ? 7 ij) 

The quantities A\ B\ O', F\ &, H' are thus determined, these results, 
combined with those of the last article, are sufficient to determine the 
moments and products of inertia of a given body with respect to any set of 
rectangular axes when the moments and products of inertia with respect to 
any other set of rectangular axes are known. 

Example If the origin of coordinates is at the centre of gravity of the bod), prove 
that the moments and products of inertia with respect to three mutually orthogonal 
and intersecting lines whose coordinates are 

(Zl> m U M l> \l, fly, Vi), (Z a , W? a , Tig, X a , /4$, Kj), (Z<j, J«j, >i s , X 2 , /U,j, V 3 ) 
are A’ + M (X 1 2 4/Ln‘ i 4r 1 2 ) etc and F'~3 /(XxXi4m3Mi + , '3 v i)^ (XiX24/*i/*ji4vi v 2 )^ etc, 

where A\ B\ C\ F\ O', IF have the same values as above and M is the mass of the 
body (Coll Exam) 
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61 The principal axes of inertia , Cauchy's momental ellipsoid 

If now we consider the quadric surface whose equation is 
Aaf + By 2 + Cz 2 — 2Fyz — 2 Qzx — 2 Hxy = 1, 

where A , B, C 9 F t O f H are the moments and products of inertia of a given 
body with respect to the axes of reference Oxyz, it follows from the equation 
A'= Alf + Bmi 2 + Cuf- 2Fm 1 n 1 — 2Gn l l l — 2Hl l m l9 

that the reciprocal of the square of any radius vector of the quadnc is equal 
to the moment of inertia of the body about this radius The quadric is 
therefore the same whatever be the axes of reference provided the origin 
is unchanged, and consequently its equation refen ed to any other rectangular 
axes Ox'y'z having the same ongm is 

A'x' 2 + B'y' 2 + C'z /a - 2 F'y'z' - 2 G'z'a,' - 2 H'x'y' « 1 , 

where A\ B\ C\ F\ G\ H' are the moments and products of inertia with 
respect to these axes 

This quadric is called the momental ellipsoid of the body at the point 0 , 
its principal axes are called the principal axes of mei'tia of the body at 0 , 
the equation of the quadric referred to these axes contains no product-terms, 
and therefore the products of inertia with respect to them are zero and 
the moments of inertia with respect to these axes are called the principal 
moments of inertia of the bod}' at the point 0 * 

The momental ellipsoid is also called the ellipsoid of inertia , its polar reciprocal with 
regard to its centre is another ellipsoid, which is sometimes called the ellipsoid of gyration 

Example The height of a solid homogeneous right circular cone is half the radius 
of its base. Shew that its momental ellipsoid at the vertex is a sphere 

62 Calculation of the angular momenti^m of a moving rigid body 

We shall now shew how the angular momentum of a moving rigid body 
about any line, at any instant of its motion, can be determined 

Let M be the mass of the body, (£, y, z) the coordinates of its centre of 
gravity G, and (u 9 v , w) the components of velocity of the point G 9 at the 
instant t 9 resolved along any (fixed or moving) rectangular axes Oxyz whose 
ongm 0 is fixed, and let (*>*, «*», to s ) be the components ot the angular 
velocity of the body about G, resolved along axes Gx x y^Z\ 9 parallel to the axes 
Oxyz and passing through G Let m denote a typical particle of the body, 
and let (x 9 y 9 z) be its coordinates and (u,, v 9 w) its components of velocity at 
the instant t , and write 

x = x + x lf y^y + yi, z = z + z l9 

U = U +U l} V*=V + V lt UJ = w + w 1} 

* The existence of principal axes waa discovered by Euler, M4m de Berl , 1750, 1758, and by 
J A Segner, Specimen Tk. Turbmum , 1755 The momental ellipsoid was introduced by Cauchy 
in 1827, Exerc de math i p 93 

% 
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so m virtue of the properties of the centre of gravity we have 
2m# 1 = 0, 2my x = 0, = 0 , 

moreover since (§ 17) we have 

U X =^6)2— T/jCflg, = ^a>3 — Z 1 (O l> W 1 = 7/!^ — ^ft) 2 , 

it follows that 

Smwj = 0, %mv 1 = 0, = 0 

If Ag denotes the angular momentum of the body about the axis Oz , we 
have therefore 

Aa = 2m (#y — yu) 

= 2m {(a 4* &i) (v + y 2 ) - (y + yO (u + *0} 

= 2m (o;y — y u) + 2m — y x u x ) 

= M (xv — yu) + 2m (#! 2 6)3 — — y x z i&) 2 4- yi 2 &> 3 ) 

= Jlf (xy — yu) — Go?! — Fa) 2 4 - C«w 3 , 

where A, B } C, F, (r, H are the moments and pioducts of inertia of the body 
with respect to the axes Gx x y x z x 

Similarly the angular momenta about the axes Ox and Oy respectively 

are 

A z = M (yiu — zv) + Aco x — Hco 2 — C fa> i9 

A 2 = M (zu — xw) — Ho* 1 + Bco 2 — Fa)^ 

The angular momentum about any other line through the origin can be 
found (§ 39) by resolving these angulai momenta along the line m question 

Corollary If the body is constrained to turn round one of its points, 
which is fixed m space, it is unnecessary to introduce the centre of gravity 
For let («!, 6>2* co $ ) be the components of the angular \elocity of the body 
about the fixed point with respect to any rectangular axes (fixed or moving) 
which have the fixed point afe origin, and let A, B, C } F, G , H denote the 
moments and products of inertia with respect to these axes The com- 
ponents of velocity (zt, y, w) with respect to these axes of a particle m whose 
coordinates are (#, y, z) are (§17) 

u^zayz — ycos, v = #<w 3 — z<o X) w = y<o x — xa) 2 , 
and the angular momentum about the axis of z , which is 2m (xv - yu), can 
therefore be written in the form 

2m (vC 2 ct)j — xzco x — yzco* 4- y 2 a> 3 ) 
or — Ga>i — Fto 2 4- 0(o 3 

Similarly the angular momenta of the body about the $xes of x and y 
respectively are 

A (Oi — Hco 2 — G(o$ 

— Hwi 4 - Bw» — F(o 3 


and 


m 
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63 Calculation of the kinetic energy of a moving rigid body 

The kinetic energy of a rigid body which is m motion can be calculated 
m the same way as the angular momenta If the general theorem obtained 
in § 59 is applied to the case in which the polynomial f(x , y, z , x , y, z, jc } y , z) 
has the form {x 2 -j- y 1 + z 2 ), we immediately obtain the result that the kinetic 
energy of a moving rigid body of mass M is equal to the kinetic energy of a 
particle of mass M which moves with the centre of gravity of the body ) together 
with the kinetic energy of the motion of the body ' relative to its centre of 
gravity 

To determine the kinetic energy of the motion of the body relative to its 
centre of gravity G> take any rectangular axes (whose directions may be fixed 
or moving) having their origin at G , let (w 1? co 2 , o> 3 ) be the components of 
the angular velocity of the body about G , relative to these axes, and let 
(#, y, z) denote the coordinates of a typical particle m of the body referred 
to these axes The components of velocity of the particle parallel to these 
axes, m the motion relative to G, are (§ 17) 

#6> 2 — yoo 3 , xc^ — zcoi, yooi— a?o>2, 

and therefore the kinetic energy of the motion relative to the centre of 
gravity is 

I tm \{z<o , - ywj) 2 + (ro) 3 - zw,) 2 + (y<o 1 - aw 2 ) 2 }, 

or ^ + Bu>? + Cw 2 — 2Fai i co. J — — 2Hai l aiC), 

wher'e A, B, C, F, O, H are the moments and products of inertia relative to 
the axes 

ThiR expression may (by use of § 60) be interpreted as half the square 
of the resultant angular velocity of the body in the motion relative to the 
centre of gravity, multiplied by the moment of inertia of the body about 
the instantaneous axis of rotation m this motion 

Corollary If one of the points of the body is fixed in space, it is not 
necessary to introduce the centre of gravity. For let (s>,, a> 2 , ©,) denote the 
components of angular velocity of the body about the fixed point 0 resolved 
along any rectangular axes (fixed or moving) Oxyz which have the point 0 
as origin, and let (<r, y, z) he the coordinates of a typical particle m of the 
body referred to these axes The components of velocity of the particle 
are (f 17) 

Z & 3 — y<* 3 > xco$ — Z(o lf y(Oj - xco 2} 
and so as before we see that the kinetic energy of the motion is 
i (-d.^ 1 2 + + Oa> 3 2 — 2 F<d 2 o) s — 2C?G) a 6>i — SjETojcoj), 

where A., B, C, F, G } H denote the moments and products of inertia of the 
“body with respect to the axes Oxyz. 
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From this it follows that if one of the cooidmate axes — say the axis of or 
— is the instantaneous axis of rotation of the body, the kinetic energy is 
and hence, since the directions of the axes can be arbitrarily chosen, 
the kinetic energy of any body moving about one of its points, which is fixed, 
is i/o) 9 , where I is the moment of inertia of the body about the instantaneous 
axis of rotation, and <o is the angular velocity of the body about this axis 

Example , A lamma can turn freely about a horizontal axis m its own plane, and the 
axis turns about a fixed vertical line, which it intersects If <f> be the azimuth of the 
horizontal axis, and yfr the inclination of the plane of the lamina to the vertical, shew that 
the kinetic energy is . ... 

\A (\P+<£ 2 sin 2 + J #<£ 2 + cos fa 

where A, By ff are the moments and product of inertia of the lamina about the horizontal 
axis and a perpendicular to it af the point of intersection with the vertical ((.’oil Exam ) 

64. Independence of the motion of the centre of gravity and the motion 
relative to it 

The result of the last article shews that the kinetic energy of a moving 
body can be regarded as consisting of two parts, of which one depends on the 
motion of the centre of gravity and the other is the kinetic energy of the motion 
relative to the centre of gravity We shall now shew that these two parts of 
the motion of the body can be treated quite independently of each other* 

Let a rigid body of mass M be in motion under the influence of any 
forces As coordinates defining its position we can take the three rectangular 
coordinates (oo, y , z) of its centie of gravity 0 , relative to axes fixed m space, 
and the three Eulenan angles (0, <j> y which specify the position, lelative 
to axes fixed in direction, of any three orthogonal lines, intersecting in (?, 
which are fixed in the body and move with it The kinetic energy is therefore 
\ M (x 2 + y 9 + i*) 4-/(0, <£, 0, <f>, i|r), 

where f(0, <f), d, <f>, ^jr) denotes the kinetic energy of the motion relative 
to 0 

Let X hoc 4- Y8y 4- ZSz 4- 4- <P8<f> 4* 

denote the work done on the body by the external forces in an arbitrary dis- 
placement (8oc, By, 8z, 86, S<£, 8\fr) of the body. The Lagrangian equations of 
motion are 

Mx = X, — F, M2 = Z, 

±( d L\-& =% 

dt / d& ’ 

dt [fyj St/r 

* Euler, Scientia navalu, i. (1749), § 128 
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The first three of these equations shew that the motion of the centre of 
gravity of the body is the same as that of a particle of mass equal to the whole 
mass of the body , under the influence of forces equivalent to the total external 
forces acting on the body , applied to the particle parallel to their actual 
directions , since the work done on such a particle m an arbitrary displace- 
ment would evidently be X 8x + Y8y -I- Z8z 

The second three equations shew that the motion of the body about its 
centre of gravity is the same as if the cent ? e of gravity were fixed and the body 
subjected to the action of the same forces , for m the motion relative to the 
centre of gravity, the kinetic energy of the body is f{6 i <f> , sfr } ^fr), and 
the work done by the forces in an arbitrary displacement is 

050 -f <P8<f> + 

These results are evidently true also for impulsive motion. 

Corollary If a plane rigid body (eg a disc of any shape) is m motion m 
its plane, and if ( x , y) are the coordinates of its centre of gravity, M its mass, 
6 the angle made by a line fixed m the body with a line fixed m the plane, 
Mfc* the moment of inertia of the body about its centre of gravity, and if 
(X, F) are the total components parallel to the axes of the external forces 
acting on the body, and L the moment of the external forces about the centre 
of gravity, then the kmetic energy is 

+ + 

and the work done by the external forces m a displacement (&r, 8y t 86) is 

X&c-f Y8y + L 86 } 

and therefore the equations of motion of the body are 
Mx =X My = Y, M¥6—L 

Example Obtain one of the equations of motion of a rigid body in two dimensions m 
the form 

M(pf+k*B)-L 9 

where M is the mass of the body, f is the acceleration of its centre of gravity, p is the 
perpendiculai from the origin upon this vector, MJc* is the moment of inertia about the 
centre of gravity, 6 is the angle made by a line fixed in the body with a lino fixed m its 
plane, and L is the moment about the origin of the external forces (Coll Exam ) 
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MtHCKt.LANKouK Examples. 

I A hamngttneutui right circular eon« w of mans M\ its mim- vertical angle is (A and 
tlw length nf a *tant side i* / Hhew that it* moment of inertia al«mt it* axi* m 

,fcJf/WA 

ami that i la moment of inert m about a him through its uirtex jierjiendicular to its axis is 

i Mt* (\ - j mn*£), 

ami tu moment of inertia about a generator t* 

it Hhew that the moment of inertm of the arm etioloHod by the two loops of the 

Irmmeoate 

alimtt the ixh of the curve i» 

(3er - H)#i* , 

x tmwm of arm. 

in 

St Any mtmW of parttelee are in one plane; if the masHCs are m ,, ?n a * their 
dietan«**i apart d iv , the relative description* of area . , anti the relattve velocity 

*»i* , prove that 

(lm t midt j 2 M t {2m x m t i' t **)/2Im 

are respectively the moment of inertia ahout the centre of inertia, the angular momentum 
alimat the centre of inertia, and the kinetic energy relative to the centre of inertia. 

((Vrtl. Exam ) 

4. Prove that the moment of inertia of a hollow cubical box about an axis through 
the centre nf gravity of the lent ami perpendicular to one of the face* ih 

where M ie the mane of the box and So the length of an edge. The aide* of the box are 
supposed to be Uiin. (Coll Exam.) 

6 Hhew that the moment of inertia of an anchor- ring about it* axm in 

tiwpkthj (c* * fa 1 ), 

where n i* the radius of the generating circle, c Ih the dietance of its centra from the axis 
of the anchor ring, and p is the density. 

& Hhew how to find at what point, if any, a given straight line ih a principal axis of a 
body, and if there ie such a point tind the other two principal axon through it 

A uniform square lamina is bounded by the exoe of x and \j and the lines y - Sic, 
and a comer ie cut olf it by the line s/a+y/*»«l Hhew that the two principal axes at 
the centre of the square which are in iU own plane are inclined to the axis of x at angles 
given by 

7. Hhew that the envelope of lines in the plane of an area about which that area has a 
constant moment of Inertia is a set of oonfooai ellipeee and hyperboles. Hence And the 
direction of the principal axes at any point. (Coll Exam ) 

9 


W IK 
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8 Find the principal moments of inertia at the vertex of a paiabolic lamina, latus 
rectum 4a, bounded by a line perpendicular to the axis at a distance A from the vertex 

Prove that, if 15A>28a, two principal axes at the point on the parabola whose abscissa 
is -a+(a 2 -4aA/5 -h3A 2 /7)* are the tangent and normal (Coll Exam ) 

9 Find how the principal axes of inertia are arranged m a plane body Write down 

the conditions that particles wi, at (# t , #<), where t=l, 2, , may be equimomental to a 

given plate Shew that the six quantities fWj, wig, &i» # 2 > ?Ju Vi can eliminated from 
these conditions 

If three equal pai tides are equimomental to a given plate, the area of the triangle 
formed by them is SjZ/2 times the product of the principal radii of gyration at the 
centre of gravity Exam ) 

10 A uniform lamina bounded by the ellipse b 2 x 2 + a 2 y 2 =a 2 b z has an elliptic hole 

(semi-axes c, d) m it whose major axis lies m the line the centre being at a 

distance r from the origin , prove that if one of the principal axes at the point (#, y) 
makes an angle 9 with the axis of x, then 

_ 8 abxy - cd [4 {x Jz - r) (v j 2 -r)~ (c 2 - d 2 )] 

Un ~ ab [4 (x 2 - y 2 ) -ha 2 - V] - cd [2 (* Jt - r) 2 - 2 (y - r) 2 } 

(Coll Exam ) 

11 If a system of bodies or particles is moved or deformed m any way, shew that 

the s um of the products of the mass of each particle into the square of its displacement 
is equal to the product of the mass of the system into the square of the projection m any 
given direction of the displacement of the centre of gravity, together with the sum of the 
products of the masses of the particles into the squaies of the distances through which 
they must be moved m order to bring them to their final positions after communicating 
to them a displacement equal to the projection in the given direction of the displacement 
of the centre of gravity (Fouret ) 

12 The principal moments of inertia of a body at its centre of gravity are (d, B , C ) , 
if a small mass, whose moments of inertia refeired to these axes are (A\ B\ O'), be added 
to the body, shew that the moments of inertia of the compound body about its new 
principal axes at its new centre of gravity are 

A+A\ B-\-B\ C+C ', 

accurately to the first order of small quantities ("Hoppe ) 

13 Shew that the principal axes of a given material system at any point are the 
normals to the three quadrics which pass through the point and belong to a certain 
confocal system 

If (l, m, n, X, /a, v) be the six coordinates of a principal axis and the associated 
Cartesian system be the principal axes at the centre of gravity, then shew that 

A l\ 4* Bmp + Cnv — 0, 

and therefore all principal axes of a given system belong to a quadratic complex 

(Coll Exam ) 

14 A smoothly jointed framework is in the form of a parallelogram formed by 

attaching the ends of a pair of rods of mass m and length 2a to those of a pair of rods of 
mass m and length 2 b Masses M are attached to each of the four corners Express the 
angular momentum of the system about the origin of coordinates, in terms of the 
coordinates (&, y) of the centre of gravity and the angles 6 and <fi between the two pairs of 
sides and the axis of x (Coll Exam ) 


CHAPTER VI 


THE SOLUBLE PROBLEMS OF RIGID DYNAMICS 

65 The motion of systems with one degree of freedom motion round 
a fixed axis, etc 

W$ now proceed to apply the principles which have been developed m 
the foregoing chapters m order to determine the motion of holonomic systems 
of ngid bodies m those cases which admit of solution by quadratures 

It is natural to consider first those systems which have only one degree of 
freedom We have seen (§ 42) that such a system is immediately soluble by 
quadratures when it possesses an integral of energy and this principle is 
sufficient for the integration m most cases Sometimes, however (e g when 
we are dealing with systems m which one of the surfaces or curves of con- 
straint is forced to move in a given manner), the problem as originally formu- 
lated does not possess an integral of energy, but can be reduced (e g by the 
theorem of § 29) to another problem for which the integral of energy holds , 
when this reduction has been performed, the problem can be integrated as 
before 

The following examples will illustrate the application of these principles 
(l) Motion of a rigid body round a fixed axis 

Consider the motion of a single rigid body -which is free to turn about an axis, fixed in 
the body and in spaOe Let I be the moment of inertia of the body about the axis, so that 
its kinetic energy is where 6 is the angle made by a moveable plane, passing through 
the axis and fixed in the body, with a plane passing through the axis and fixed in space 
Let 0 be the moment round the axis of all the external forces acting on the body, so that 
0dd is the work done by these forces m the infinitesimal displacement which changes 9 to 
B -t- The Lagrangian eqaation of motion 

£ /m 

dt \ 00 / 

then gives 19 =Q, 

which is a differential equation of the second order for the determination of 9 
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If the forces are conservative, and V (6) denotes the potential energy, this equation 
becomes 


16= 


d_v 

~d6’ 


which on integration gives the equation of energy 


Integrating again, we have 


*20*+ F(d)=e, 


where c is a constant. 


t=ji j{ 2 (c- constant, 

and this relation between 6 and t determines the motion, the two constants of integration 
being determined by the initial conditions 

The most important case is that in which gravity is the only external force, and the 
axis is horizontal In this case let G be the centre of gravity of the body, 0 the foot of 
the perpendicular drawn from G to the axis, and let CG=h The potential energy is 
— Mgh cos 0, where M is the mass of the body and & is the angle made by CO with the 
downward vertical and the equation of motion is 

This is the same as the equation of motion of a simple pendulum of length //JfA, and 
the motion can therefore be expressed m terms of elliptic functions as m 4$ 44, the solution 
being of the form 

m the oscillatory case, and of the form 

8 m|=sn{i(^)V< 0 ), 

in the circulating case. The quantity I/Mh is called the length of the equivalent simple 
'pendulum. 

If O be a point on the kne CO such that OC=ljMh, the points 0 and C are called 
respectively the centre of oscillation and the centre of suspension A curious result m this 
connexion is that the centre of oscillation and the centre of suspension are convertible, 
i e if 0 is the centre of oscillation when C is the centre of suspension, then C will be 
the centre of oscillation when 0 is the centre of suspension To prove this result, we 
have by ^ 59 ’ 

Moment of inertia of the body about 0= Moment 6f inertia about G+M. 00* 
and therefore we have =I ~ M C ° t+M 


Moment of inertia of body about 0 _ I- Mh 3 + M (t/Mh -h)» 
Distance of centre ot gravity from 0 ” IjMh-k ' 




= 2 / h 

If therefore the body were suspended from 0, the equation of motion would still be 

0+^jr^ smd=0, 

~ £££ ** *• * *• 
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( 11 ) Motion of a rod on which an inject i $ crawling 

We shall next study the motion of a straight uniform rod, of mass m and length 2a, 
whose extremities can slide on the circumference of a smooth fixed horizontal circle of 
radius c , an insect of mass equal to that of the rod is supposed to crawl along the rod at 
a constant rate v relative to the rod 

Let 6 be the angle made by the rod at time t with some fixed direction, and let x be 
the distance traversed by the insect from the middle point of the rod The kmetic 

energy of the rod is atK * the kinetic energy of the insect is due to 

a component of velocity - (c 2 - a 2 )^ 6) along the rod and a component of velocity v6 
perpendicular to the rod, so the total kinetic energy of the system is 

T-%m(e*~ ^p) £ + 1»» {* - (c* - a*)* , 

there is no potential energy 

Since x-*vt y ( t being measured from the epoch when x is zero), we have 
T- Jm (c 2 - 2a»/3) 8*+$m a 8 )* 0} s + 

The coordinate ft which is now the only coordinate, is ignorable, and we have therefore 

dT . . 

— s* constant, 

d3 

or m 6 — m (c* — a 2 )^ {v— (c 1 - a*)i -I- wtv 2 **^ ** constant 

or 6 ( 2c* - $a a 4- vV) — constant 

Integrating this equation, we have 

3 - d 0 * h arctan {vt (2c* - "4} , 

where ft and k are constants This formula determines the position of the rod at any time 
^m) Motion of a cone on a perfectly rough inclined plane 

Consider now the motion of a homogeneous solid right circular cone, of mass M and 
semi-vertical angle ft which moves on a perfectly rough plane (l e a plane on which only 
rolling without sliding can take place) inclined at an angle a to the horizon Let 1 be the 
length of a slant side of the cone, and let 3 be the angle between the generator which is 
in contact with the plane at time t and the line of greatest slope downwards m the plane 
Then if x he the angle made by the axis of the cone with the upward vertical, x 1S one 
side of a spherical triangle whose vertices represent respectively the normal to the plane, 
the upward vertical, and the axis of the cone , the other two sides are a and ($«* — ft, the 
angle included by these sides being (tt — 6) We have therefore 

cos x cos a am 0 — sin a oos 0 cos 8 , 

but the vertical height of the centre of gravity of the cone above its vertex is cos ft cos 
and the potential energy of the cone is Mg x this height ; if therefore we denote by V the 
potential energy of the cone, we have (disregarding a constant term) 

1 Jfy^sma cos* 0cos 3 
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We have next to calculate the kinetic energy of the cone , for this the moments of 
inertia of the cone about its axis and about a line through the vertex perpendicular to the 
axis are required these are easily found (by direct integration, regarding the cone as 
composed of discs perpendicular to its axis) to be f G Ml 2 &m 2 p and %MP (cos 2 £ 4 - J sm 2 / 9 ) 
respectively, and so the moment of inertia about a generator is, by the theorem of § 60 
(since the direction-cosmes of the generator can be taken to be sin ft 0 , cos £ with respect 
to rectangular axes at the vertex, of which the axis of z is the axis of the cone), 

f MP (cos 2 £+Jsm 2 ft sin 2 sm 2 £ cos 2 ft 

or %MP sin 2 £(cos 2 i3+i) 

Now all points of that generator which is m contact with the plane are instantaneously 
at rest, since the motion is one of pure rolling, and therefore this generator is the 
instantaneous axis of rotation of the cone If o> denotes the angular velocity of the 
cone about this generator, the kinetic energy of the cone is therefore (§ 63, Corollary) 

fJ«*sin*/3(cos^+J)»» 

But (§ 15) we have 

6 ) = 6 cot ft 


and substituting this value for co, we have finally for the kinetic energy T of the cone 
the value • 

T=f MP cos 2 $ (cos 2 £ + J) 6 2 
The Lagrangian equation of motion 


becomes therefore m this case 


_jdv 

dtKti) dB ~ dB 


or 


}J/Z 2 cos 2 j9(cos* £+ $) B+$Mgl sm acos 2 0sm0=:O, 


d+ 


q sm a 
l( cos 2 £+i) 


sin 0=0 


This is the same as the equation of motion of a simple pendulum of length 

l cosec a (cos 2 0 + fc) , 

the integration can therefore be effected m terms of elliptic functions, as in § 44 


(iv) Motion of a rod on a rotating frame 

Consider next the motion of a heavy" uniform rod, whose ends are constrained to move 
m horizontal and vertical grooves respectively, when the framework containing the grooves 
is made to rotate with constant angular velocity « about the line of the vertical groove. 

Let 2 a be the length of the rod, M its mass, and B its inclination to the vertical 
By § 29, the effect of the rotation may be allowed for by adding to the potential energy 
a term 

~$a> 2 p jx* sm 2 Bdx, 

where p is the density of the rod and & denotes distance measured from the end of the rod 
which is m the vertical groove , integrating, this term can be written 

— %M<a 2 a 2 sm 2 0 

The term in the potential energy due to gravity is 

— Mga cos B , 

and the total potential energy V is therefore given by the equation 

V- - Mqa cos B — § Ma > 2 a 2 sin* B 
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The horizontal and vertical components of velocity of the centre of gravity of the rod 
are a cos 3 6 and a sin 3 3 y so the part of the kinetic energy due to the motion of the 
centre of gravity is %Ma 2 $ 2 , and since the moment of inertia of the rod about its centre 
is \Ma 2 > the part of the kinetic energy due to the rotation of the rod about its centre 
is $ Mcffl 2 , we have therefore for the total kinetic energy T the equation 

T=%Ma 2 3 2 

The integral of energy is therefore 

$ Ma*i 2 — Mga cos 0 — f Mv 2 a 2 sm a 3 — constant, 

or, writing cos 

where < 2 denotes a constant: this constant must evidently be positive, since x 2 and (1 - x*) 
are positive We shall suppose for definiteness that e is not very large and that 3g/ 4ck » 2 
is less than unity, so that x oscillates between the values $y/4a<u 2 ± c/a 


To mtegrate this equation, we write* 


x— 1 4*- 


8a 12 


64a 2 o 


+ T 


where f is a new dependent variable Substituting this value for x m the differential 
equation, we have 

where the values 


£=e 

correspond respectively to the values 
x» — 1, x*» 


i * 

4 a** 2 a> 9 





it is easily seen that ^+63 is zero and that e l >c 2 >e 3 . 

We have therefore ($+y), where the function if is formed with the roots e } , e 2y e 3y 
and where y denotes a constant Since e l >e 2 >e 3 , and if (rf+y) lies between e 2 and e 3 for 
real values of t (since x lies between ZgjAao* 2 - c/<» and 3<7/4a<» 2 +c/a>), the imaginary part of 
the constant y must be the half-period 6)3 ; the real part of y can then be taken as zero, 
since it depends only on the choice of the origin of time We have therefore 


and hence 


£~p(*+o> 3 ), 


COS0*=1 + 


w ( 




#>(«+»s)+32-^-- 


.i£. . 

4 aw 2 


■:) 


' 1 £1 


8a 12 64aV 12 


this equation determines 3 in terms of t 


(v) Motion of a due, one of whose points is forced to move in a given manner 

Consider next the motion of a disc of mass M resting on a perfectly smooth horizontal 
plane, when one of the points A of the disc is constrained to describe a circle of radius c 
in the horizontal plane, with uniform angular velocity a> 

* Cf* Whittaker and Watson, A Course of Modem Analysis , § 20 6 
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Let Q be the centre of gravity of the disc, and let A G be of length a* The acceleration 
of the point A is of magnitude and is directed along the inward normal to the cnx le 
if therefore we impress an acceleration co> 2 , directed along the outward normal to the 
circle, on all the particles of the body and suppose that A is at rest, we shall obtain the 
motion relative to A The resultant force acting on the body m this motion relative to A 
is therefore J lc&\ acting at (r in a direction parallel to the outward normal to the circle 

Let 0 and <f> be the angles made with a fixed direction m the plane by the line AG and 
the outward normal to the circle respectively , then the work done by this force m a small 
displacement &6 is 

McaPa sin (<f> - 0) £0, 

and the kinetic energy of the body is bM&d*, where Mk 2 is the moment of inertia of the 
body about the point A The Lagrangian equation of motion is therefore 

MM- Mac** sin (*-*) 

But since <£«<», we ha\e <#>=0, so if ^ be written for we ^ ave 

v , ao a> 2 . 

^jnnf-O 

This is the same as the equation of motion of a simple pendulum of length k^gjact ^ , 
the integration can therefore be performed by means of elliptic functions as in JS 44. 

(vi) Motion of a disc rolling on a constrained disc and linked to it 

Consider the motion of two equal circular discs, of radius a and mass Jf, with edges 
perfectly rough, which are kept in contact m a vertical plane by means of a link (m the 
form of a uniform bar of mass m) which joins their centres the centre of one disc is fixed, 
and this disc A is constrained to rotate with uniform angular acceleration a , it is required 
to determine the motion of the other disc B and the link. 

Let $ be the angle which the link makes with the downward vertical at time t, and 
let 0 be the angle turned through at time t by the disc A. The angular velocity of disc A 
is 0, and the velocities of the points of the discs which are instantaneously m contact are 
therefore each ad Since the velocity of the centre of the disc B is 2o<j>, it follows that the 
angular velocity of the disc B about its centre is 2 <f»-d Since the moment of inertia of 
each disc about its centre is \Ma\ the kinetic energy of the system is 

and &*=atAr*i where r is a constant 
The potential energy of the system is 

- (2Jf+wj) ag cos 0, 

and the Lagrangian equation of motion is 

± (ZT\ _ dT_ d_V 
d<(> 
d 

or ^{(6,V+^m) = - (2JT+m) ay sin 0 

Since tins equation gives 

(6M + Jm) a 2 (j> - Ma*a+(2M+m) ag sin <f>» 0 

Integrating, we have 

(3Jf+ i m ) ay - J/uPatfi - (2J/+ m) ag cos <J>=c, 
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where c is a constant depending on the initial conditions and as the variables t and $ are 
separable, this equation can again be integrated by a quadrature this final integral 
determines the motion. 


Example If the system is initially at rest with the bar vertically downwards, shew 
that the bar will reach the horizontal position if 



66. The motion of systems with two degrees of freedom 

In the dynamics of rigid bodies, as m the dynamics of a particle, the 
possibility of solving by quadratures a problem with two degrees of freedom 
generally depends on the presence of an ignorable coordinate The integral 
corresponding to the ignorable coordinate can often be interpreted physically 
as an integral of momentum or angular momentum The formation and 
solution of the differential equations is effected by application of the 
principles developed in the preceding chapters this will be shewn by the 
following illustrative examples. 


(i) Rod pumng through ring 

Consider, as a first example, the motion of a uniform straight rod which passes through 
a small fixed ring on a horizontal plane, being able to slide through the ring or turn m any 
way about it m the plane. 

Let the distance from the ring to the middle point of the rod at time t be r, and let the 
rod make an angle 8 with a fixed line in the plane , let be the length of the rod, and M 
its mass. 


The moment of inertia of the rod about its middle point is and the kmetio energy 
is therefore 

r-i jfp+it+tP#)} 

there is no potential energy. 

The coordinate 8 is ignorable and the corresponding integral is 

dT 


d4 


■constant, 


or 


The integral of energy is 


(f * + J #*) & «■ constant 


r* 4. r 8 ^* 4. j fid* wm constant 
Dividing the second of these integrals by the square of the first, we have 


fdr\* 

\cfo) X 


where 0 is a constant, 


04 - constant* j (<w*4-Jc? s -l)}“ic?r. 

Writing or*-*, this becomes 

0+oonsiaxit* j (s-f 
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If therefore denotes the Weierstrassian elliptic function with the roots 

•i-K-i+M). -£<n 

which satisfy the relation e 1 >e 2 >e 3 if ~ is sufficiently great initially, we have 

s=p (0-0 o )-ei, where 9 0 is a constant of integration , 

since s is positive, we have fp (0-~0 Q )>e 1 for real values of 0, and consequently the 
constant 6 0 is real 

The solution of the problem is therefore contained m the equation 


(n) One cyhmder rolling on another under gravity 

Let it now be required to determine the motion of a perfectly rough heavy solid 
homogeneous cylinder of mass m and radius r, which rolls inside a hollow cylinder of mass 
M and radius R, which m turn is free to turn about its axis (supposed horizontal) 

Let <f> denote the angle which the plane through the axes of the cylinders at time t 
makes with the downward vertical, and let 6 be the angle through which the cylinder of 
mass M has turned smce some fixed epoch The angular velocities of the cylinders about 
their axes are easily seen to be 6 and {(R-r) </>-i^}/r respectively , and the moments of 
inertia of the cylinders about their axes are MR? and Jwr 8 respectively, so the kinetic 
energy Tot the system is given by the equation 

Bj+im 

while the potential energy is given by the equation 

VmM —mg (R-r) cost/) 

The coordinate 6 is clearly ignorable , the integral corresponding to it is 


9 T 

constant, 


MR?$ -\mR {(R- r )(f)- R $} = where k is a constant 


The integral of energy is 

T+ F= A, where A is a constant, 

or \MR?fa+\m {{R Rty +$m ( R - r )» - mg (R - r) cos <j > = A 

Eliminating 6 between the two integrals, we obtain the equation 

W* ^(i*-r)*^-^(/J- r )cos^-A-^_ 

This is the same as the equation of energy of a simple pendulum of length 

ZM+m 

2Af+nt (a-r) * 

the solution can be effected by means of elliptic functions as m § 44. 

(m) Rod moving in a free circular frame 

We shaU next consider the motion of a rod, whose ends can slide freely on a smooth 
vertical circular ring, the nng being free to turn about its vertical diameter, which is fixed 
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Let m be the mass of the rod and 2 a its length , let M be the mass of the ring and r 
its radius , let 9 be the inclination of the rod to the horizontal, and 0 the azimuth of the 
ring referred to some fixed vertical plane, at any time t 

The moment of inertia of the rod about an axis through the centre of the ring 
perpendicular to its plane is ^(r 2 — fa 2 ), and the moment of inertia of the rod about the 
vertical diameter of the ring is m {(r 2 — a 2 ) sin 2 9 + Ja 2 cos 2 #} The kinetic energy of the 
system is therefoie 


T= \m (r 2 — -Ja 2 ) 0 2 + J Mr^cf) 2 -1- Jwi0 2 (r 2 sin 2 9 - a 2 sm 2 B +\a 2 cos 2 6) 
The potential energy is 

T r = — mg ( r 2 — a 2 )i cos 0 

The coordinate 0 is evidently lgnorable , the corresponding integral is 


a t 
00 


—constant, 


or l Mr 2 0 + m<f> (r 2 sin 2 6 - a 2 sin 2 6 + \ a 2 cos 2 6) = h , 

where k is a constant Substituting the value of 0 found from this equation in the 
integral of energy 

we have 


T+ F-A, 


im (t»- frf) 6*=h+mg (M)i cos 6 - * p g ^ ^ - 

In this equation the variables 6 and t are separable, a further integration will 
therefore give 9 m terms of t, and so furnish the solution of the problem 


(iv) Hoop and nng 

We shall next discuss the motion of a system consisting of a uniform smooth circular 
hoop of radius a , which lies in a smooth horizontal plane, and is so constrained that it can 
only move by rolling on a fixed straight line in that plane, while a small ring whose mass 
is 1/X that of the hoop slides on it The hoop is initially at rest, and the nng is projected 
from the point furthest from the fixed line with velocity v 

Let 0 denote the angle turned through by the hoop after a time t from the commence- 
ment of the motion, and suppose that the diameter of the hoop which passes through the 
ring has then turned through an angle 0 Taking the nng to be of unit mass, so that the 
mass of the hoop is X, the moment of inertia of the hoop about its centre is Xa 2 , and this 
centre moves with velooity o0, while the velocity of the nng is compounded of components 
a0 and a\Jr, whose directions are inclined to each other at an angle 0* The kinetic energy 
of the system is therefore 

T*= JXa 2 0 2 4* JXa 2 0 2 4- £ (a 2 0 2 + a 2 v^+2a 2 00 cos 0) 

— J (2X -f 1 ) a 2 0 2 + & a 2 ^ 2 4* a 2 0^ cos 0, 


and the potential energy is zero 

The coordinate 0 is evidently lgnorable, and the con*espondmg integral is 


wr 

00 


= constant, 


(2X4-1) a 2 0+a 2 0 cos 0= the initial value of this expression 


or 
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Integrating this equation, we have 

vt 

(2X + 1) <£+sm y/r — =the initial value of this expression 
ct 

=o, 

or *=!XT l(?~ am +)’ 

This equation determines <fc in terms of yfr 
The equation of energy is 

7*= its initial value =^ 2 , 

and substituting for (f> its value (v/a — cos \js \jr)/(2\ + l) in this equation, we have 

a 2 (2X + sm 2 yfr) ft =* 2Xv 2 , 


‘ = A/.* (2X+sm8v,)U * 


Waiting 8in^=r, this becomes 


t f“(2X+**)i(l -**)-}<& 

v>/2 \Jo 


In order to evaluate this integral, we introduce an auxiliary variable u, defined by the 
equation 

, u=J X (2k+x > ) ~i (1 - i s )- h dx 

Write # a =2X/f, where f is a new variable , the last integral becomes 
“=/”{4f(£+l)(!-2X)}-id£ 

which ltf equivalent to 

where the function P (u) is formed with the roots 

ei=J(l+4X), e a =J(i_2X), e s =-§(l+X), 

these roots are real and satisfy the inequality e,>e a >e 3) so | »(«) is real and greater than 
e Y for real values of % 

Now we have c&=-^= (2X+*»)i (l-**)-i da,, 

™ JZKvdt r ) 


Integrating, we have 


ft*# U ,2X1, 


where C («) denotes the Weierstrassian Zeta-funotion 

♦ “* “• *“ 1 - - — »/ - —«w 
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67 Initial motions 

We have already explained m § 32 the general principles used m finding 
the initial character of the motion of a system which starts from rest at 
a given time The following examples will serve to illustrate the procedure 
for systems of rigid bodies 4 

(i) A particle hangs by a string of length b from a point in the circumference of a disc 
of twice its mass and of radius a The due can turn about its axis , which is horizontal, and 
the diameter through the point of attachment of the string is initially horizontal To find the 
initial path of the particle 

Let B denote the angle through which the disc has turned, and <f> the inclination of the 
string to the vertical, at time t from the beginning of the motion let ni be the mass of the 
particle. The horizontal and (downward) vertical coordinates of the i>article with respect 
to the centre of the disc are 

a cos 0+6 sin and a sin B + b cos <£, 
so the square of the particle’s velocity is 

a*fa + bty* - 2a& sm (B + <j>) B<f>, 
and the kinetic energy of the system is 

T—matfi+^mb*# 2 - mob sin (0 + 0) 00, 
while the potential energy is 

- mg (asm 0 + 6 cos 0) 

The Lagrangian equations of motion are 

f d /d_T\ _dT := _dV 
dt\dBJ 00* 00’ 

i 

dt \0<£/ d<f> ~d<j> ’ 

or J2 «*0- ah cos (6 + 0) <f>* - ga cos B - ab sm (0 + 0) 0 - 0, 

1 6 4 0 - ab cos ( B+4 >) fo +gb sm 0 - afc sm (0 + 0) 0 =*0 

Initially the quantities 0, 0, 6, 0 are all zero these equations therefore give initially 
B=g/2a and 0*0, so the expansion of B begins with a term gt‘ 2 lAa and that of 0 with a 
term higher than the square of t Assuming 

0*^+/)^ + ^+^+ 

substituting m the above differential equations, and equating powers of t, we can evaluate 
the coefficients 4, B, C, . we thus find 

j._ s' 2 u r* . 

* 32^~imz& + • 

Now if x and y are the coordinates of the particle referred to horizontal and (downward) 
vertical axes through its initial position, we have 

. (1 - cos B) - b sm 0 » Ja0* - , approximately, 

sin 0+6 (cos 0- l)«*a0«=~- , approximately. 


and 
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Eliminating t between these equations, we have 

yS--30a&#, 

and this is the required approximate equation of the path of the particle in the 
neighbourhood of its initial position 

(11) A nng of mass m can slzde*freety on a uniform rod of mass M and length 2a, which 
can turn about one end Initially the rod is horizontal , with the ring at a distance r 0 from 
the fixed end To find the initial curvature of the path of the nng m space 

Let (r, 0) denote the polar coordinates of the nng at time t, referred to the fixed end of 
the rod and a horizontal initial lme, 6 being measured downwards from the initial line 
For the kinetic and potential energies we have 

F=» - mi g sin 6 — Mag sin 6 
The Lagrangian equations of motion are 

( d fdT\ 

dt \ dr ) dr dr 
d (d T\ _ d_T_ d_V 

dt\de) d6~ ~ d6 9 

( r - r0 2 -g Bin 0*=*Q, 

Ma 2 B + mr 2 9 + 2 mrr6 — Mga cos 6 - mgr cos 0-«O 
Since r, 0, and 6 are initially zero, we can assume expansions of the form 
r 02^ 2 +a3^ 3 +®4^ : + > 

0=62^ 4*^3 ^4- * , 

substituting these expansions m the differential equations, and equating coefficients of 
powers of t, we find 

a 2 = 0, Og = 0, a 4 — & 2 (ff 4- 4&2fo)> 

h - + 0 ) 

2 2 (4Ma 2 + 3 wr 0 2 ) 

The coordinates of the particle, referred to horizontal and vertical axes at its initial 
position, are 

x=rcoa$-r 0 and y=rsm0, 
or approximately x = (a 4 - £r 0 b/) tf 4 , y~r 0 b 2 t i 

The curvature of the path is given by the equation 

1 T , 2x_ 2 a 4 X 

p y 2 ~W“V 

and on substituting the above values of b 2 and a i9 we have 

1 _ Ma (4 a - 3 r 0 ) 
p~~ 9r 0 2 (Ma + mr 0 ) 

This is the required initial curvature of the path of the nng 

Example Two uniform rods AB, BO , of masses m x and m 2 , and lengths a and b 
respectively, are freely hinged at B, and can turn round the point A, which is fixed* 
Initially, AB is horizontal and BC vertical Shew that, if C be released, the equation of 
the initial path of the point of tnsection of BC nearer to 0 can be put in the form 

y 3 ■= 60 (1 + abx 

(Camb Math Tnpos, Part I, 1896 ) 
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68. The 'motion of systems with three degrees of freedom. 

The possibility of solving by quadratures the motion of a system of rigid 
bodies which has three degrees ot freedom depends generally (as m the case 
of systems with two degrees of freedom) either on the occurrence of ignorable 
coordinates, giving rise to integrals of momentum and angular momentum, or 
on a disjunction of the kmetic potential into parts which depend on the 
coordinates separately The following examples illustrate the procedure 

(i) Motion, of a rod m a given field of force 

Consider the motion of a uniform rod, of mass m and length 2a, which is free to move 
on a smooth table, when each element of the rod is attracted to a fixed line of the table 
with a force proportional to its mass and its distance from the line 

Let (#, y) be the coordinates of the middle point of the rod, and $ its inclination to the 
Axed line The kmetic energy is 

»), 

and the potential energy is 

^ ~ 4a / sm ^) 2 dr, where is a constant, 

or P-fWK&y* +Ja 2 sin*d) 

The Lagrangian equations of motion are therefore 

l y- - m 

sm 2d=0‘ 

The first two equations give 

where c, d y f e are constants of integration ; the centre of the rod therefore describes 
a sine ourve in the plane. The equation for 6 is of the pendulum type, and can be 
integrated as m § 44. 

(u) Motion of a rod and cylinder on a plane 

We shall next discuss the motion of a system consisting of a smooth solid homogeneous 
circular cylinder, of mass M and radius <?, which is moveable on a smooth horizontal plane, 
and a heavy straight rail of mass m and length 2a, placed with its length in contact with 
the oylindei, in a vertical plane perpendicular to the axis of the cylinder and passing 
through the centre of gravity of the cylinder, and with one extremity on the plana 

Let 6 be the inclination of the rail to the vertical, and x the distance traversed on the 
plane by the line of contact of the cylinder and plane, at any time t The coordinates of 
the centre of the rod referred to horizontal and vertical axes, the ongin being the initial 
point of contact of the cylinder and plane, are easily seen to be 

ccofc^ - 0+asind and a cos 6 

Let 4> be the angle through which the cylinder has turned at time t The kinetic 
energy of the system is 

2 F -.Jma a rf , -hJ^|i-icoosec 3 ^-|^ rf+acosd sin a 0 + 



144 


The Soluble' Problems of Rigid Dynamics [ch. vi 


The potential energy is given by the equation 

Y—mga cos# 

The coordinates x and <p are evidently ignorable , the corresponding integrals are 


oT 

dx 


«= constant 


(which may be interpreted as the integral of momentum of the system parallel to the axis 
of r) and 


dT 4 4 

— = constant 


(which may be interpreted as the integral of angular momentum of the cylinder about its 
axis) These integrals can be written 

m j#— Jccosec 2 ^ - n** a cos $ 4- constant, 

\ Mcty =* constant. 

Substituting for x and <p the values obtained from these equations in the integral of 
energy 

7*+ F-» constant, 

wc have the equation 

S 2 ^ a a + or sin* d-f cos 0 - J c cosec 2 - fya cos d, 

where d is a constant This equation is again mtegrable, smoe the variables t and 6 are 
se|tarable , in its integrated form it gives the expression of 6 in terms of t the two 
integrals found above then give x and <f> in terms of t 


69. Motvm of a, body about a fixed point undsr no forces 

One of the most important problems in the dynamics of systems with 
three degrees of freedom is that of determining the motion Qf a rigid body, 
one of whose points 0 is fixed, when no external forces are supposed to act* 
This problem is realised (§ 64) m the motion of a rigid body relative to its 
centre of gravity, under the action of any forces whose resultant passes 
through the centre of gravity. 

In this system the angular momentum of the body about every line which 
passes through the fixed point and is fixed in space is constant (§ 40), and 
consequently the lme through the fixed point for which this angular momen- 
tum has its greatest value is fixed in space Let this line, which is called the 
invariable lme , be taken as axis OZ \ and let OX and OF be two other axes 
through the fixed point which are perpendicular to OZ and to each other 
The angular momenta about the axes OX and OF are zero, for if this were 
not the case the resultant of the angular momenta about 0X t OF, OZ would 
give a line about which the angular momentum would be greater than the 


* de B-rfa, ’ 1 1768 Elliptic function, were applied to the problem, 

** (Vtrecht, 1834) and the solution was completed by Jacobi, 

Jemma! fBr Math xxxnc (1849), p 298 J ’ 
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angular momentum about OZ , which is contraiy to hypothesis It follows 
(§ 39) that the angular momentum about any line through 0 making an 
angle 0 with OZ ih rfcos 0 , where d denotes the angular momentum about OZ 

The position of the body at any time t is sufficiently specified by the 
knowledge of the positions at that time of its thiee principal axes of inertia 
at the fixed point let these lines be taken as moving axes Oxyz , let ( 6 , <j> , yfr) 
denote the three Eulenan angles which specify the position of the axes Oxyz 
with reference to the axes OXYZ , let (-4, B, C) be the principal moments of 
inertia of the body at 0 , supposed arranged m descending order of magnitude, 
and let (<*>*, o> a , 6> 8 ) be the three components of angulai velocity of the system 
about the axes Ox, Oy , Oz respectively, so that (§§ 10, 62) 

{ A^ = — d sm 0 COS yfr, 

Ba ) s « d sm 6 sm yjr, 

Cct) 9 = d cos 0 , 

or (§ 16) 

/ $ sin y}? — </> sm 0 cos y/r = — sm 0 cos ylr, 

A 

i 6 cos ^ sm 0 sin y/r = ^ sm 0 sm yjr, 

d 

^ ifr + (j> cos 0 = -q cos 6 

-These are really three integrals of the differential equations of motion of 
the system (only one arbitrary constant however occuis, namely cl, our special 
set of axes being such as to make the other two constants of integration 
zero) ; we can therefore take these instead of the usual Lagrangian diffei- 
ential equations of motion m order to determine 0, <p, yfr 

Solving for 6, <f>, >jr, we have 

I a (A — B)d * a , 

0 — - — “ sm 0 COS -\jr sin i/r, 

■4’"^ ° os * + B Sln * 

(5 ~ Z cos, i r - sm a cos 0. 

The integral of energy (which is a consequence of these three equations) 
may be written down at once by use of § 63 , it is 

A o»i* + Bwf + Ct i>3* = 0 , 

where 0 is a constant • replacing a lt «„ a, by their values in terms of 0 and 
this equation can be written in either of the forms 


w. n. 


10 
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Bc-d* B-G 


~AB~ sin 2 8 cos 3 m - + 


COS 2 


sin 2 0 sin 2 ^ = 


Ac — d 2 4 -(7 


cos 2 0. 


Since J. > £ > Gy the quantity ( cA — cP) or P (-4 — P) o> 2 2 4- G (A — (7) a>$* is 
positive, and (cG — cP) is negative the quantity (Be — cP) may be either 
positive or negative for definiteness we shall suppose it to be positive 

The first of the three differential equations may, by use of the last 
equations, he written 


■(COB*) — d + 


Be — d 2 B — C 3fl 
~B¥~ + ~BG~ cos d 


* (Ac - d* A 


This equation shews that cos 6 is a Jacobian elliptic function* of a linear 
function of t , and the two preceding equations shew that sm 9 cos and 
sm0smi|r are the other two Jacobian functions 
We therefore write 

sm 9 cos yjr = P cn u } sin 9 sin yfr = Q sn u, cos 9 » R dn u , 

where P, Q, R are constants and u is a linear function of t % say \t+ e, the 
quantities P, Q, R , X, and the modulus k of the elliptic functions, are then to 
be chosen so as to make the above equations coincide with the equations 

/ k 2 cn 2 u = — k' 2 + dn 2 u, 

Aj® sn 2 u = 1 — dn 2 w, 


-^-dn u- 
, au 


fc s snwcnw 


The comparison gives 

A(d 2 -c0) 

" d 2 (A-G) ’ 


B (d 2 — cC) 

: d?(B-C) ' 


jL_ Q(oA-#> 

d*(A~C)' 


(A-B)(d^cC) 

(P-(7)Uc-<P)’ 


s _(H-(7)(c4-i») 

^ipc 


The equation for A 2 shews that k is real, and the equation 

/6 _ (^-g)(Pc- d 2 ) 

(B-C)(Ac^W) 

shews that (1 - /^) is positive, i e that k< 1 The quantities P, Q, P, X are 
also evidently real 

Now a real quantity a may be defined by the mutually consistent 
equations 


C(Ac-d*))i 

A(d ! -cG)\ 


U(d a — cC)j 


dn la = 


_(B(A-C)\i 


* The theory of elliptic functions required in this and the succeeding problems will be found 
m Whittaker and Watson’s Modem Analysis, Chs xx — xxn 
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Smc <*r»d»,«=|<!2W 

where the theta-functions are defined by the expansions 

^oo ( y ) = 1 4- 2<£ cos 2ttv 4- 2 j 4 cos 47n/ + 2q 9 cos 67 tv 4- , 

^01 (v) = 1 — 2j cos 27 tv 4- 2 q 4, cos 47 tv — 2}® cos 6 ttv 4- , 

M*)=2 9* cos 7n/ 4- 2g$ cos 3 tt^ 4- 2g^ cos 57n/ 4- 
(v) = sin 7 tz; — 2 j* sm Qirv 4- 2g^ sm 57r^ 4- , 

and q = e~ vK l K , we have 


1 4- 2g cosh 2y + 2g* cosh 4 t 4- 
1 — 2^ cosh 27 4- 2 g 4 cosh 4y - 


( } lZ(5-0)f ’ 


where 7 stands for 7ra/2K from this equation 7 (and consequently a) may 
readily be determined by successive approximation 

The Eulenan angles 6 and ^ at time t are now given by the equations 

* . cn (Xtf 4- e) 

SintfCOS >fr = . 

T cn ia 

* , dniasn(\tf4-e) 

sm 0 sm ylr = , 

1 nn ns* 7 


cn ia 


cos 


g__ sn xa dn (\t 4-e) 

1 cn ia f 


or (omitting the e) 


sin 0 cos ylr = — ^10 fa/2K) 

6 * % (xa/iK) (M/2K) 9 

am g sm y!r - ^°° 0 1 */ 2 ^0 

sin 0 sm t ^ ^ (Mj2J£y ’ 

« _ (ia/2K) ^-qo (\t/2K) 

8 “ (*a/2Z) • 

The modulus A of the elliptic functions is known, we can therefore 
determine the parameter <7 of the theta-functions by the equation 

_ A? # 21A? 

3- 16 + 32 + 1024 + ' * 


or by the more rapidly convergent senes 

q = £ tan a /3 4- tan 10 /9 4- tan18 £ + > 

where cos f3 = (A? 7 )** K may then be calculated frpm the senes 

(2ir/ir)* = * 9 o = l+2 3 + 29‘ + 2g®+ , 

and thus the period 4 Kj\ of the inclinations of the axes Oxyz to the line 
OZ is determined. 


10—2 
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If now we write (jr&j 2 K)—y and ( tt\/ 2 K ) = fi, we have 

(l — 2g cosh 2y+ 2<7 4 cosh 4 y — * ) (cos fit 4 - q 2 cos Sfit + * .) 
sm 6 cos r/r = ~ + ^ 2 C0S h 3 y "+ ) (1 - 2 q cos 2 fit + 2<2 4 cos 4/*tf 4- )’ 

(1 + 2 q cosh 27 + 2 ^ cosh 47 + ) (sm fit - q 2 sm -+ * ) 

sm 6 sm yjr — ^ + g 2 cos h 3ry + ) (1 - 2 q cos 2/ztf + 2 j 4 cos 4/u£ + . ) * 

(smh 7 - q 2 smh 3y + , ) (1 + 2g cos 2/4$ + 2g 4 cos 4 /ui + ) 

C0S ” (cosh 7 -t- q 2 cosh 37 + ) (1 - 2 q cos 2 fit + 2 q* cos 4/x£ + . ) 

The quantities q, jjl, 7 may be regarded as the constants which specify the 
motion 


Example Suppose that the body is a homogeneous ellipsoid of unit density, whose 
three semi-axes are 

a= 1, 6 = 2, c = 3 

The three principal moments of inertia are 


A = ^7rabc (6 2 + c 2 )=20 Sir, 2?=16tt, C~8tt 

Suppose that the initial velocities of rotation round the principal axes are 

6>i = £, ©3=1 

The constant of energy is 

C = Jg)i 2 + jBo) 2 2 + C<0^= 13 3 7T, 

and the constant of angular momentum is given by the equation 
d* = A W + BW + OW = 1 55 04tt 2 , 


so d=12 4527T, ^ie-cZ 2 = 121 60tt 2 , Bc-d* = 57 76tt 2 , d 2 - ctf= 48*6471-* 
The modulus of the elliptic functions is given by the equation 


whence we have 


(A-B)(d>-cC) 
(B-C)(Ac-d*j 0i40 ’ 

^ 2 = 1-^=0 760, 




(^) i =l+2? + 2g' 4 +V+ =10342, 


.ff=l 68013, 


We have also 


K'= log, <7=2 176 

3654, 


(B-C)(Ac-d*) 

X ABC ' =0 


so 

and 


A=0 6045 
irA 

= 2Z = 


The period of the angles 6 and ^ is or — , 

A fi 


which has the value 11 118. 



so 
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In order to express 6 and f as trigonometric senes m terms of t, we must determine y. 
For this we have 

B(A-C) 

and therefore if q* be neglected we have 

1+2 q cosh 2y _ 1 1094 
1 - 2# cosh 2y “ 0 9337 1 

g lv ™g cosh 2y=2 503, 

and hence 2y = 1568 

and y=0 784 

The quantity a is then given by the equation 

a = 2 — y=0 8385 

7 r 

A limiting case of the general problem is that in which A^B, so that 1c reduces to 
zero and the elliptic functions become circular functions In this case the solution may 
be written 


sm 6 cos yjr- 


cos \t \ 
cosh a 


A*C 


K ~ f AtC 7 

. . sm \t I , J , (C(Ac-d 2 ))i 

where | smha= V(j»I e C) ) 


cos 0= tanh a 




so the motion is a steady precession about the invariable line OZ, the body rotating also 
about its own axis of symmetry Oz 

Another limiting case is that in which d 2 =cB , so that £2=1 and the elliptic functions 
degenerate into hyperbolic functions , this is illustrated by the following examples 

Example 1 A rigid body is moving about a fixed point under no forces shew that ij 
(in the notation used above) d 2 =~Bc, and z/o> 2 is zeio when t is zero, a>i and a> 3 being initially 
positive, then the direction-cosines of the B-axis at time t, referred to the initial directions of 
the principal axes, are 

a tanh x “ y sm /x sech x> cos /x sech*, y tanh x+asm/xsech*, 

where 

dt dtUA-B){B-C) I* M(fl-O) )* [ C{A-B) \% 

* m TB' X “B\~~AC J ’ a “U(il-0)l ’ y 

(Camb Math Tripos, Part 1, 1899 ) 

To obtain this result, we observe that when Bc=d 2 , the differential equation for the 
coordinate 6 becomes 

d, M ifB-Crji [Ae-d\ .... A-C]i 

dt^ c6)= d{-W) V AdT 

the integral of which is 

cos,d=y sech x> 


A -01 4 
" AC J ’ 
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where y and \ are the quantities above defined The equation 


then gives 


A-B 

AB 


sm 2 ^sm 2 ^= 


Ac-d 2 
Ad 1 


A-C 

AG 


cos 2 B 


sm^ sm^=tanh x, 


and the equation <£ = — cos 2 \fr + ^ sin 2 y/s 

gives sm (<p - ft) = - y sin ^ 

These equations shew that the direction-cosines of the 2 ?-axis referred to the axes 
OXYZ, which (§ 10 ) are 

— cos <j> cos 6 sm \fs — sin <f> cos yfr, — sin cos 0 sin i/r-bcos <£ cosi/r, sindsm^, 
can be written 

— sin fi sech x, cos sech Xj tanh X 

But if o>i0) ®20 j ^>30 denote the initial directions of the puricipal axes, since 

AW+CW=d*=Bc^B (AvS+CoJ), 

so that Aa>i~ad and Ca> s <^yd, we see that the direction-cosines of o) 10 , ©20? «so> referred to 
OXYZ , are given by the scheme 



X 

Y 

z 

<°10 

y 

0 

a 

^20 

0 

1 

0 

<•>30 

— a 

i 

! 0 

y 


and hence the direction-cosines of the 5 -axis, referred to ® 10 , <020, *>30 j are 

-ysin/Asechx + atanh^, cos /z sech x, asm^sechx+ytanhx 


Example 2 When d 2 = cB, shew that the axis Oy describes, on a sphere with the fixed 
point as centre, a rhumb line with respect to the meridians passing through the invariable 
bne (Coll Exam) 


Returning now to the general case, we have to express the third Eulerian 
angle <j> in terms of the time We have 



Now 


cot iff = 


cn Xt 

dn 1a sn \t ’ 


whence 


. f dn 2 ta sn 2 Xt 

sm 2 vr = 2 r 

r 1 — & 2 sn 2 tasn 2 Ai 


This function of t vanishes with t , and has poles when the denominator 
vanishes, 1 e when 


saXt=± k^ =±sn( ~ m±lK '^ 

so in one penod-parallelogram (2 K, 2 iK') it has poles at the points 
\t = m + %K' and \t— —ia + iK'. 
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Near the former of these points, writing Xt = la 4- %K r + e, and retaining 
only the lowest powers of e, we have 

2 _ dn 2 i a jk 2 sn 3 ta 

sin y — | __ j sn 2 t a/sn 2 (za -f e)} 5 

dn 2 ig _ 

k 2 sn J 2 a -I- e& 2 2 sn 2 a cn m dn %a — k 2 sn 2 2 a ’ 


so the residue at this pole of sin J yfr, considered as a function of \t> is 


dn 2 a 


or 


2 k 2 sn 2 a cn %a ’ 22G? (A — B) 


0 " ” 1 


Therefore the residue of d 



at this point (considered as a 


function of Xt) is 


lUB-CHAc-drf X 

2i| ABC J 2i 


* 


and the residue when Xt/2K is regarded as the variable is consequently — i\/4>K 
As we now know the zeros, poles and residues of this function, we can write 
down its expression as a sum of logarithmic denvates of theta-functions m 
fact, since ^ 01 (v) has a simple zero ar v = ^co = iK ( j2K, we have 



Now 



is purely periodic with icspect to the real 


period 2 K/X of t , so the exponential on the right-hand side gives the mean 
motion of <j>, le the precessional motion of the system round the invariable 
line We have 

^oi (y) = 1 — 2 q cos 27 tv 4- 2g 4 cos Atnv — . , 

Sr 0 / (v) = 4i7rq bin 2ttv — Sjrq 4 sm 4>ttv -f , 
so the coefficient of t in <£, le the constant part of <p, or the piecession, 
which is 

<d X %/(i a/2R ) 

A + 22 K % (t«/2 K) * 

may be wntten 

d . — 2 q 4 sinh 4y + 

A + ^ 1—2 q cosh 2 y + 2 q 4, cosh 4y — , ’ 
m which form it mav be calculated readily 
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Example 1 In the ease previously discussed, of an ellipsoid whose semi-axes are a=l, 
6 — 2, c=3, we have 

2y=l 568, sinh 2y=2 294, cosh 2y=2 503, 

<i=12 452 tt, A=20 8?r, /i=0 5651, £=0*0171, 
so the mean motion of <£, which when q* is neglected may be written 

d q sinh 2y 

^ 1 2£ cosh 2y 9 

is 0 5986+ 0 0970, 

or 0 6956 


Example 2 A uniform circular disc has its centre 0 fixed, and moves under the 
action of no external forces The disc is given initial angular velocities Q about a diameter 
coinciding with 0£ m space, and n about its axis coinciding with 0( m space Shew that 
at any subsequent time 


* = 2 arcsin 


<a= arccot 



{(a 2 -^ 2 )* io]. 

{(a 2 + 4w 2 )i 


where x 1S the angle between 0{ and the axis of the disc Oz and o> is the angle between the 
planes and (Oz (Coll Exam ) 

Foi let OZ denote as usual the invariable line, and consider the spherical triangle Zfa 
whose vertices are the intersections of the lines OZ> Oz respectively with a sphere of 
centre O In this spherical triangle we have Zz—0, Moieover we have foi the 

disc C=2B—2A, so 

A 2 a 2 + CW=A 2 (a 2 +4 n 2 ) 


and 


^=(a 2 +4« 2 )i 


The equations of motion for 6 and <f> therefore become 

6=0, tj>=d/A= (a 2 + 4n s )i, 

so 0=i£=arecos — j, <£=(a J +4« 2 )4* 

(a 2 +4»i 2 )i 

In the spherical triangle Zfa we have therefore 

Z£=Zz= arccos — — i? £& = (n 2 + 4?i 2 )i£, Z(z = o>, (z~v. 

(Q-*+4 n*)* 

and hence sm £=sm Z( sm \CZz = — — 5 sin {(Q 2 +4w 2 )4 < 

2 " (0 2 +4w 2 )i 

and cot to = cos Z( tan ^ (Zz = — — r tan {(O 2 + 4rt 2 )^ £ t\. 

(G 2 +4n 2 )i 

which are the requued equations 


70 Pomsot’s kinematical representation of the motion, the polhode and 
herpolhode 

An elegant method of representing kinematically the motion of a body 
about a fixed point under no forces is the following, which is due to Poinsot* 
* Pomsot, Theorxe nouoelle de la rotation des corps , Pans, 1834 
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The equation of the momental ellipsoid of the body at the fixed point, 
referred to the moving axes Oxyz , is 

Ax* 4- By* + Gz 2 = 1 

Consider the tangent-plane to the ellipsoid which is perpendicular to the 
invariable line If p denotes the perpendicular on this tangent-plane from 
the origin, we have (since the direction-cosines of p are Aeofd, Ba> 2 jd, C& z jd) 

a A<o x *+Bg>£ + Cgh* 
p 4V + 5V + CV 


= 4* , which is constant 
d * 

Smce the perpendicular on the plane is constant in magnitude and 
direction, the plane is fixed m space so the momental ellipsoid always 
touches a fixed plane 

Moreover, if y\ z) are the coordinates of the point of contact of the 
ellipsoid and the plane, we have on identifying the equations 

Axx + Byy + Gzz r = 1 and A<o x x + Bco 2 y + G<o z z = pd 


the values 


, ®1 / _ «*> 2 _ ^2 , _ < D Z 

x “ pd~~ tjc 9 y ~~ pd~~ Z pd V c * 


and hence the radius vector to the point (x\ f , z f ) is the instantaneous axis 
of rotation of the body It follows that the body moves as if it were rigidly 
connected to its momental ellipsoid, and the latter body were to roll about the 
fixed point on a fixed plane perpendicular to the invariable line, without 
sliding , the angular velocity being proportional to the radius to the point of 
contact , so that the component of angular velocity about the invariable line is 
constant 


Example 1 If a body which is moveable about a fixed point is initially at rest and 
then is acted on continually by a couple of constant magnitude and orientation, shew that 
Poinsot’s construction still holds good, but that the component angular velocity about the 
invariable line is no longer constant but varies directly as the time (Coll Exam ) 

For m any interval of time dt the addition of angular momentum to the body is Ndt 
about the fixed axis OZ of the couple , so that the resultant angular momentum of the 
system at time t is Nt about OZ Now the components of angular momentum about the 
principal axes of inertia Oxyz are Aca u Bo> 2 , C<o Zl where A> B, 0 are the pnncipal moments 
of inertia and «,) are the components of angular velocity hence we have 

A o>t — Nt sin & cos yfr, B<t>i = Nt sm 6 sin y/r, C<os Nt cos 0 , 
where 6 , <f>, yfr are the Eulerian angles which fix the position of the axes Oxyz with 
reference to fixed axes OXYZ But these equations differ from those which occur in the 
motion of a body under no forces only in the substitution of tdt for dt , so the motion 
will be the same as in the problem of motion under no forces, except that the velocities are 
multiplied by t , whence the result follows 

Example 2 In the motion of a body, one of whose points is fixed, under no forces, 
let a hyperboloid be rigidly connected with the body, so as to have the pnncipal axes of 
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* 


inertia of tlie body at the point as axes, and to have the squares of its axes respectn oly 
proportional to d 2 ~ Ac, d?— Be, cP — Cc, where A, B, C are the moments of inertia of the 
body at the fixed point, c is twice its kinetic energy, and d is the resultant angular 
momentum Shew that the motion of this hyperboloid can be represented b} causing it 
to roll without sliding on a circular cylinder, whose axis passes through the fixed point and 
is parallel to the axis of resultant angular momentum (Siact i 'i 

The curve which m Pomsot’s construction is traced on the momental 
ellipsoid by the point of contact with the fixed plane is called the polhode 
Its equations, referred to the principal moments of inertia, are clearly the 
equation of the ellipsoid together with the equation p = constant, 1 e they 
are 

Ax* + By*+Cz* = 1, 

AW + By + CW = d*/c 

Example I Shew that when A =2?, the polhode is a circle 

Example 2 Taking A^B^C, shew that there are two kinds of polhodes, one kind 
consisting of curves which surround the axis Oz of the momental ellipsoid, and con espond 
to cB>d 2 > cC, while the other kind consists of curves which surround the axis Oa, and 
correspond to cA >d 2 > cB , and that the limiting case between these two kinds of polhodes 
is a singular polhode which corresponds to cB-d 2 =0 > and consists of two ellipses which 
pass through the extremities of the mean axis 

The curve which is traced on the fixed plane by the point of contact with 
the moving ellipsoid is called the her polhode 

To find the equation of the herpolhode, let p , ^ be the polar coordinates 
of the point of contact, when the foot of the perpendicular from the fixed 
point on the fixed plane is taken as pole If (x, y\ z') denote the coordinates 
of the same point referred to the moving axes Oxyz , we have 

x 2 + y' 2 b z' 2 = square of radius from point of suspension to point of contact. 



Substituting for x , y, z r then values as given by the equations 
| x' = Gh/Vc = — d sin 9 cos yfr/A^/c, 

I y' = a> 2 /\/c = d sin 9 sin yfr/B^/c, 

\ z f — a ) 8 /\/c = d cos djCsJe, 

we have 

P 1 = ~ Ji + -gr c sm 2 0cos 2 ^ + ~ sm 2 0 sm*-^ + A. OO s 3 0 


Replacing 6 and by their values in terms of t, this becomes 

(cA-d})(d*-cC) f ( B - C)(A - B) 

9 cd'A'BW ~ _ 


P(t)-e s i 


_ (cA - eft) (d 2 - cC) p(t)-g>(^ + a>) 
cd*AC p(t)-e, ’ 
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where as denotes the half-period corresponding to the root e 15 this equation 
expi esses the radius vector of the herpolhode in terms of the time 

We have next to find the vectorial angle x in terms of t For this we 
observe that Vcp^/cZ is six times the volume of the tetrahedron whose 
vertices are the fixed point, the foot of the perpendicular from the fixed 
point on the fixed plane, and two consecutive positions of the pomt of contact, 
divided by the interval of time elapsed between these positions, and that this 
quantity can also be expressed m the form 


y\ 

z 

or x'y'z ' 

1, 

1. 

i 

Acx'jd?, Bey' Id P, 

Ccz'/d* 

d? J 

A, 

B, 

G 

y\ 

z' 


x/x', 

y'lf. 

z'/z 1 


All the quantities involved, except x> are known functions of t on 
substituting their values in terms of t, and reducing, we have 

v- d 

*-jJ{p(«)- P (Z + a>)}f W ~A-0 r 

which can be written in the form 

d , 1 V' ( [l + <a) 

X if + 2p(t)-p(2 + a>) 

This equation can be integrated in the same way as the equation for the 
Eulerian angle <f>, and gives 

cr{t — l — u) 

where %<, is a constant of integration The current coordinates (p, %) of the 
herpolhode are thus expressed as functions of t 

Example 1 A particle moves m such a way that its angulai momentum round the 
origin is a linear function of the square of the radius vector, while the square of its velocity 
is a quadratic function of the squaie of the radius vector, the coefficient of the highest 
power being negative x shew that the path is the herpolhode of a Poinsot motion, m which 
howe\ er <4, i?, C are not restricted to be positn e 

Example 2 Discuss the cases in which the polhode consists of (a) two ellipses intei - 
secting on the mean axis of the momenta! ellipsoid, (/3) two parallel circles, (y) two points , 
shewing that m these oases the herpolhode becomes respectively a spiral curve (whose 
equation can be expressed in terms of elementary functions), a circle, or a pomt 

71 Motion of a top on a perfectly rough plane , determination of the 
Eulerian angle 6 

A top is defined to be a material body which is symmetrical about an axis 
and terminates m a sharp point (called the apex or vertex) at one end of 
the axis. 

We shall now study the motion of a top when spinning with its apex 0 
placed on a perfectly rough plane, so that 0 is practically a fixed point The 
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problem is essentially that of determining the motion of a solid of revolution 
under the influence of gravity, when a point on its axis is fixed in space * 

Let (A, C) denote the moments of inertia of the top about rectangular 
axes Oxyz> fixed relative to the top and moving with it, the origin being the 
apex and the axis Oz being the axis of symmetry of the top , let (0, <f> f rfr) be 
the Eulenan angles defining the position of these axes with reference to fixed 
rectangular axes 0X7Z } of which OZ is directed vertically upwards 
The kinetic energy is (§ 63) 


T — £ (A ov* + A g> 2 8 -I- Ccd s *), 


where a> lt a> 2 , a> 3 denote the components relative to the moving axes of the 
angular velocity of the top, so that (§ 16) we have 

r ©j = 8 sm yjr — <£ sin 0 cos 

- o> 2 — b cos yjr -f <j> sin 6 sm t/t, 

• • 

, g>8 = yfr -t- <f> cos 0 , 


the kinetic energy is therefore 

T = \A0* + ±Afr sm 8 0 + + <£ cos 6 )*, 

and the potential energy is V = Mgh cos 0 7 where M is the mass of the top 
and h is the distance of its centre of gravity from the apex 

The kinetic potential is therefore 


L — T— V = B 2 + sm 2 0 -f (yjr 4* cj> cos 0) 2 — Mgh cos 6 

The coordinates <f> and yjr are evidently ignorable , the corresponding 
integrals are 


BT 

d<f, : 


dT 

' constant, and ^ = constant, 


or 


A<f> sin 2 9 + 0 (yjr + </> cos 6) cos 8 = a, 
0(yjr+ (f> cos 0) - by 


where a and b aie constants the former of these may be intei pre ted as the 
integral of angular momentum about the axis 0Z } and so is obvious d priori 
from general dynamical punciples 

„ The modified kinetic potential (§ 38) is 


R = L — a<f> — b\fr 


iA <h- ( %=- bcos p 

2 A sm 4 6 


b L 

2 C 


— Mgh cos 6 


The term 672(7 can he neglected, as it is merely a constant, the 
equation ot motion is 

d /d R\ _ 3/2 

dd" 0. 


* Lagrange, iI4e Anal (Oeuvres, xn p 251) 
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so the variation of 0 is the same as in a dynamical system with one degree 
of freedom for which the kinetic energy is %A0 2 and the potential energy is 


(a — b cos 0 ) a 
2 A sm 2 0 


Mgh cos 0 


The connexion between 6 and t is therefore given by the integral of 
energy of this reduced system, namely 


hA& 


where c is a constant 


(q — b cos 0 ) 2 
2A sin 2 er 


Mgh cos 0 + c f 


Writing cos 0 « x f this equation becomes 

A 2 a? — (a — bx) 3 — 2AMgh (x — a?) + 2 Ac (1 — a?) 

The right-hand side of this equation is a cubic polynomial m & , now 
when the cubic is negative, for some real values of 0, le for some 

values of x between — 1 and 1 , the cubic must be positive, since the left-hand 
side of the equation is positive, when x « 1 , the cubic is again negative, and 
when x « 4- oo , the cubic is positive The cubic has therefore two real roots 
which lie between —1 and 1 , and the remaining root is also real and is 
greater than unity. Let these roots be denoted by 

cos a, cos y 8 , cosh 7 , 
where cos $ > cos a, so that a > / 8 . 

The differential equation now becomes 

(Mghj2A dt ® {4 (x — cos a) (x — cos fi) (x — cosh 7 )\~^dx 

If we wnte 


2 A 
w = Mgh 

we have therefore 


2 A. 2 Ac -f* b 2 

z + i (cos « + cos/3 + cosh y) = ^ z + , 

t + constant = [ {4 (z — ej (z — e 3 ) (z — e,)} ~^dz, 


where the constants e 1: e t , e t are given by the equations 





Mgh , 
^J-coshv- 


Mgh 

2A 


cos /3 — 


2Ac + b lt 
12 A* ’ 

2Ao + b i 
12 A 1 ’ 


\«*- 



cos a — 


2Ac + b 1 
12 A‘ ’ 


so that e lr e„e, are all real and satisfy the relations 

Zl + <3j + 6t = 0, Sj > > <s 
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The connexion between z and t is therefore 

s « p (t + e), 

where e is a constant of integration, and the function p is formed with the 
roots e u e 2 , e 3 , and hence we have 

2 A , . , 2.4c + 6* 

00 Mgh ® ^ + GAMgh 

Now m order that x may be real for real values of t f it is evident that x must 
lie between cos a and cos /3 t i e p (t + e) must lie between e a and e 8 for real 
values of t and therefore the imaginary part of the constant e must be the 
half-period corresponding to the root e z The real part of * depends on 
the epoch from which the time is measured, and so can be taken to be zero 
by suitably choosing this epoch We have therefore finally 

* 2A v 2 Ac 4 - b 2 

me -m f,(<+ " ,)+ 6w 

and this is the equation which expresses the Eulenan angle 0 in terms of 
the time* 

Example 1 If the circumstances of projection of the top owe such that initially 
<9-60°, 0=0, $=2(%A/3^)4, l~(ZA~C)(MghlZAC*)l, 
shew that the value of 6 at any time t is given hy the equation 

sec 5=1+ seoh {*J t \ , 

to that the axis of the top continually approaches the vertical. 

For m this case we readily find for the constants a, b, o the values 

a=b=(3MghA)^ c~Jfgh, 
so the differential equation to determine x is 

whence the result follows 

Example 2 A solid, of revolution can turn freely about a fixed point m its am $ of 
symmetry, and is acted on by forces derived from a potential-energy function p cot* 6. where 
8 is the angle between this axis and a fixed line, shew that the equations of motion can be 
integrated in terms of elementary functions 

For proceeding as in the problem of the top on the perfectly rough plane, we find for 
the integral of energy of the reduced problem the equation 

nds_ (a-6oos5)* oos*5. 

* 2A sin 2 5 

Writing cos 0-x, this becomes 

4¥ =-(«- bxf-2Ap^+iAc{\-sd) 

. I!* 6 quadratlc<mthe nght-hand side is negative when x=l and *- -1, but n positive 
for some values of • between - 1 and + 1, since the left-hand side is positive for somTreal 

is wv 1 * j! 6 remiu * ed toat toe present problem reduces to that of the spherical pendulum 

ITT*'/' A *■ - *■ *•“**•*■“ *» -wi 
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values of 0 the quadratic has therefore two real roots between — 1 and + 1 Calling 

these cos a and cos ft the equation is of the form 

\ 2 x* =. (cos a - x) (x - cos 0), 

the solution of which is 

07= cos asin 2 (//2X) + cos0cos 2 ( </2X ) 


72 Determination of the remaining Euleman angles , and of the Cayley - 
Klein parameters , the spherical top 

When the Eulerian angle 0 has been obtained m terms of the time, as m 
the last article, it remains to determine the other Eulerian angles <f> and \fr 
For this purpose we use the two integrals corresponding to the ignorable 
coordinates these, when solved for <f> and yfr, give 

± a — b cos 0 
A sin 2 6 ’ 

« 

, b (a — b cos 8) cos 6 
J~C~ Asin*0 

If we regard the motion as specified by the constants of the body 
(M, A, C, h) and the constants of integration (a, b, c), it is evident from 
these equations and the equation for 6 that C does not occur except in 
the constant term of the expression for yfr, and therefore an auxiliary top 
whose moments of inertia are (A, A, A) can be projected in such a way that 
its axis of symmetry always occupies the same position as the axis of symmetry 
of the top considered, the only difference in the motion of the two tops being 
that the auxiliary top has throughout the motion a constant extra spin 
b(C- A)jAG about its axis of symmetry A top such as this auxiliary top, 
whose moments of inertia are all equal, is called a spherical top. It follows 
therefore that the motion of any top can be simply expressed in terms of the 
motion of a spherical top, and that there is no real loss of generality m 
supposing any top under consideration to be spherical 

If then we take C = A, the equations to determine <f> and f become 

a — b cos 8_ a + b a — b 

” ~A 8in a 8 ~ IT(cos 8 + 1) 2A (costf- 1)’ 

i . b — a cos 8 ct + b , a — b 

" ~A sm’T " 2 A (cosd+l) 2A(cos0-l) 

Substituting for cos 8 its value from the equation 

2 A , 2Ac + l> s 

cos 6 = jgj (p (t + *>») + § AMgh > 



Mgh 2Ac + 6* 
Ya~ 12 A 2 ’ 

Mgh 2 Ac + b 3 
P(k)~- - U A i ’ 


and writing 
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so that l and k are known imaginary constants (being in fact the values of 
t + o) 3 corresponding to the values 0 and ir of 6), the differential equations 
become 

Mgh (< a + b) 1 Mg h (a — b) 1 

4-d 2 ff(t+ co 3 )-p(k) 44* V{t + a 9 )-p(!y 

_ (a + 6) 1 JkfgrA (a — 6) 1 

i *4* >(« + tB 8 )-g>(*) + il 5 p (« + ®») -F (?) 

Now the connexion between the function p and its denvate p' can be at 
once written down by substituting for x from the equation 

2 A. f v + 
a: ~Mih^ ( ' t + a>3) + ttMih 

m the equation 

/dx\ z 

A 3 (jfo) = - (a — bx ) a - 2 AMgh (x — a?) + 2.4c (1 — x*) , 

if the argument of the ^-function is k, it follows from the definition of k that 
the corresponding value of x is - 1 , and so the last equation gives 

A’ {2Ap'(k)/Mffh}*=-(a + by, 

oi p' ( k ) = iMgh (a + b);2A' 2 

Similarly we have 

#>' ( l ) = iMgh (a - b)/2A\ 

and therefore the equations for <f> and -«|r can be written in the form 

\ 4 V'(l) 

— m i m 

l + ip(t + 0> 3 )-ip(l) 

Now the function 

»'&) 

jS>(t+<O s )-j?(A) 

is an elhptic function, whose poles in any period-parallelogram are congruent 
with t + w, = k and t + a>, = — k, the correspondmg residues being 1 and — 1 ; 
and the function is zero when t + w, = 0 Hence we have 

v (t +1) - p {k) =t( t +«»-k)-i;(t+«> 3 +k )+ 2 m. 
and therefore 

I fa + S-? (*> = log +2?( * )<+ constant 
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The integrals of the equations for <f> and y/r can therefore be written in 
the form 

L2t<*-*o) = e 2{£(*)-f(l)}t tr (t + a> 3 - k) g(t + o>., + ft 
I o-(t + o> s + A:)o-(t + w s — ft’ 

e *(f-fo i)_ e 2{f(fc)+f(I)}t « r (< + a>, - fe) g (t + a>, - ft 

<r (t + &) 3 + A;) <r (t + co 3 + ft ’ 

where <£ 0 and yfr„ are constants of integration 

These equations lead to simple expressions for the Cayley-Klem parameters 
a > A 7, $ (§ 12), which define the position of the moving axes Oxyz with 
reference to the fixed axes OXYZ for by definition we have 

a = cos J 0 £ = isin£0 

y = isin^0 8 — cos^6 

But we have 

2 cos 2 = 1 + cos 6 


, 2 A t x , 2J.C + 6 2 

+ 6l2p 

O yj 

= 3P (*>(* + «.)- 

2J[ <r 6)3 "1" o’ (i H“ 61)3 fc) 
Mgk <r 2 (&) cr 2 (t -I- a ) 8 ) 




— -4 j<T (£ + 0) 3 + <T (t + <0 1 


O' (X) O* (t + OJ 8 ) 


Similarly we find 




4 {o- (t + &>s + i) o-(£ + oj 8 — Z)}& 


<r(l)cr(t + <o s ) 


and on combining these with the expressions for e 2icf> and e 2l ^ already found, 
we have 


’ = e}^ h+ J o) ^ y jtm 
\Mgh) a (/ft " <r(t + o> 3 ) 

0 _ (z * \* zL * + «» + i) „ - ttm 

P \Mgh) ' <t( 1) <r(t+ a> 3 ) 

f-Af ei*W'o-^o) (f + w, - ft 

^ = VilfprA/ g (ft g (t + w 8 ) 

* /-4\* «-*»(*+*) g(t +W3 + fc) 

6 ” \Mgh) a(k) g (« + «#,) 


These equations express the parameters a, A y, 8 as functions of the 
time. 


w D 


n 
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Example. 1 A gyi ostat of mass M moves about a fixed point m its axis of symmetry 
the moments of inertia about the axis of figure and a perpendicular to it through the fixed 
point are C and A respectively , and the centre of gravity is at a distance h from the fixed 
point The gyrostat is held so that its axis makes an angle arccos 1/^/3 with the downward 
vertical , and is given an angular velocity J A Mgh fJZjC about its axis If the axis be now 
left free to move about the fixed point , shew that it will describe the cone 

sin 2 8 sin 20 = ( - cos 0 - 1 /^3) ^ ( - cos 8 + */3) 

03 sin 2 8 cos 20 = (>/3/2 + cos 8)%, 

where c j> is the azimuthal angle and 8 the inclination of the axis to the upward vertical 

(Camb Math Tripos, Part I, 1894 ) 

For m this problem we have initially 

cos0= — l/s/3, 0=0, 0=0, 0=0, 0 = jAMgh */3/(7, 
and these initial values give 

a= - jMZfhli/Z, 5=4/3 *jMAgh, c=-Mgh!J 3 
Substituting m the general differential equation for 0, namely 


iA& 


i 2 (a — b cos 0 ) 2 


COS 0 + 0, 


we have 


2 A sm 2 0 

A8 2 sin 2 0 = - Mgh (cos 0 + l/s/3) (V3 + 2 cos 0) ( - cos 0 + s/3), 
while the equation 


_a — b cos 0 
A sm 2 0 


gives 


0 




Mgh /s/3 COS0 + 1 /s/3 


-4 sm 2 0 

Dividing this equation by the square root of the preceding equation, we have 
0=3* J(-los6- 1/ x /3)* (s/3+2 cos cos (3+ N /3)“4 cosec 6 d6, 


0=3* 


where .r= — cos 0 


Now if we write 


we have by differentiation 
du 


■ (* - 1/J3) ? (* + v/3) 4 (V3/2 - *) “ i, 


J-i(l-jP) (^-1/V3)4 (#+V8)-*(^/*-«)-» 


and 


We have therefore 


1+ l\ 8= 2 l( lzfg 

8 8 (is/3/2 - ») 


. 3l 

4V2^1+3V/8’ 
20= arctan (3^ 2 " * «), 


or 

or tan 20 = 3^ 2 “ * ( - cos £ - 1/V 3)* ( - cos fl+ V3)i (V3/2 + oos 6) ~ * 

which is equivalent to the result given above 
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Example 2 Shew that the logarithms of the Cayley- Klein parameters, considered as 
functions of cos 6, are elliptic integrals of the third kind 

Example 3 Obtain the expressions found above for the Cayley-Klem parameters as 
functions of the time t by shewing that they satisfy differential equations typified by 


where T denotes a doubly-penodic function of t 9 these equations being of the Hermite-Lam^ 
type which is soluble by doubly-penodic functions of the second kind 


A simple type of motion of the top is that m which the axis of symmetry 
maintains a constant inclination to the vertical, m this case, which is 
generally known as the steady motion of the top, d and 6 are permanently 
zero, since we have 


it follows that 


_ __ ( a ~ & cos dy 
2A sin 2 6 


— Mgh cos 6 + c, 


0 = 


— f ( a ~~ & CQS ft) 2 

dO 2 A sin 2 6 + 



Performing the differentiation, and substituting for (a — b cos 8) its value 
A(£sin 2 0, we have 

0= — b<j> + Aft cos 6 4- Mgh 

This equation gives the relation between the constants <f>, 6 , and b (which 
depends on the rate of spinning of the top on its axis) in steady motion 


73 Motion of a top on a perfectly smooth plane 

We shall now consider the motion of a top which is spinning with its apex 
m contact with a smooth horizontal plane*. The reaction of the plane is now 
vertical, so the horizontal component of the velocity of the centre of gravity, 
G, of the top is constant , we can therefore without loss of generality suppose 
that this component is zero, so that the point G moves vertically m a fixed 
line, which we shall take as axis of Z } two horizontal lines fixed m space and 
perpendicular to each other will be taken as axes of X and F. 

Let Gxyz be the principal axes of inertia of the top at G, and (A, A, G) 
the moments of inertia about them, Gz being the axis of symmetry * and let 
{6, (f>, ty) be the Eulenan angles defining their position with reference to the 
axes of X , F, Z 

The height of G above the plane is h cos 6 , where h denotes the distance 
of G from the apex of the top , the part of the kinetic energy due to the 
motion of ff is therefore ^Mh 2 sin 2 8 (h, where M is the mass of the top, and 
so, as in § 71, the total kinetic energy is 

-JJf^sin 8 0 > -i- b + sm 5 6 + bC(fi + <j> cos 9)\ 
and the potential energy is 

V = Mgh cos 8 

* Poisson, Traits de MScanique (1811), n p 198. 


11—2 
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Proceeding now exactly as in § 71, we have two integrals corresponding 
to the ignorable coordinates <j> and y/r, namely 

(A<j> sin 2 0+ C (\fr + <j> cos 0) cos 0 = 

1 C(^ + i£cos0)=:6, 

where a and b are constants, and on performing the process of ignoration of 
coordinates we obtain for the modified kmetic potential the expression 


* <A + sin 2 6)fr- % A b a 2!p* - Mgh cos 0 , 


so the variation of 8 is the same as in the system with one degree of freedom 
for which the kinetic energy is 

$(A + Mk> sm 1 6) S e , 

and the potential energy is 


(g — b cos O) 2 
2 A sm 2 0 


+ Mgh cos 0 


The connexion between 8 and t is given by the integral of energy of this 
latter system, namely 

i (A + MkH^e)^ = - ( -^^^-Mghcos9 + c, 

where c is a constant Writing cos 0 = x, this becomes 

A{A + Mh* - Mh*a?)& = -(a — bxy - 2AMgh(x - as 3 ) + 2Ac (1 — x 3 ) 

The variables x and t are separated in this equation, so the solution can 
be expressed as a quadrature , but the evaluation of the integral involved 
will require in general hyperelliptic functions, or antomorphic functions of 
genus two 


74 Kovxdevskis top 

The problem of the motion under gravity of a body one of whose points is 
fixed is not m general soluble by quadratures : and the cases considered m 
§ 69 (m which the fixed point is the centre of gravity of the body, so that 
gravity does not influence the motion), and in § 71 (m which the fixed point 
and the centre of gravity lie on an axis of symmetry of the body), were for 
long the only ones known to be integrable In 1888 however Mme S 
Kowalevski* shewed that the problem is also soluble when two of the 
principal moments of inertia at the fixed point are equal and double the 
third, so that A = B = 2C, and when further the centre of gravity is situated 
m the plane of the equal moments of inertia 

Let the line through the fixed point 0 and the centre of gravity be taken 
as the axis Ox, and let the centre of gravity be at a distance a from the fixed 


# Acta, Math xn. (1888), p 177 
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point , let ( 6 , <f>, \fr) be the Eulerian angles which define the position of the 
principal axes of inertia Oocyz with reference to fixed rectangular axes OXYZ , 
of which the axis OZ is vertical, let (a> l9 o> 2 , ©3) be the components along the 
axes Oxyz of the angular velocity of the body, and let M be its mass The 
kinetic and potential energies are given by the equations 

T=%(Aco 1 i 4- Aa > 2 2 + CW) 

= C {fr + sin 1 0 + i (f + 4> cos 0)*}, 

V - — Mga sin 0 cos yfr 

The coordinate <j> is evidently ignorable, giving an integral 

dT 

= constant, 

or 2<f> sin* 8 + (yp+ <j> cos 6) cos 0 — k, 

where k is a constant and the integral of energy is 

T + V = constant, 

or 0’ + (p 2 sin 1 0 + ^ {'p + <f> cos By — — sin 0 cos ^p — h 

Mme Kowalevski shewed that another algebraic integral exists, which can 
be found in the following way 

The kinetic potential is 

L = (70*+ Otf? sin 1 0 + \C (ip + <f> cos 0) 1 + Mga sin 0 cos \p, 
and the equations of motion are 

dt\ 90 ’ 

d_ (9L\ _ Q 

dt {gjr) dip 

dt \d<j>) ’ 

the first of these is 

20 = (<f> cos 0 - yfr) <f> sin 0 + cos 0 cos ip, 
and on p.bm inat.m g ip between the second and third, we obtain 
2 sin 0) = - (i f> cos 0 - “spy d + —jg- cos 0 simp. 

Adding the first of these equations multiplied by i to the second, we have 
2 ■^{<f>sm0 + i6)^i(<f> cos 0 — ip)(<f> sin0 + iff) +i . cos 0e~ t *, 
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an equation which can be written in the form 
^ j(<£ sin 8 + id) 1 + sin 9e~"^ 

= i{<f> cos 6 — f) j(<£ sin 6 + i8f + sm 0e ~ 1 ^ , 

1 dU . a i\ 

or __ at^cos^-f), 

where U — (<f> sm 6 + id) 2 + sin 6e~^ 

Similarly, if 

F= (<£ sm d-%6? + ^ sin 6tf*, 

1 dV 

we have ~V~di ~ ~ 1 (4 >C0S ^ 

It follows that 

J. dU ldV_ 

U~dt + V dt ’ 

or UV = constant 


We have therefore the equation 

j(<£ sin 6 - i8f + sm 9e x *^ = constant. 


( $ sm 9 + id)- 4- —sin 6e~ x * 


or 


(8- + <£ 2 sin 2 8f + sin 2 8 + sm9{e">'(^ sin 8 + i6) 2 + (<^ sm 8 — if}) 2 } 

• = constant, 

and this is the required third algebraic integral of the system 

The first integrals which have been found constitute a system of three 
differential equations, each of the first order, for the determination of 6, <j>, yjr, 
and they can be regarded as replacing the original differential equations of 
motion The variable cf> does not occur explicitly in them and we can there- 
fore use one of the three equations in order to eliminate <j> from the other two: 
we shall then have a system of two differential equations, each of the first 
order, to determine 6 and i|r It has been shewn by Mme Kowalevski that 
these equations can be solved by means of hyperelliptic functions . for this 
solution reference may be made to the memoir already referred to* 


* Ct also Kotter, Acta Math im (1893), p 209, Stekloff, Gorjatscheff, and Tohapligme, 
Trav See Imp Nat. Moscou, x (1899) and in (1904), G Domas, Nouv Ann (4) iv (1904), 
p 3S5, Husson, Toulouse Ann (2) vm (1906), p 73, Husson, Acta Math im (1907), p 71, 
N Kowalevski, Math. Ann lxv (1908), p 528, P Stackel, Math. Ann. ixv (1908), p. 538; 
O Olsson, Arkiv for Mat it Nr 7 (1908), K Marcolongo, Rom Ace Rend (5) xvn (1908), 
p 698; P de Brun, Arkiv j6r Mat vi Nr 9 (1910), P Buigatti, Palermo Rend, xxix (1910), 
p 396, O Lazzarmo, Rend d Soc reale di Napoh t (8 a ) xvii. (1911), p 68 
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Example Let yj, y 2 , y 3 denote the direction-cosines of Ov, Op, Oz referred to OZ, and 
let variables x, y, r be defined by the equations 

fl) 2 2 37~ ^6> X 2 - .2 2 ~h ^ yi ) {(. 3 «l + ^ ) -«3 2 »2 3 | 

+ 2o) 3 o)2 ^2© iC D 2 + — ^ ^ 3 coi + i/ ^ 73 ^ , 

(ofy = ^6)1 C0 2 + |^<k) 3 0)! + =^—^^ - 0) 3 2 0) 2 2 | 

■— 2 co 3 (t)2 (o> 3 o)i + Mgay^ ^ 2 —^ 2 + ^^35^ ? 

O ) 2 2 0 ?r= |^0) 3 0)l ■+■ — + 00 3 2 6)2 2 j" 

Shew by use of Kowalevskis integral (without using the integrals of energy 01 angular 
momentum) that the equations of motion can be written in the form 

dfx_ dV d?y__cV 
dr 2 ~ "~Kv f dr 1 ~~ ly ’ 

where V is a function of x and y only, so that the problem is transformed into that of the 
motion of a particle in a plane conservative field of force (Kolosoff ) 

K Liouville* has stated that the only other general case in which the motion under 
gravity of a rigid body with one point fixed has a third algebraic integral is that m which 
1° The momental ellipsoid of the point of suspension is an ellipsoid of revolution 
2°, The centre of gravity of the body is m the equatonal plane of the momental 
ellipsoid 

3° If (4, A, C) are the principal moments of inertia at the point of suspension, the 
ratio %GjA is an mteger this integer can be arbitrarily chosen 

On this, cf the memoirs cited in the footnote on the preceding page 
Example A heavy body rotates about a fixed point 0 , the principal moments of 
inertia at which satisfy the relation A = B = 4(7 and the centi e of gravity of the body lies m 
the equatorial plane of the momental ellipsoid, at a distance h from 0 Shew that if the 
constant of angular momentum about the vertical through 0 vanishes, there exists an integral 
co 3 (w^ 2 4" o> 2 2 ) cos d— constant, 

where c « a , <*z are the components of angular -velocity about the principal axes Oxyz, 
Ox being the line from 0 to the centre of gravity , and hence that the problem can be 
solved by quadratures, leading to hyperelhptic integrals (Tchapligine ) 

75 Impulsive motion , 

As has been observed m § 36, the solution of problems m impulsive 
motion does not depend on the integration of differential equations, and can 
generally be effected by simple algebraic methods The following examples 
illustrate various types of impulsive systems. 

Example 1 Two uniform rods AB, BC, each of length 2«, are smoothly jointed at B 
and rest on a horizontal table 'With their directions at nght angles An impulse is applied to 
the middle point of AB, and the rods start moving as a rigid body determine the direction 
of the impulse that this may be the case , and prove that the velocities of A, G will be m the 
ratio J 13 1 (Coll Exam) 

We can without loss of generality suppose the mass of each rod to be unity Let (x, y) 
be the component velocities of B referred to fixed axes Ox, Oy paiallel to the undisturbed 

* Acta Math xx (1897), p 239 
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position BA> BG of the rods, and let 6, <p he the angular velocities of BA and BC The 
components of velocity of the middle point of AB are (#, y+a6), and the components of 
velocity of the middle point of BG are (jc - a0, y\ so the kinetic energy of the system is 
given by the equation 

Let the components parallel to the axes of the impulse be /, J The components of 
the displacement of the point of application of the impulse m a small displacement of the 
system are (&r, by+ab8) , and hence the equations of § 36 become 



dT T dT r 
dd~ Ja ’ 



I=2x-a<t), 

J=2y + a$, 

\ja=ay+$a 2 $, 

while the condition that the system moves as if rigid is 4=$ These equations give 


\x=y=\a6 = \a4^\I=\J 

Hence I=J, which .shews that the direction of the impulse makes an angle of 46° with BA , 
and as the components of velocity of A are (x, y+2a0), and the components of velocity of 
0 are (x-2a<j>, y), we have for the velocities of A and of C the values JUSy and lfr>y 
respectively, so the velocity of A is Vl3 x the velocity of 0 which is the required result 


Example 2 A framework in the form, of a parallelogram is made by smoothly jointing 
the ends of two pairs of uniform bars of lengths 2a, 2b, masses m, to', and radii of gyration 
k, V The parallelogram is momng without any notation of its sides, and with velocity V, m 
the dvection of one of its diagonals, it impinges on a smooth fixed wall with which the sides 
make angles 6, <f> and the direction of the velocity V a right angle, the vei tex which impinges 
being brought to rest by the impact Shew that the impulse on the wall is 

2 V {(to + to') - 1 + (ml? + m'a 2 ) - 1 a 2 cos 2 0+(»i6 ! +to'£' 2 )-J b 2 cos ! tf>} - 1 

(Coll Exam) 

Let x and y be the coordinates of the centre of the parallelogram, x being measured at 
right angles to the wall and towards it The kinetic energy is 

T=(m+m')(x 2 +y 2 ) + (mi 2 + ml a 2 ) 6 * + (mb 2 + m!V 2 ) <f> 2 

The ^-coordinate of the point of contact is x+a sm 0+6 sin <f>, so the displacement of the 
point of contact parallel to the axis of x corresponding to an arbitrary displacement 

(8x, By, 80, &<j>) is 8®+acos080+ 6cos<£8<£ The equations of motion, denoting the 

impulse by /, are therefore 


dT 

00 

dT 

<d<f> 



- Ia cos 0, 




= - lb cos <£, 


! 2 (m+m') (x- F)=-7, 

2 (wiP +m'a 2 ) 6 =s — la cos 0, 
2 (m^+wi'# 2 ) <£ = —lb cos <f> 
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Moreover since the final velocity of the point of contact is zero, we have 


a?+acos0 0 + 6cos<£ <f >= 0 
Eliminating x, 6, <j> from these equations, we have 

tt__ r f 1 , a2 008,2 4 ^ cos 2 <l> ) 

” [2 (m+w') + 2 (m& 2 4- m'a 2 ) + 2 (m& 2 + m'P 2 ) J 9 

which is the result stated 


The next example relates to a case of sudden fixture , if one point (or line) 
of a freely-moving rigid body is suddenly seized and compelled to move m a 
given manner, there will be an impulsive change m the motion of the body, 
which can be determined from the condition that the angular momentum of 
the body about any lme through the point seized (or about the line seized) 
is unchanged by the seizure , this follows from the fact that the impulse of 
seizure has no moment about the point (or line) 

Example 3 A uniform circular due u spinning with an angular velocity Q about a 
diameter when a point P on its rim u suddenly fixed Prove that the subsequent velocity of 
the centre u equal to J of the velocity of the point P immediately before the impact 

(Coll Exam) 

Let m be the mass of the disc, and let a be the angle between the radius to P and the 
diameter about which the disc was originally spinning The original velocity of P is 
Qcsma, where c is the radius of the disc The original angular momentum about P is 
about an axis through P parallel to the original axis of rotation, and of magnitude imc 2 a , 
and this is unchanged by the fixing of P, so when P has been fixed, the angular momentum 
about the tangent at P is ^nuPQ. sm a But the moment of inertia of the disc about its 
tangent at P is f wc 2 , and so the angular velocity about the tangent at P is sm a The 
velocity of the centre of the disc is therefore sin a, which is £ of the original velocity 
ofP 

Example 4 A lamina in the form of a parallelogram whose mass is m has a smooth 
pivot at each of the middle points of two parallel sides It is struck at an angular point 
by a particle of mass m which adheres to it after the blow Shew that the impulsive 
reaction at one of the pivots is zero (Coll Exam ) 


Miscellaneous Examples 

1 Prove that for a disc free to turn about a horizontal axis perpendicular to its plane 
the locus on the disc of the centres of suspension for which the simple equivalent 
pendulum has a given length X consists of two circles , and that, if A and B are two 
points, one on each circle, and L’ is the length of the simple equivalent pendulum when 
the centre of suspension is the middle point of AB, the radius of gyration k of the disc 
about its centre of inertia is given by the equation 

Wl* ~ (i Z* - o 2 ) (X 2 -4 X 2 + c 2 ), 

where 2c is the length of AB (Coll Exam ) 

2 A heavy rigid body can turn about a fixed horizontal axis If one point in the 

body is given through which the horizontal axis has to pass, discuss the problem of 
choosing the direction of the axis in the body m such a way that the simple equivalent 
pendulum shall have a given length , shewing that the axes which satisfy this condition are 
the generators of a quartic cone (Coll Exam*) 
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3 A sphere of radius b rolls without slipping down the cycloid 

(0+sm 6), y=a(l-costf) 

It starts from rest with its centre on the horizontal line y = 2a Prove that the velocity V 
of its centre when at the lowest point is given by 

7 2 = (2a - b) (Coll Exam ) 

4 A uniform smooth cube of edge 2 a and mass M rests symmetrically on two shelves 
each of breadth b and mass m and attached to walls at a distance 2c apart Shew that, if 
one of the shelves gives way and begins to turn about the edge where it is attached to the 
wall, the initial angular acceleration of the cube will be 

Mg(c-^a) 2 (c— a) (c-b + a) 

M(c-a) 2 {k 2 + (c - by) + 1 (c - b -h af ’ 

where MB and I are respectively the moments of inertia of the cube about its centre and 
of the shelf about its edge. (Camb Math Tripos, Part I, 1899 ) 


5 A homogeneous rod of mass M and length 2a moves on a horizontal plane, one end 
being constrained to slide without friction in a fixed straight line The rod is initially 
perpendicular to the line, and is struck at the free end by a blow I parallel to the line 
Shew that after time t the perpendicular distance y of the middle point of the rod from 
the line is given by the equation 

f 1 (l-f^)4(l-^)- 4*=3/</2Jfe. (Coll Exam) 

J via 


6 Four equal uniform rods, of length 2a, are smoothly jointed so as to form a 
rhombus A BCD The joint A is fixed, whilst G is free to move on a smooth vertical rod 
through A Initially C coincides with A and the whole system is rotating about the 
vertical with angular velocity a> Prove that, if in the subsequent motion 2 a is the least 
angle between the upper rods, 

aw 2 cos a =» 3y sin 2 a. 

(Camb Math Tripos, Part I, 1900 ) 

7 A disc of mass M rests on a smooth horizontal table, and a smooth circular groove 
of radius a is cut m it, passing through the centre of gravity of the disc A particle of 
mass \M is started m the groove fiom the centre of gravity of the disc Investigate the 
motion Prove that if a<£ is the arc traversed by the particle and 0 the angle turned 
round by the disc, then 

MB being the moment of inertia of the disc about a vertical line through its centre 
of gravity (Coll Exam ) 

8 A rigid body is moving freely under the action of gravity and rotating with angular 

velocity a > about an axis through its centre of grayity perpendicular to the plane of its 
motion Shew that the axis of instantaneous rotation describes a parabolic cylinder of 
latus rectum (^4^-f- s /2g/co) 2 , whose vertex is at a distance sj2ga\<* above that of the path 
of the centre of gravity of the body , where 4a is the latus rectum of the parabola 
descubed by the centre of gravity (Coll Exam ) 

9 A particle of mass m is placed in a smooth uniform tube which can rotate in a 
vertical plane about its middle point The system starts from rest when the tube is 
horizontal If & is the angle the tube makes with the vertical when its angular velocity is 
a maximum and equal to a>, prove that 

4 (wH+ MB) a) 4 - 8mgr<o 2 cos Q 4- mg 2 sin 2 d=> 0, 
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where Mk 2 is the moment of inertia of the tube about its centre and r the distance of the 
particle from the centre of the tube (Coll Exam ) 


10 Four uniform rods, smoothly jointed at their ends, form a parallelogram which 
can move smoothly on a horizontal surface, one of the angular points being fixed 
Initially the configuration is rectangular and the framework is set m motion m such a 
manner that the angular velocity of one pair of opposite sides is 12, that of the other pair 
being zero Shew that when the angle between the rods is a maximum oi minimum, the 
angular velocity of the system is Q (Coll Exam ) 


II Two homogeneous rough spheres of equal radii a and of masses wi, m' rest on a 
smooth horizontal plane with m! at the highest point of m If the system is disturbed, 
shew that the inclination of their common normal 6 to the vertical is given by the 


equation 


ad 2 (7m+5m' sin a 6)*=hg (m+m') (1 -cos 6) (Coll Exam) 


12 A uniform rod AB is of length 2 a and is attached at one end to a light mexten- 
sible string of length c The other end of this stnng is fixed at 0 to a point in a smooth 
horizontal plane on which the rod moves. Initially GAB is a straight lme and the rod is 
projected without rotation with velocity V m the direction perpendicular to its length 
Proye that the cosine of the greatest subsequent angle between the rod and string is 
l -a/Gc, ( Co11 Exam > 


13 To a fixed point are smoothly jointed two uniform rods of length 2a, and upon 
them slides, by means of a smooth nng at each end, a thud rod similar in all respects 
Initially the three rods are m a horizontal line with the ends of the third rod at the 
middle points of the other two and, on the application of an impulse, the rods begin to 
rotate with angular velocity flina horizontal plane. Shew that the third rod will slide 

right off the other two unless ^ gja ^ (ColLExam) 


14 A hollow thin cylinder of radius a and mass M is maintained at rest in a 
horizontal position on a rough plane whose inclination is a, and contains an insect of mass 
m at rest on the hne of oontact with the plane The cylinder is released as the insect 
starts off with velooity V if this relative velocity be maintained and the cylinder roll up 
hill, shew that it will oome to instantaneous rest when the radius through the msec 
m aima an angle 6 with the vertical given by 

ya n _ coa ($ — o)}+ag (cos a— oos 8) = (1 +Mlm) ag (d — a) sin a. 

(CoIL Exam.) 


15 A uniform smooth plane tube can turn smoothly about a fixed axis of rotation 
lying m its plane and intersecting it the moment of inertia of the tube about theaxis 
is i Initially the tube is rotating with angular velooity O about the axis, and a particle 
of mass *. is projected with velocity V within the tube from the point of ^tersection of 
the tube with the axis The system then moves under no external forces Prove that, 
when the particle is at a distance r from the axis, the square of its velocity relative to the 

tube is N 

yi+JULn* (Coll Exam) 

/-t-wir 2 

16 A uniform straight rod of mass M is laid across two smooth horizontal pegs so 
that each of its ends projects beyond the corresponding peg A second uniform rod of 
mlmand length £ is fastened to the first at some point between the pegs by a 
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universal joint This rod is initially held horizontal and m contact with the first rod , and 
then let go, so as to oscillate m the vertical plane through the first rod Prove that if 6 
be the angle which the second rod makes with the vertical at any instant, and x the 
distance through which the first rod has moved from rest, 

(M+m) x+ml sin 6= ml) 

an< * ^4 ~ Tjy cos 2 = 2 g cos 6 (Coll Exam ) 

17 A plane body is free to rotate m its plane about a fixed point, and a second plane 
body is free to slide along a smooth straight groove m the first body, its motion being m 
the same plane , shew that the relation between the relative advance x along the groove 
and the angle of rotation 6 (no external forces being supposed to act on the system) 
is of the form 

&'**$**+ 

where P and Q are respectively linear and quadratic functions of x 2 (Coll H!T».m ) 

18 A pendulum is formed of a straight rod and a hollow circular hob, and fitting 
inside the boh is a smooth vertical lamina in the shape of a segment of a cir cle, the 
distances of the centre (C) of the bob from the point of suspension (0) and from the 
centre of gravity (&) of the lamina being l and c respectively Prove that if if, m are the 
masses of the pendulum and lamina, k and K their respective radii of gyration, about 
0 and <?, 9 and <j> the angles which OC and CO make with the vertical, then twice the 
work done by gravity on the system during its motion from rest is equal to 

(Mkt+mP) d'+rn (/fc' 2 +c 2 ) <f?+2mcl cos (d-<£) 4<p. (ColL Exam ) 

19 A particle of mass m is attached to the end of a fine string which passes round 
the circumference of a wheel of mass M, the other end of the string being attached to a 
point m that circumference, a length l of the string being stiaight initially, and the wheel 
(radius a and radius of gyration k) being free to move about a fixed vertical axis through 
its centre, the particle, which lies on a smooth horizontal plane, is projected at right 
angles to the string, so that the string begins to wrap round the wheel , prove that, if the 
string eventually unwinds from the wheel, the shortest length of the straight portion is 

(Coll Exam.) 

20 A carnage is placed on an inclined plane making an angle a with the horizon and 
rolls straight down without any slipping between the wheels and the plane The floor of 
the carnage is parallel to the plane and a perfectly rough ball is placed freely on it Shew 
that the acceleration of the carnage down the plane is 

14M+AM' +14m _ 

where Mis the mass of the carriage excluding the wheels, m the sum of the masses of the 
wheels, which are uniform discs, and M' that of the ball The friction between the wheels 
and the axes is neglected (Coll Exam) 

21 A uniform rod of mass and length 2a is capable of rotating freely about its 

fixed upper extremity and is initially inclined at an angle of trJQ to the vertical A second 
rod, of mass m 2 and length 2a, is smoothly attached to the lower end of the first and rests 
initially at an angle of 2 jt/ 3 with it and in a horizontal position Shew that if the centre 
of the lower rod commence to move in a direction making an angle jr/6 with the vertical, 
then 3m!= 14ms (Coll Exam) 
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22 A uniform circular disc is symmetrically suspended by two elastic strings of 
natural length c inclined at an angle a to the vertical, and attached to the highest point of 
the disc. If one of the strings is cut, piove that the initial curvature of the path of the 
centre of the disc is 

(c sm 4 a-b sin 2 a)/b (b - c), 

where b is the equilibrium length of each string (Coll Exam.) 

23 Two rods A C t CB of equal length 2 a are freely jointed at (7, the rod AC being 
freely moveable about a fixed point A , and the end B of the rod CB is attached to A by 
an mextensible string of length 4a/jZ The system being m equilibrium, the string is cut , 
shew that the radius of curvature of the initial path of B at B is 



(Camb Math Tripos, Part 1, 1897 ) 

24 A rod of length 2a is supported m a horizontal position by two hsrht strings which 

pass over two smooth pegs in a horizontal line at a distance 2a apart and have at their 
other extremities weights each equal to one half that of the rod One of the strings is cut, 
prove that the initial curvature of the path of that end of the rod to which the cut string 
was attached is 27/25 a (ColL Exam.) 

25 A heavy plank, straight and very rough, is free to turn m a vertical plane about 
a horizontal axis from which the distance of its centre of gravity is c. A rough heavy 
sphere is placed on this plank at a distance b from the axis, on the side remote from the 
centre of gravity , the plank being held horizontal The system is now left free to move. 
Prove that the initial radius of curvature of the path of the centre of the sphere is 
2150/(5 — lid), where 6 — {mb — Me) /(mb + Ma), m and M are the masses of the sphere and 
the plank, and Mob is the moment of inertia of the plank about the axis. 

(ColL Exam ) 

26 A light stiff rod of length 2c carries two equal particles of mass m at distances k 
from the centre on each side of it , to each end of the rod is tied an end of an mextensible 
string of length 2a on which is a ring of mass m! Initially the string and rod are in one 
straight line on a smooth horizontal table with the string taut and the ring at the loop , 
the ring is then projected at right angles to the rod, shew that the relative motion will be 
oscillatory if 

c 2 /^ > 1 + 2m jin’ (Coll Exam.) 

27 Three equal uniform rods, each of length c, are firmly joined to form an equilateral 
triangle ABC of weight W } a uniform bai of length 2b and weight W' is freely jointed to 
the triangle at C This system rests in equilibrium m contact with the surface of a fixed 
smooth sphere of radius a, A B being horizontal and in contact with the sphere, and the 
bar being in the vertical plane through the centre of the triangle , the bar, and the centre of 
the triangle, are on opposite sides of the vertical line through C Prove that the inclination 
of the plane of the triangle to the horizon is the angle whose tangent is 

[abfi + 2cX 2 ] — [np. (a 2 + J c 2 ) + X 2 /i - 2 abc ] , 
where X 2 «a 2 rjc 2 -^ / i*=12a 2 -c 2 , and n=W/W'. 

(Camb Math Tnpos, Part I, 1896 ) 

28 A body, under the action of no forces, moves so that the resolved part of its angular 
velocity about one of the principal axes at the centre of gravity is constant , shew that the 
angular velocity of the body must be constant, and find its resolved parts about the other 
two principal axes when the moments of inertia about these axes are equal 

(Coll Exam) 
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29 Shew that a herpolhode cannot have a point of inflexion (Hess ) 

(A simple proof of this result is given by Lecornu, Bull de la Soc Math, de BVcwice, 

xxxiv (1906), p 40) 

30 In the motion under no forces of a body one of whose points is fixed, shew that the 

motion of every quadric homocyclic with the momental ellipsoid relative to the fixed point, 
and rigidly connected with the body, is the same as if it were made to roll without sliding 
on a fixed quadric of revolution, which has its centre at the fixed point, and whoso axis is 
the mvanable line (Gebbia ) 

31 In the motion of a body under no forces round a fixed point, shew that the three 

diameters of the momental ellipsoid at the fixed point and the diameter of the ellipsoid 
reciprocal to the momental ellipsoid, determined respectively by the intersection of the 
mvanable plane with the three principal planes and with the plane perpendicular to the 
instantaneous axis, descnbe areas proportional to the times, so that the accelerations of 
their extremities are directed to the centre (Siacoi ) 

32 When a body moveable about a fixed point is acted on by forces whose moment 
round the instantaneous axis is always zero, shew that the velocity of rotation is 
proportional to that radius vector of the momental ellipsoid which is in the direction 
of this axis 

Shew that this theorem is still true if the body is moveable about a fixed point and 
also constrained to slide on a fixed surface (Flye St Mane ) 

33 A plane lamina is initially moving with equal angular velocities Q about the 
pnncipal axes of greatest and least moment of inertia at its centro of mass, and has 
no angular velocity about the third pnncipal axis , express the angular velocities about 
these axes as elliptic functions of the time, supposing no foroes to aot on the lamina 

If 0 be the angle between the plane of the lamina and any fixed plane, shew that 

g+2Q {o 2 - (g )*}* dn(OD- (o»- (g )*} cote 

(Camb Math. Tripos, Part I, 1896 ) 

34 A rigid body is kinetically symmetrical about an axis which passes through a fixed 

point above its centre of gravity and is set in motion in any manner , shew that m the 
subsequent motion, except in one case, the centre of gravity can never bo vertically over 
the fixed point , and find the greatest height it attains (Coll Exam ) 

35 In the motion of the top on the rough plane, shew that there exists an auxiliary 

set of axes *hose motion with respect to the fixed axes OXYZmb also with respect 
to the moving axes Oxyz is a Poinsot motion , the invariable planes being the horizontal 
plane in the former case, and the plane perpendicular to the axis of the body in the second 
case (Jacobi ) 

36 A uniform solid of revolution moves about a point, so that its motion may be 
represented by the uniform rolling of a cone of semi-vertical angle a fixed in the body upon 
an equal cone fixed m space, the axis of the former being the axis of revolution. Shew that 
the couple necessary to maintain the motion is of magnitude 

tan a { 0+(0 - A) cos 2a}, 1 

where Q, is the resultant angular velocity and A and C the pnncipal moments of inertia at 
the point, and that the couple lies m the plane of the axes of the cones (Coll Exam ) 
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37 A vertical plane is made to rotate with uniform angular velocity about a vertical 
axis in itself, and a perfectly rough cone of revolution has its vertex fixed at a point of 
that axis Shew that, if the line of contact make an angle 6 with the vertical, and ft and y 
be the extreme values of 0, and a be the semi-vertical angle of the cone, 

W i sin 2 a (cos 6 - cos ft) (cos y - cos 0) 

\dt) ^oos a cos# 4-cosy ’ 

where h is the distance of the centre of gravity of the cone from its vertex, and h its radius 
of gyration about a generator (Camb Math Tripos, Part I, 1896 ) 


38 A body can rotate freely about a fixed vertical axis for which its moment of 
inertia is 1 the body carries a second body in the form of a disc which can rotate about 
a horizontal axis, fixed m the first body and intersecting the vertical axis In the position 
of equilibrium the moments and product of inertia of the disc with regard to the vertical 
and horizontal axes respectively are A, B, F Prove that if the system start from rest 
with the plane of the disc inclined at an angle a to the vertical, the first body will oscillate 
through an angle 


2 F 




urctanf 


sin a 




(Coll Exam ) 


39 A gyrostat consists of a heavy symmetrical flywheel freely mounted m a heavy 
spherical case and is suspended from a fixed point by a string of length l fixed to a point 
xn the case The centres of gravity of the flywheel and case are coincident Shew that, 
if the whole revolve in steady motion lound the vertical with angular velocity G, the string 
and the axis of the gyrostat inclined at angles a, ft to the vertical, then 

G 2 ( l sma + asin£+&cos£)~#tan a, 

and In sin ft -A G 2 sin ft cos ft » Mg sec a {a sin (ft - a) + b cos {ft - a)}, 

where M is the mass of the gyrostat, a and b the coordinates of the point of attachment 
of the string with reference to axes coinciding with, and at right angles to, the axis of the 
flywheel, I the angular momentum of the flywheel about its axis and A the moment of 
inertia about a line perpendicular to its axis (Camb Math Tripos, Part I, 1900 ) 


40 A system consisting of any number of equal uniform rods loosely jointed and 
initially m the same straight line is struck at any point by a blow perpendiculai to the rods 
Shew that if w, v,wbe the initial velocities of the middle points of any three consecutive 
rods, M+4i>+w : = i 0 (Coll Exam) 


41 Any number of uniform rods of masses A, 2?, ( 7 , 9 Z are smoothly jointed to 

each other m succession and laid m a straight line on a smooth table If the end Z be 
free and the end A moved with velocity V m a direction perpendicular to the line of the 
rods, then the initial velocities of the joints ( AB ), (BO), and the end Z are a, b, . , «, 
where 

0«A(P+2a)+^(2a+6), Q=B (a+2b) + C (2b + c), , 0 « F(ff+2y)+^(2y*f s), 

and (Coll Exam) 

42 Six equal uniform rods form a regular hexagon loosely jointed at the angular 
points a blow is given at right angles to one of them at its middle point, shew that the 
opposite rod begins to move with ^ of the velocity of the rod struck. 

(Camb. Math Tnpos, 1882) 
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43 A body at rest, with one point 0 fixed, is struck shew that the initial axis of 
rotation of the body is the diametral line, with respect to the momenta! ellipsoid at 0 , of 
the plane of the impulsive couple acting on the body 

44 The positive octant of the ellipsoid ^/a 2 +y 2 /& 2 +* 2 / c2 =l has the origin fixed 
Shew that if an impulsive couple in the plane 

£ £ 

b ^ a 2 \b^ a) c 

act upon the octant, it will begin to revolve about the axis of z (Coll Exam ) 

45 An ellipsoid is rotating about its centre with angular velocity (©!, &> 2 , « 3 ) referred 

to its principal axes , the centre is free and a point (#, y, z) on the surface is suddenly 
brought to rest Find the impulsive reaction at that point (Coll Exam.) 

46 Two equal rods AB, BC inclined at an angle a are smoothly jointed at B , A is 
made to move parallel to the external bisector of the angle ABC prove that the initial 
angular velocities of A B, BC are m the ratio 

3^1+2sin*|j 1 - 18 sin 2 1 (Coll Exam) 


47 A uniform cone is rotating with angular velocity about a generator when suddenly 
this generator is loosed and the diameter of the base which intersects the generator is fixed 
Piove that the new angular velocity is 

(l-h 2 /4k 2 ) co sin a, 

where h is the altitude, a the semi- vertical angle, and k the radius of gyration about a 
diametei of the base. (Coll Exam ) 

48 A rough disc can turn about an axis perpendicular to its plane, and a rough 
circular cone rests on the disc with its vertex just at the axis If the disc be made 
to turn with angular velocity G, shew that the cone takes an amount of kinetic energy 
equal to 

^Q 2 /{cos 2 a] A +sm 2 n/(7[ (Coll Exam ) 


49 One end of an inelastic string is attached to a fixed point and the other to a point 
in the surface of a body of mass M The body is allowed to fall freely under gravity 
without rotation. Shew that just after the string becomes tight the loss of kinetic energy 
due to the impact is 


iVi /(i + j + i + £)’ 


where V is the resolved velocity of the body m the direction of the string just before 
impact, the string only touching the body at the point of attachment, (Z, m, n t X, p, v) are 
the coordinates of the string at the instant it becomes tight, and A, B, C are the principal 
moments of inertia of the body with respect to its principal axes at its centie of inertia 

(Coll Exam ) 
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76 Vibrations about equilibrium 

In Dynamics we frequently have to deal with systems for which there 
exists an equilibrium-configuration, 1 e a configuration in which the system 
can remain permanently at rest thus in the case of the sphencal pendulum, 
the configurations m which the bob is vertically over or vertically under the 
point of support are of this character If (q u q 2 , , q n ) are the coordinates 

of a system and L its kinetic potential, and if (a 1; ou,, , a,,) are the values of 
the coordinates in an equilibrium-configuration, the equations of motion 


d /dL\ _ d_L 
dt\dq,J dq r 


(r = 1 , 2, ,«) 


must be satisfied by the set of values 


7i = 0, $ 2 = 0, , q n = 0, q 1 = 0, q 2 =0, q„ = 0, q 1 = a 1 , <fe = a 2 , , q v = or,. 

The values of the coordinates m the various possible equilibrium-con- 
figurations of a system are therefore obtained by solving for q u q t , , q n the 
equations 

= 0 (7 = 1,2, ,n), 

in which q x , q 2 , , q n are to be replaced by zero 

In many cases, if the system is initially placed near an equilibrium-con- 
figuration, its particles having very small initial velocities, the divergence 
from the equilibnuin-configuration will never become very marked, the 
particles always remaining in the vicinity of their original positions and 
never acquiring large velocities We shall now study motions of this type*, 
they are called vibrations about an equilibnum-configui ationf 


* More strictly speaking, we study in this ohapter the limiting form to which this type of 
motion approximates when the initial divergence from a state of rest in the equilibuum-configu- 
lation tends to zero , the study of the motions which differ by a finite, though not large, amount 
fiom a state of rest in the equilibrium-configuration is given later in Chapter XVI the discussion 
of the present chapter may be regarded as a first approximation to that of Chapter XVI 

+ The theory of vibrations has developed from Galileo’s study of the small oscillations of a 
pendulum In the first half of the eighteenth century the vibrations of a stretched cord were 
investigated by Brook Taylor, D’Alembert, Euler, and Daniel Bernoulli, the last-named of whom 
in 1753 enunciated the principle of the resolution of all compound types of vibration into inde- 
pendent simple modes The general theory of the vibrations of a dynamical system with a finite 
number of degrees of freedom was given by Lagrange m 1762-5 ( Oeuvres , i p 520) 
w D 
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In the present work we are of course concerned only with the vibrations of systems 
which have a finite number of degrees of freedom , the study of the vibrations of systems 
which have an infinite number of degrees of freedom, which is here excluded, will be found 
m treatises on the Analytical Theory of Sound 


We shall suppose that the system is defined by its kmetic energy T and 
its potential energy V, and that the position of the system is specified by the 
coordinates (<£> q 2 , , q n ) independently of the time, so that T does not 

involve t explicitly we shall also suppose that no coordinates have been 
ignored , the kinetic energy 2' is therefore a homogeneous quadratic function 
of q u q 2t .. , q n > with coefficients involving q lf g 2 > , m an y wa y* There 

is evidently no loss of generality in assuming that the equilibrium-con- 
figuration corresponds to zero values of the coordinates q l9 q 2 , q n > so that 
q u q„ f , q ny q lf q 2 , , q n are very small throughout the motion considered 

The coefficients of the squares and products of q u q 2 , , qn i& T are 

functions of q ly q 2) , q n as however all the coordinates and velocities are 

small, we can m approximating to the motion retain only the terms of lowest 
order in T, and so can replace all these coefficients by the constant values 
which they assume when q u q 2 , . , q n are replaced by zero* The kinetic 
energy is therefore for our purposes a homogeneous quadratic function of 
q u q 2 , ,q n with constant coefficients 


Moreover, if we expand the function V by Taylor’s theorem m ascending 
powers of q l9 q 2y .,q n the term independent of q lf q 2) . , q n can be omitted, 
since it exercises no influence on the equations of motion , and there are no 


dV 

terms linear in q lf q 2 , , q n , smce if such terms existed the quantities ^ 

would not be zero in the equilibrium position, as they must be The terms 
of lowest order m V are therefore the terms quadratic in q 1} q 2 , 
Neglecting the higher terms of the expansion in comparison with these, 
we have therefore V expressed as a homogeneous quadratic form m the 
variables q ly q 2 , , q n with constant coefficients 


Thus the problem of vibratory motions about a configui ation of equilibrium 
depends on the solution of Lagrangian equations of motion m which the kinetic 
and potential energies are homogeneous quadratic forms in the velocities and 
coordinates respectively , with constant coefficients 


77. Normal coot dmates 

In order to solve the equations of motion of a vibrating system, we write 
the expressions for the kinetic and potential energies in the form 

T ss i(ctii7i 4 -i“aM9a 2 + .. + ^nn^n 2 + 20^^^ + %0 ll q l q % -h .. +2 Un- 1|n 3n-i?nX 

V “ i + b&q* + • •• + + . + 2 6nr-i,n jW-i?n) l 
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of these T is (§ 26) a positive definite form , and the determinant formed 
of the quantities a r , is not zero (since if this condition is not satisfied, 
T will depend on less than n independent velocities) The equations of 
motion are 


±(d_T\ = _dV 
dt {jdqj dq r 


(r = l, 2, ,n), 


if a change of variables is made, such that the new variables (qi, q a ', . , q n ') 
are hnear functions of (q lt q a , , q n ), the new equations of motion will be 


dt \dq r ') dq r ' 


(r = 1, 2, . , n). 


and these equations are clearly linear combinations of the original equations 

Suppose then* that the original equations of motion are multiplied 
respectively by undetermined constants m,, m a , , m n , and added together 
The resulting equation will be of the form 


d*Q 

dt a 


+ \Q = 0, 


where Q = h 1 q 1 + h a q a + +h n q n , 

provided the constants m it . , m n , h lt h„, , h n , X satisfy the equations 

hum! + b^rn^ + + b ln m n = X, (Oum, + a 12 m 2 + + a^nirin) = XA,, 

hmwij + b n m a + + b M m n — X, (a 2l m l + 4- + Os n m n ) — XA S , 


b m m 1 + b m m a + .. + b nn m n =*\(a nl m 1 + afcm a + . + a nn m n ) = \h n . 

These equations can coexist only if \ is a root of the determinantal equation 
a u X, —tm ®iaX. — tie, , UmX — b ln 

— 6jj, (taaX — tjj, . , Uan'X — b m 

^mX* — bni) * • UnnX bnn 

Moreover, if X* is any root of this equation, we can determine from the 
preceding equations a possible set of ratios lor m lt mj, m n , h a , , , h „ , 
these ratios may, in certain cases, be partly indeterminate, but m all cases at 
least one function Q can be obtained in this way, satisfying the equation 



w + ^-° 


Now let a linear change of variables be effected so that the quantity Q 
so determined is one of the new variables there will be no ambiguity m 


* This method of proof is due to Jordan, Comptes Rendw, lxxtv (1872) p* 1895 

12—2 
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denoting the new variables by q-i, q t , .... q n > we shall take to be identical 
with Q, so that the above equations are satisfied by the values Aj = 1, A„ = 0, 

, A n = 0 Since the form T i$ a positive definite form, the coefficients 
a n , Osi, , a nn of the squares of q 2 , q s , q n will not be zero so instead 

of q 2 , q„ - , q„ we can again take new variables qi, qi, . , q n \ where 

q x = qi, q« = qi + ^ qi > 2» = i* + 2^ ’ ’ ' 

and A„ is the co-factor of a n in the discriminant of T It is found without 
difficulty that by this change of variables the terms in q^, q x q t , • , ?i ?» are 
removed from T so we can assume that &21, o&si, , Q>ni are zero 

Now mtroducmg the conditions ^ == 1 , Ag—O, A3 = 0, , A n = 0 , a^i “ 0 , 
t a nl = 0 in the equations which determine m Xi Ai, A 2 , . » An, A, 

we obtain the values 

ra^l/ou, m 2 = 0, ma = 0, , w n = 0, 

i> n — XjCtiu &21 = ^8i “• 0j • , bfn — 0. 

It follows that the equation 

d/ 9 T\ 0F 

dt \dqj dq x 

zl l+Xi?i=0, 

d (dT\ 37 

dt \dqj Sq r 

, # d / 32 ”\ 37 ' 

have the form ^ (' S^J = ~ 

where T' = I 7 - £ a n q x , V* = F — (in q x 2 , 

so that T and V' do not involve q x and q x 

This last system of equations may be regarded as the system of equations 
corresponding to a vibrational problem with (n - 1) degrees of freedom 
Treating them in the same manner, we can isolate another coordinate q 2 
such that if 

(where and a& are certain constants), then T " and V" do not involve or 
g 2l and the coordinates q Zi q 4 , , q n are determined by the equations of 

a vibrational problem with (n - 2) degrees of freedom, m which the kinetic 
and potential energies are respectively T" and F" 

Proceedmg m this way, we shall finally have the variables chosen so that 
the kinetic and potential energies of the original system can be written in 
terms of the new variables in the form 

T = J (ftnji 2 UjasSy* H" * + ®nn9n 2 )> 

F= £• (&i2i a + ftaS* 2 + + Ain?» 2 ), 

where a u , a^, , a n n> Ai, Ab> , Am are constants 


has the form 


while the equations 


(r = 2 , 3 , .. , n) 
(r = 2, 3 , ft), 
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If finally wo take as variables the quantities Vo n q u Vor^, , , Vo»„</„, 
instead of f,, fit ...,q n , the kinetic and potential energies take the form 

+3* +... + &•). 

J (M* + M* + • • + Mn*), 

where /** stands for 0kk/«u 

In this reduction it is immaterial whether the detorminantal equation has 
its roots all distinct or has groups of repeated roots The final result can be 
expressed by the statement that if the kinetic and potential energies of a 
vibrating system are given in the form 

T-l (a„ y,* + «*?,’+... + a,„i</ n a + 2a It q, q t + . . H-2a„_ I , n y B _ T g„), 

Vm \ < 6 «f * + M*' + — + b m <in + + ... + 

it ts always possible to find a linear transformation of the coordinates such 
that the kinetic and potential energies , when expressed in terms of the new 
coordinates, have the form 

$ m K&* + fi* + ••• + ?» 5 )« 
v ~i (m* + M* 1 +••• + M»9»')> 

where the quantities px> Pt> •••►/*« a,re constants. These new coordinates are 
called the normal coordinates or principal coordinates of the vibrating system. 

Now it is a well-known algebraical thoorom that the roots of the dotormi 
nantal equation 

0||X. “in, •*>» “0 

o^X — 6,i, ®«\ — i>„ a, n X — l> m 


I ” ^nl ®w*X — bnn > 

are the values of X for which the expression 

(0||X — b„) q* + (a*X — 6*) f **+••• d* (a nn X — b nn ) q n * + 2 (a n X — b n ) q t + . . 

+ 2(a n -i,»X — &n-i,n)f»-ifn 

can be made to depend on less than n independent variables (which will be 

linear ft* notions of g t , q, ?«)• Since this is a property whioh persists 

through any linear change of variables, we see that the determinantal equation 
is inmriantive, i.e. if qf, q t ', .... q n ' are any n independent linear functions of 
ft, fit -.-t ?rt. and if T and V when expressed in terms of q{, q t ', ,..,q n ' take 
the form 


+ ... + 2a w 'f,' f, ' + 

V ** | (bf qfi + bfqi*+ ... + 2bi t 'q,' qf + ...), 
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then the roots of the new determinantal equation ||a r< /X — 6 r /|j = 0 are the 
same as the roots of the original determinantal equation \\a rs \ — 6 r *|j =0 

But when the kinetic and potential energies have been brought by the 
introduction of normal coordmates to the form 

T— £ ( qj 2 + ? 2 3 + • + ?»“)> 

Vss ^ (fljQi 2 + J2 2 4* • • + /in?n S )» 

the determinantal equation is 

X — th 0 0 0 0 =0, 

0 X — 0 0 0 

0 0 X — /Xs 0 0 

0 0 0 0 X — fin 

so its roots are ,/* n , It follows that the constants p lt p*, . .pn, which 

occin as the coefficients of the squares of the normal coordinates w the potential 
eneigy, are the n roots {distinct or repeated) of the determinantal equation 
II Gr#X — b i8 1 | = 0, where a u , a 12 , , b u , b^ y are the coefficients in the original 

expressions for the kinetic and potential energies 

It will he seen that the problem of reducing the kinetic and potential energies to their 
expressions m terms of normal coordinates is essentially the problem of simultaneously 
reducing each of two given homogeneous quadratic expressions m n variables to a sum of 
square? of n new variables the fact that T is a function of the velocities while Fisa 
function of the coordinates does not affect the question, since the formulae of transforma- 
tion for the velocities , q n are the same as the formulae of transformation for the 

coordmates q u q 2 , , q n 

It might be supposed from the foregoing that it is always possible to transform 
simultaneous each of two gnen homogeneous quadratic expressions m a variables to a 
sum of squares of » new variables, but this is not the case, for example, it is not possible 
to transform the two quadratic expressions 

to the forms «*+**+«<• and «•+**+(* 

P+^+C 2 and + 

where £, 17, f are linear functions of x, y, z 

The conditions which must he satisfied in order that twit given quadratic expressions 
«n^i 2 + «22^2 3 + . + 2a 12 ^i^24 , 

6 n Xi 2 + b n x£ + . 4- 2b n xy x 2 4- , , 
may be simultaneously leducible to the form 

an£i 2 4-022f> 2 4*. .4-Onjif* 2 , 

fti£i 2 +/W+ -+/W* 2 , 
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are, in fact, that the elementary dmsors ( JSlementartkeiler ) of the determinant || a ra X — b rg || 
shall be linear* If however one of the two given forme is a definite form (as we saw was 
the case with the kinetic energy in the dynamical problem), the elementary divisors are 
always linear, and the simultaneous reduction to sums of squares is therefore possible , 
this explains the circumstance that the reduction can alwaj s be effected in the dynamical 
problem of vibrations 

The universal possibility of the reduction to normal coordinates for dynamical systems 
was established by Weiers trass in 1858 1 , previous writers (following Lagrange) had 
supposed that m cases where the determinantal equation had repeated roots a set of 
normal coordinates would hot exist, and that terms involving the time otherwise than in 
trigonometric and exponential functions would occur in the final solution of the equations 
of motion 

78 Sylvester's theorem on the reality of the roots of the determinantal 
equation 

We have seen m the preceding article that by introducing new variables 
which are linear functions of the original variables, it is always possible to 
reduce the kinetic and potential energies of a vibrating system to the form 

^=£(gi a +?* a + +3* a ), 

V « £ (\qi* + + + X»g n *) 

The question arises as to whether this transformation is real, i e whether 
the coefficients m lr m a , ,, /t-,, . hn which occur m the trans- 

formation are real or complex Since these coefficients are given by linear 
equations whose coefficients, with the possible exception of the roots ,7^ 

of the determinantal equation, are certainly real, the question reduces to an 
investigation of the reality or otherwise of the roots of the equation 

(XnA. CljgX# — • . fl ln X — 6m * 0 , 

a*\-6 M 6 jb ffljnX — ban 


^«l • • • • ®»i»^ 6 nn j 

it being known that the quantities a ri and are all real, and that 
«u3i a + a*q*+ .. 4* Onnqn + -f + Zdn-hnqH-iqn 

is a positive definite form. 

Let A denote} the determinant Ho^X, — &r»||> let A t denote the 
determinant obtained from it by striking out the first row and first column , 
let A 2 denote the determinant obtained from A by striking out the first two 

* Of Muth’s treatise on ElementartheiUr (Leipzig, 1899); or B6cher’s Introduction to Higher 
Algebra (New York, 1907) 

t Cf Weierstrass’ Collected Works, Vol i p 283 

t The following proof is due to Nenson, Mess of Math xxvz. (1896),. p 59. 
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rows and first two columns, and so on 
mmant, say 


Z> = 


a 32 


Then in any symmetrical deter- 
I , where a r8 = a Br 


#21 #22 


#2n 


it is known that 


#m ®n2 I 

a d 8 J /aDY-n yjp 

9a 31 8# 22 V0a 12 y 


and hence if vamshes the quantities D and ^ must have opposite 

signs , thus we have the result that m the series of quantities- 

A, A lf A 2 , , A„ (where' A n = 1), 


if any one member of the senes vanishes for a given value of X, the two 
adjacent members must have opposite signs for that value of X 

Let A r denote the determinant formed from A r by replacing X by unity 
and each of the quantities b r8 by zero, so that A r is the coefficient of the 
highest power of X in A r Smce 

^ii 2 1 9 d" + + Q'nnQn + 2i 2a *4“ + 2#n— 1 , n q n ~i <£n 

is a positive definite form, A r is positive for all values of r from 0 to n 
Thus the coefficients of the highest powers of X in the functions A, A lf A n 
are all of the same sign , and therefore as X increases from — oo to -f oo , 
these functions lose n changes of sign 

Now since A n is not zero and A r _ 1? A r+1 have opposite signs when A r 
vamshes, it follows that the functions A, A x , A a , ,, A n cannot lose or gam a 
change of sign except when X passes through a root of A But as X passes 
from — oo to ■+ oo , the functions lose n changes of sign , and hence the 
n roots of the determinant A are all real The transformation to normal 
coordinates is therefore always a real transformation * 

Moreover, since a change of sign is lost m the pair A, A lf every time that X 
passes through a root of A, it is evident that A x must change sign when X 
increases from one root of A to the consecutive root, and hence that the 
n roots of A are separated by the (n- 1) roots of A 3 similarly the roots of 
each of the functions A r are separated by the roots of the function A^ 
Now A* has no roots and if A ?l _ x has the same sign at X = 0 as at X =- , 

the root of the function A n _ 3 will not be negative If moreover A n _ 2 has 
the same sign at X = 0 as at X = — oo , neither of the roots of A n _ 2 will be 
negative for if this condition is satisfied, A^a must have either two 
negative roots or no negative roots, and there cannot be two negative 
roots smce there is no negative root of A n _ x to separate them Similarly m 

♦ Sylvester, Phxl Mag (4) iv (1852), p 138 Coll Papers , i p 378 
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general the condition that none of the functions m the senes A, A l9 A a , , A n 
shall have a negative root is that each of the functions must have the 
same sign at X = 0 as at X = — oo . Hence the condition to be satisfied 
m order that all the roots of A may be positive is that each quantity A> 

shall have at X = 0 the same sign as (— l) 7 *-* i e that each of the 

determinants 

^11 ^12 ^171 j j ^22 ^23 ^2 n > ^3$ ^84 ^Stl 3 b nn 

&21 ^22 &2n | ^32 ^33 •* &3 n 643 644 

b m * bnn b n 2 • b nn bfi$ b nn 

shall be positive But these are the well-known conditions that the quadratic 
form 

9i 2 + & 22 ? 2 2 + 4- b nn q n 2 4- 2 6 12 q 1 q 2 4- 4- %b n _ 1%n q n _ l q n 

shall be a positive definite form Hence finally the condition that the deter - 
mmantal equation || a r8 \ — b r8 (j = 0 shall have all its Toots positive is that 
the quadratic form 

b^qx 4- b^q 2 4- 4- bnnqn 4* ^b 12 qiq 2 4 . 4- 2 i, ntyi—i qn 

shall be a positive definite form , i e. that the potential energy m the vibratory 
motion shall be essentially positive 

79 Solution of the differential equations; the periods, stability 
In order to express the configuration of any vibrating system in terms of 
the time, we first determine the normal coordinates of the system, and 
express the kinetic and potential energies in terms of them, so that these 
take the form 

T “ ^ ( q * 4- ? 2 2 + • - 4- q n 2 ), 

V~ J (Xxjx 2 4- Xj q 2 4 4- X**^ 2 ), 

where (q u q 2 , . . . , # n ) are the normal coordinates, and (X^X,, . , X n ) are the 
roots of the determmantal equation || a r8 \ — b r8 \\ — 0, these quantities 
(Xi , X*, . X w ) have been shewn in the last article to be all real 
The Lagrangian equation of motion for any coordinate q r , namely 
d /dT\ _ ar ^ _ dV 
dt [dqj dq r dq r 9 

is therefore 

q r + Kq r — 0. 

The solution of this equation is 

1 q r *= A r cos(\/x, t + B r ) , if X r is positive, 

g r = A r t + B r , if X r is zero, 

q r = A r e ^ “ Xr 1 4- 5, e ~ ^ ” x ’ *, if X,. is negative, 

where m each case A r and B r denote constants of integration. 
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It appears from these equations that if all the normal coordinates and 
velocities except one, say q r , are initially zero, and if the constant A r corre- 
sponding to the non-zero coordinate is positive, then the coordinates 
(?i > , • , ?r~i , ?r+i > , 2n) W1 11 permanently zero, and the system will perform 
vibrations in which the coordinate q r is alone affected Moreover the configuration 
of the system will repeat itself after an interval of time 2 n/fXr This is usually 
expressed by saying that each of the normal coordinates corresponds to an 
independent mode of vibration of the system , provided the corresponding 
constant V is positive, and the period of this vibration is 2 tt/v^V 

Moreover, if the system be referred to any other set of coordinates which 
are not normal coordinates, these coordinates are linear functions of the 
normal coordinates , and the normal coordinates perform their vibrations 
quite independently of each other , thus every conceivable vibration of the 
system may be regarded as the superposition of n independent normal 
vibrations This is generally known as Daniel Bemoullis principle of the 
superposition of vibrations * 

If the quantities , X*) are not all positive, it appears from the 

above solution that those normal coordinates q r which correspond to the 
non-positive roots Xr will not oscillate about a zero value when the system is 
slightly disturbed from a state of rest m its equilibrium position, but will 
increase so as to invalidate the assumption made at the outset of the work, 
namely that the higher powers of the coordinates can be neglected In 
this case therefore, there will not be a vibration at all, and the equilibrium 
configuration is said to be unstable If however the initial disturbance is 
such that these normal coordinates which correspond to non-positive roots 
Xr are not affected, the system will perform vibrations m which the rest 
of the normal coordinates oscillate about zero values 

The normal modes of vibration, which correspond to those normal 
coordinates for which the corresponding root Xr is positive, are said to 
be stable If the constants Xr are all positive, the equilibrium-configuration 
as a whole is said to be stable The condition for stability of the eqtti- 
libnum-configuration is therefore, by the theorem of the last article, that 
the potential energy of the vibrating system shall be a positive definite farm. 

This result might have been expected from a consideration of the integral of energy ; 
for this integral is 

t+ r-A, 

where T and V are the quadratic forms which represent the kinetic and potential energies, 
and where A is a constant This constant A will be small if the initial divergence from the 
equilibrium state is small. But T is a positive definite form , and if V is also a positive 
definite form, we must have T and V each less than A, so T and V will remain small 
throughout the motion the motion will therefore never differ greatly from the equilibrium- 
configuration, 1.8. it will be stable 

* KUtoxre de VAcadimxe de Berlin , ann£e 1758, p. 147 
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80 Examples of vibrations about equilibrium 

We shall now discuss a number of illustrative cases of vibration about 
equilibrium 

(i) To find the vibration-penod of a cylinder of any cross-section which can roll on the 
outside of a perfectly rough fixed cylinder 

Let 8 be the arc described on the fixed cylinder by the point of contact, s being 
measured from the equilibrium position, let p and p' be the radii of curvature ot the 
cross-sections of the fixed and moving cylinders respectively at the points which are m 
contact in the equilibrium position , p and p' being sup^Hised positive when the cylinders 
are convex to each othei let M be the mass of the mov mg cylinder, Mk 1 its moment ot 
inertia about its centre of gravity, and c the distance of the centre of gravity from the 
initial position of the point of contact in the moving cyhndei 

If a denotes the initial angle between the common normal to the cylinders and the 
\ertioal, then a+slp is the angle betweeu the common normal at time t and the vertical, 
a+s/p+a/p' is the angle made with the vertical by the line joining the centre of cuivature 
of the moving cylinder with the original point of contact in the moving cylinder, and 
s/p+sjp* is theanglo made with the vertical by the line joining the last-named point to 
the centre of gravity of the moving eylmdei The angular velocity of the moving cylinder 
is therefore 



so its kinetic energy is 
The potential energy is 

V^Afgx height of the centre of gravity of the moving cylinder above some fixed position 
=Sfg j(p+p') oos (a+^) -p' 008 («+~+£)+ c cos (^+£)j. 

Neglecting s $ and constant terms, this gives 

r = {^7 - 008 “ " c (77)} * 2 

The Lagrangian equation of motion, 

d fd T\ 9 T dV 

gives + ^ s+Afg j^r cosa-c 

and the vibrations are therefore given by the equation 

8** A cos (X*4-«), 

where A and t are constants of integration to be determined by the initial conditions, and 
X is given by the equation 

xS ” F+? {th? 008 “ -c } 

The vibration-period is 2jr/X 

(u) To find the periods of the normal modes of vibration about an equilibrium-configura- 
tion of a particle moving on a fixed smooth surface under gravity 

The tangent-plane to the surface at the point occupied by the particle m the 
equilibnum-configuration is evidently horizontal take as axes of x and y the tangents to 
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the lines of curvature of the surface at this point, and as axis of z a line drawn vertically 
upwards so that the equation to the surface is appioximately 

2pi 2p a ’ 

where pi and p% denote the principal radii of curvature, measured positively upwards 
The kinetic energy and potential energy are approximately 

4 -y 2 ) (where m is the mass), 

and V= mgz 



It is evident from these expressions that x and y are the normal coordinates the 
equations of motion are 

0 and y+—y— 0, 

Pi Pz 

and the periods of the normal modes of vibration are therefore 

2 tt and 2w 

(m) To find the normal modes of vibration of a rigid body , one of whose points is fixed , 
and which is vibrating about a position of stable equilibrium under the action of any system 
of conservative forces 

Take as fixed axes of reference OXYZ the equilibrium positions of the principal axes of 
inertia of the body at the fixed point , the moving axes will be taken as usual to be these 
principal axes of inertia We shall suppose the position of the body at any instant 
defined by the symmetrical parameters (£, 77, *) of § 9 , we shall regard £, 17, ( as the 

independent coordinates of the system, % being defined in terms of them by the equation 

« a +* 2 +f 2 + X 2 =! 

The components of angular velocity of the body about the moving axes are 16 ) 

(“1=2 (x£+Cv-vC-$x)i 
j o 2 « 2 ( - +£ £ ~ »?x)> 

On account of the smallness of the vibration, we regard £ , 17, £ as small quantities of 
the first order , x therefore differs from unity by a small quantity of the second order, and 
so we have, correctly to the first order of small quantities, 

®i = 2f , — 2»7, o> 3 = 2£ , 

and the kinetic energy of the body, which is given by the equation 

27 r «=^ 4 a>i® + i 5 a) 2 ^+ Gca 3^, 

where A, B, € are the principal moments of inertia at the point of suspension, can be 
written 

T=2(AP+B n *+CC*) 

The potential energy is some function of the position of the body, and therefore of the 
parameters (£, 17, f) , let it be denoted by V (£, 7, £) 


t 
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Since zero values of (£, 17 , £) correspond to the equilibrium position, there will he 
no terms linear in (£, 17 , £) when V is expanded m ascending powers of (£, 17 , £) the lowest 
terms are therefore of the second order., neglecting terms of higher order, we can therefore 
wnte 

V 4- ^+2/^+ + 2A&, 

where a, 6 , c, /, < 7 , h are constants 

The problem of determining the normal coordinates is therefore the same as that 
of reducing the two quadratic expressions 

UP+Bf + CC* 

W+W+Cp+ZM+fytt+Zhtr,, 

to the form 

[ax# 2 * bi2/ 2 +CxZ 2 , 

where (x, y> z) are hnear functions of (£, Vi C) 

Now the equation, referred to the fixed axes, of the momenta! ellipsoid in its equi- 
librium position is 

AX 2 +BY 2 +CZ 2 = 1 , 

consider in connexion with this the quadric whose equation is 
aX 2 +bY 2 +cZ 2 +2f YZ+ 2gZX+ 2hXY= 1 , 

which we shall call the “ ellipsoid of equal potential energy 55 , and determine the common 
set of conjugate diameters of these quadrics Let (X', F', Z') be the coordinates, referred 
to these conjugate diameters, of a point whose coordinates referred to the fixed axes 
are ( X , F, Z\ and let the equations connecting (X', F', Z f ) and (X, F, Z) be 

iX^lxX* +m x Y' +n x Z\ 

{Y=l 2 X'+m 2 Y'+n 2 Z' f 

IZ-ZsX'+msY'+nsZ' 

By this transformation the equations of the quadrics are reduced to the form 

M x X / 2 +J?iF 2 +(7 1 X'2«l, 

KX' 2 + bxY' 2 +c 2 Z' 2 =* 1 , 

and therefore the transformation which gives the normal coordinates m the dynamical 
problem is 

r£=z 1 tf+«iiy+w 1 .z, 

IrjxalzX+mty+ibtZ, 

It follows that 111 a normal mode of vibration, say that in which x alone vanes, the 
quantities (£, 77, f) will be permanently m the ratio 

£ V t"*h h h 

But from the definitions of § 9 it is evident that £, rj, £ are, to the first order of small 
quantities, proportional to the direction-cosines of the line about which the rotation 
of the rigid body takes place, and consequently the normal mode of vibration of the 
ngid body consists of a small oscillation about a line whose equation is 

X Y Z=lx k hi 

1 e about the line 

F'=0, X' = 0, 

which is one of the common conjugate diameters of the two quadnes 
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Hence finally we have the result that the normal vibrations of the body are smaU 
oscillations about the common conjugate diameters of the momental ellipsoid and the ellipsoid 
of equal potential energy 

(iv) To find the normal coordinates and the periods of normal vibration in the system 
of three degrees of freedom for which 

r^c^+^+i 2 ), 

F= J { p 2 (x*+y 2 ) + 2 az (x 4-y) + 

where a is smaU m comparison with p and q , and to shew that if such a system be let 
go from rest mth y and z initially zero , the vibration in x will hive temporarily ceased 
after a time irp(q i -j p*)/a 2 , and that there will then be a vibration of the same amplitude m 
y as the original one wa * in x (Coll Exam ) 

The form of the kinetic and potential energies suggests the transformation 

37— y=2»7, 

The variable rj is therefore a normal coordinate to reduce the remaining terms in the 
kinetic and potential energies to sums of squares, we write 


which gives 


2 a 


and then we have 




'*-** * +i h 

The variables tj, fa { are therefore the normal coordinates 
Suppose that initially we have 

x=1e y y= 0, z=0, 

x=0, y-0, z= 0, 

and suppose that £ is so small that its product with other small quantities can be 
neglected Then to this degree of approximation we have initially 

<*>=$*, f- o 

The vibrations of the normal coordinates rj and <f> are therefore given by the equations 

£“ 


cos 


. c?(2q*-4 p*) 

CZJaLj&" 


i+ 


(gt.pSf J 


or 


The last equation can be written 

tflt a 2 £ 

<f> ^ \k cos pt cos -7-5 =: sm —7 -^ tt- 

ptf-p*) p{q i -p i ) 
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The motion can therefore be approximately represented initially by 

i? “ cos pt, (p—\kcmpt, 
or 

v— k cos pt, y = 0 

After an interval of time irp (q 2 — p 2 ) 'a 2 , the motion is approximately represented by 

rj cos pt, <£ = - \1c cos pt , 
or 

#*=0, y—— kempt, 

which establishes the result stated 

81 Effect of a new constraint on the periods of a vibrating system 

We shall now consider the effect produced on the periods of normal 
vibration of a dynamical system about a configuration of stable equilibrium 
when the number of degrees of freedom of the system is diminished by the 
introduction of an additional constraint 

Suppose that the original system is specified m terms of its normal 
coordinates (q x , q*, . . , q n ), so that the kinetic and potential energies have 
the form 

T = \ (qf + q* ”t“ + qn)y 

(W + Vtya* + 4- \?qn) , 

and let the additional constraint be expressed by the equation 

/(?i, 9«> , 9n) = 0 

Since q Xi q i} . , q n are small, we can expand the function / in ascending 
powers of q x , q it . , q n , and retain only the first terms of the expansion we 
can thus express the constraint by the equation 

A x q x + Afa + + A n q n — 0, 

where A u , A n are constants As the equilibrium-configuration is supposed 
to be compatible with the constraint, there will be no constant term By 
means of this equation we can eliminate q n * we thus have 

T ** $ 4- q% + - + 9 a n-i + (-^i9i + + -d-n -1 > 

V » i jvji* + • • 4- ^n-i 9 a n—i + (A i9i + + A n _j 9n-i) a | 

The Lagrangian equations of motion of the constrained system aie there- 
fore the (n- 1) equations 

q t + V?r + Ay | J 1 a (-diji + + 1 9 , 1-0 + ^5 ( A x q x + , 4- A ^ 9n-i)| ** 0 

(r = 1, 2, n-1), 

or q r + \ r *q r + pAr — 0 (r = 1,2, , n — 1) 
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where 

1 X. 2 

fi — -r-j (A^ + 4- -4»i— i2n-]) 4* ~a~~* (AiQi "b ^ n — 1 2»— i) 

-o-n 

Jn Xy t 2 fftt 

so the equations of motion of the constrained system can be written in the 
form of the n equations 

q r + V?r + pAr = 0 (r- 1,2, , n), 

where fju is undetermined 

Now consider a normal mode of vibration of the modified system, defined 
by equations 

q 1 = a t cos \t , 52-02 cos X£, , q n — cos \t, /jl * v cos X£. 


Substituting m the equations of motion, we have 

a r (X r 2 — X 2 ) 4- vA r = 0 (r-1, 2, , n) 

Substituting the values of o 1} o 2 , , a n given by these equations m the 

equation 

A 1 + A&z 4- + A n an = 0, 

we have 


X 1 2 -X 2 + X 2 2 -X 2 


+ 


+ 


Xn^-X 2 


= 0 


This equation in X 2 has (ft — 1 ) roots, which from the form of the equa- 
tion are evidently interspaced between the quantities X^, X 2 2 , , X n 2 the 

quantities 27 r/X corresponding to these roots are the periods of the normal 
modes of vibration of the constrained system, and it therefore follows that 
the ( n — 1) periods of normal vibration of the constrained system are spaced 
between the n periods of the original system 


82 The stationary character of normal vibrations 

We shall next consider the effect of adding constraints to a dynamical 
system to such an extent that only one degree of freedom is left to the 
system Let (q lf q 2y , q n ) be the normal coordinates of the original 
system , the constraints may, as in the last article, be represented by linear 
equations between these coordinates, and can therefore be expressed in the 
tom 

?i = piq, faq> *•> qn = f i nq> 

where . ., /* n are constants and q is a new variable which may be 

taken as defining the configuration of the constrained system at time t 

Let the kinetic and potential energies of the original system be 

T = i (5i 2 + qi 4- 4- ?n 2 )> 

V = £ (\*qi 4- Xu a 5 2 2 4- . 4- X n 2 2 n 2 ), 
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so 2? r/\ u , 27r/\ 7l are its periods of normal vibration the kinetic 

and potential energies of the constrained system are then 

T = \{fa? + fa£ + + A*n 2 )? 2 , 

V-\ (VW + + + X»> n 2 ) q* 

The period of a vibration of the constrained system is therefore 2 t r/X, 
where X is given by the equation 

^2 _ XiVi 2 + Xa 2 ^2 2 + + \*fan 2 

/^i 2 + /^ a + • • + /^n 2 

If the constraints are varied, this expression has a stationary value when 
(n — 1) of the quantities fa, fa, , fan are zero this stationary value is one 
of the quantities Xj 2 , X 2 2 , , X n 2 and thus we have the theorem that when 
constraints are pat on the system so as to reduce its number of degrees of 
freedom to unity, the period of the constrained system has a stationary value 
for those constraints which make the vibration to be a normal vibration of the 
unconstrained system 

83 Vibrations about steady motion 

A type of motion which presents many analogies with the equilibrium- 
configuration is that known as the steady motion of systems which possess 
ignorable coordinates this is defined to be a motion m which the non- 
ignorable coordinates of the system have constant values, while the velocities 
corresponding to the ignorable coordinates have also constant values 

One example of a steady motion is that of the top, discussed m § 72, as another 
example we may take the case of a particle which is free to move in a plane and is 
attracted by a fixed centre of force, the potential energy depending only on the distance 
from the centre of force, for such a particle, a circular orbit described with constant 
velocity is always a possible orbit, and this is a form of steady motion, since the radius 
vector is constant and the angular velocity 4 corresponding to the ignorable coordinate 0 
is also constant 

In many cases, if a system is initially m a state of motion differing only 
slightly from a given form of steady motion, the divergence from this form of 
motion will never subsequently become very marked , we shall now consider 
motions of this kind, which are called vibrations about steady motion 

The steady motion is said to be stable* if the vibratory motion tends to 
a certain limiting form, namely the steady motion, when the initial disturb- 
ance from steady motion tends to zero 

Let (pi>P 2 > , pi) be the ignorable and (q l9 q 2 , , q n ) be the non-ignorable 

coordinates of the system Corresponding to the ignorable coordinates, there 
will be k integrals 

<V = 1, 2, 

* This definition is due to Klein and Sommexfeld 
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where ft^ ft ,j8i are constants We shall suppose that these constants 
have the same value in the vibratory motion as m the undisturbed steady 
motion of which it is regarded as the disturbed form, this of course only 
amounts to coordinating each vibratory motion to some particular steady 
motion 

We suppose the system conservative, with constraints independent of the 
time , let its kinetic energy be 

n it n k k k 

T = \ 2 2 a t3 q l q 3 + 2 2 b lJ q % p, + ^ 2 2 c^p t pj, 

l=lj=l 1 = 1 J = 1 

where the coefficients a lJ} b lJ , c l} are functions of q 1} q 2 , , q n 

The integrals corresponding to the ignorable coordinates are 

2cy/>, + 2 b v q v o = 2 > » &) 

* % 


Let G v be the minor of c l3 m the determinant formed of the coefficients 
c v , divided by this determinant, then solving the last equations for the 
quantities p r , we have 

p r 5=5 2 C r8 (ft s 2 bis Qi) 


Substituting for p 2 , , jp* m the above expression for T } and utihsmg 

the properties of minors of determinants, we have 

i 2 (a v — 2 Cigbtibjs) q x qj + £ 2 G^ftifts 

l, J 1,8 1,8 


Now perform the process of ignoration of coordinates Let R be the 
modified kmetic potential, so 

R = T — V — 2 p r ftr 

r= 1 

= i 2 ( a tJ — 2 Gitfb^bjs) q v qj 4- 2 C r8 ft r bi8qi — i 2 G^ftifti — F 

*, J Z, s Z, r, « Z, s 

We can without loss of generality suppose that the values of q l9 q 2 , . , q n 
m the steady motion are all zero If then the coefficients m R are expanded 
m ascendmg powers of q u q 2 , , q n by Taylor's theorem, and all terms m the 

expression of R thus obtained which are above the second degree m the 
variables q u q 2 , ., q n , q 1} q 2 , , q n are neglected m comparison with the 

terms of the second degree, we obtain for R an expression consisting of terms 
linear and quadratic in q 1} q 2> , q n , q lt q*> , q n Now the terms which 

are linear m q 1} q 2j , q n and independent of q 1} q 2l , q n disappear auto- 
matically from the equations of motion 


d /afi\ _ a R 

dt \dq r ) dq r 


(? = 1, 2, . , n), 


and these terms can therefore be omitted Moreover, since the equations are 
satisfied by permanent zero values of q lf q 2) , q ny it is evident that no terms 
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linear m q x , g 2 > • > ?n and independent of q ly q 2t , q n can be present m R 
It follows that the problem of vibrations, about steady motion depends on the 
solution of Lagrangian equations of motion m which the kinetic potential is a 
homogeneous quadratic function of the velocities and coordinates , with constant 
coefficients 


The difference between vibrations about equilibrium and vibrations about 
steady motion consists m the possible presence in the latter case of terms of 
the type q r q 8 (i e products of a coordinate and a velocity) in the kinetic 
potential These are called gyroscopic terms The vibrations about steady 
motion of a system are in fact the same thmg as the vibrations about 
equilibrium of the reduced or non-natural (§ 38) system to which the problem 
is brought by ignoration of coordinates 

The equations of motion for the vibrating system are therefore 


d_ _ dR 
dt \dq r ) dq r 

where R can be written m the form 


= 0 


(r = 1, 2, 3 n\ 


■8 = 4 2 owgyg, + 4 2 & r8 q r q 8 +'2 t y ra .q r q 8 (r,s= 1,2, . , n), 

r, * r,* r, s 

and where cr„ = ct„, 

but whero y ra is not m general equal to y„ The equations of motion in the 
expanded form are 

«u ?i ~ fin 4 4 <7n ~ 7 m) ?2 -&ag 9 4 a u q z + (y a - y w ) q 3 - fi^q* 4 . . . = 0, 

* 4 (7m 7ai) $a?i 4* Gaaja ™ fii&q* 4 ?s 4 (7 m 7») ?3 ■" $ 2 B?$ 4 • ~ 0, 

etc. 

These are linear equations with constant coefficients, which are of the same 
general character as the corresponding equations m the case of vibrations about 
equilibrium , they differ only in the presence of the gyroscopic terms, which 
involve the coefficients (7*- — 7 rs) The presence of these terms makes it 
impossible to transform the system to normal coordinates*, but as we shall 
next see, the main characteristic of vibrations about equilibrium is retained, 
namely that any vibration can be regarded as a superposition of n purely 
periodic vibrations, which we shall call (as before) the normal modes of 
vibration of the system* 


84 The integration of the equations 

We shall now shew how the nature of the vibrations can be determined, 
by integration of the equations of motion 

* That is to say, impossible to transform the system to normal coordinates by a point-trans- 
formation it is possible to effect the transformation to normal coordinates by a contact-trans- 
formation, and this is aotually done in Chapter XVI 


13 — 2 
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It will be convenient first to transform them into a system of equations 
each of the first order Let R denote the modified kinetic potential of the 
system, -so that m the vibratory problem R is a homogeneous quadratic 
function of q l9 q 2 , ., q n , q l9 q if ?n Wnte 

dR / i o \ 

« q n+r (r«l, 2, 9 n\ 

so that q n+1 , q n +«, q^n are linear functions of q u q 2i . q n and vice versa, 
the equations of motion can be written 

Qn+r — (? — b 2, ,, 7l) 

Now if 8 denote an increment of a function of the variables q u q i9 , q n , 
q n + x, , q%n> due to small changes m these variables, we have 

n 

= 2 (^n-fr^r + 9n+r^2r) 



Qn+r qr ) + 


2 {qn+Mr- qMn+r) 

r*= 1 


Let the quantity 


S Jn+r?r-iJ, 


when expressed as a function of q l9 q 2) , , jw, be denoted by if, so that H is 
a known homogeneous quadratic function of the variables q l9 q 29 ,q 9n> the 
last equation can be written 

8H= 1 (q r Sqn+r~-qn+r$qr), 

r - 1 


and therefore* the equations of motion , which consisted originally of n equations 
each of the second order , can be replaced by a system of 2 n equations , each of 
the first order namely 

. _ dff d H , - 

3r dq n+r ’ ?n+r (r-1, 2, .. ,n), 

independent variables being q lt q 2i q^ 

We shall now shew that the function H, which has replaced R as the 
determining function of the equations, represents the sum of the kinetic and 
potential energies of the dynamical system considered. 

For R contains terms of degrees 2, 1, and 0 m the velocities, and 


S . dR 

* QrX- 
r=l oq r 


* This transformation is really a case of the Hamiltonian transformation given later in 
Chapter X 
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is equivalent to twice the terms of degree two together with the terms of 
degree one, by Euler’s theorem , it follows that H, being defined as 

* „ 7? 

^ -ft* 

r=l Oty 

will be equal to the terms of degree two m the velocities m R, together with 
the terms of zero degree in R with their signs changed on comparing the 
expressions for T and R given on page 194, it follows that 

IT-T+F, 

so H is the total energy of the dynamical system , expressed in terms of the 
variables q l} q 2 , . q m 

In the case of vibrations about an equilibrium-configuration, we have 
seen that the condition for stability is that the potential as well as the 
kinetic eneigy shall be a positive definite form, we shall now make a similar 
assumption for the case of vibrations about steady motion, namely that the 
total energy H is a positive definite form m the variables qi,q 2 , ? 2 n , on 
this assumption we shall shew that the steady motion is stable, and m fact 
that the equations of motion 

dq r _ d H 
dt ~ dq n + r ’ 

can be integrated m the following way* 

Consider the set of linear equations m the variables q l9 q 2 , , q in , 


% r-'f ■”> 




-sq r + 


dq r 

?a> • -i < ?«>) 


dcjn+r 


— 2/w-f-r 


- <r = 1,2, , n), 


if we denote the determinant of the system by f{s), and the minor of the 
element m the Xth row and /ith. column by 

/(«)*m <X /i = 1, 2, . , 2w), 

the expression of q lt q 3} . q m in terms of y u y„ , y 2 „ is given by the 
equations 

(/i = l,2,..,2 n), 

and the degree of f(s) in s is 2n, while the degree of f(s)^ is not greater 
than (2n — 1) 

In order to solve the equations of motion, considei expressions foi 
9i, ?», of the form 

' £tif) (t -tt ds (/i = l, 2, . 2 ti), 




cm 


# The method of integration which follows is due to Weierstrass, Berlin Monatsbenchte , 1879 
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where the integration is taken round a large circle C which encloses all the 
roots of the equation f(s) = 0 These values of q 2 , , q m will satisfy 

the equations of motion, provided the equations 




l (r= 1, 2, , n) 


J 

are satisfied If therefore p 1} p 2i p*n are polynomials m s so chosen that 
the expressions m brackets under the integral sign vanish when s is equal to 
one of the roots of the equation f(s) = 0, these equations will be satisfied, 
since the integrands will then have no singularities within the contour 0* 
It follows that p u p 2 , 3 p 2n must be a set of solutions of the equations 


„„ . dH( Pl ,p„ 

> Pzn) _ A 

SPn+T+ d Pr 

3 H(p u p 2 , 

- — \J 

, Pm) _ A 

Pr + dp n+T 

— V 


{t — 1, 2, 7l), 


when s is a root of the equation /($) = 0, this condition is satisfied by the 
expressions 

PtL{s) = djf + a 2 f (s) 2fJL + + ( s )m f n (^ = 1,2, , 2n), 

where a^, a 2 , , are arbitrary constants 

The equations of motion are therefore satisfied by the values 

= coefficient of 1/s m the Laurent expansion + m positive and nega- 
tive powers of s of the expression 

e s(t-~to) 


{oi/(s)i M -f (hf(s)^ + 4- 


(p= 1, 2, , 2n) 


*** f(s) 

Now on inspection of the determinant f(s) we see that minors of the 
types 

fi s )n+i*,n an d f( s )n,n+ti (p = 1, 2, } n) 

are of degree (2 n— 1) m $, and the other minors are of degree (2 n — 2) m s, 
so the coefficient of 1/s m the Laurent expansion oif(s) KtL /f(s) is zero unless 
\—n + /x or fi = n + \, in the former case it is — 1, and m the latter case it 
is 1 Hence on taking t = t Q , we see that the quantities 


Otq, CLqj 


Chn 


are respectively the values of 
Qn-+2> 

at the time t 0 


?2 n* — “* > ~~ J» 


* "Whittaker and Watson, A Course of Modem Analysis , § 5 2 
t Ibid § 5 6. 
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If therefore we write 

<j> (t)^ = coefficient of 1/s m the Laurent expansion of ~~~ 

/ V s ) 

and if ffi, are the values of g l3 q 2i , q m respectively corresponding 

to any definite value t 0 of t , we have 

^=2 {^n+a^ (0«,M "™ 2a<^> (^Wa,^} j 2?l) 

a=l 

In order to evaluate the quantities <£ it is necessary to discuss the 
nature of the roots of the determmantal equation /($) = 0, let ki + l , where 
k and l are real and i denotes V— L he any root of this equation, then 
the 2 n equations 

(fa + 1) ?„+. + 9g(gl, f * — dA = o ' 


dqa. 

_(fc+0g. + 8 ^> - — a2s>_o 


(a= 1, 2, 


can be satisfied by values of q 1} q i} , q^ which are not all zero Let a 
system of such values be 

£x 4 VTJi, 4- ^2, , ^271 + ^271? 

where £ 2 , , f 2 7 i> *7i, ?? 2 , , ^ are real quantities Then if we write 

3g(gl ’^- - - ?m) = g ( gx, S 2 , . ?»)», 

we have, on separating the last equations into their real and imaginary parts, 

H (fi, ffl; > ^27l)a + ^?7H-a ” ^Vn+a. =*= 0^ 

& % 2 ) 7 %m)n+*~~l£a + kya — (ac=l, 2, , n) 

S (rjj , 7)2, , 77sm)a 4“ /^7l+a 4" &fn+a = 0 I 

(vi> V2> > V%n)n+* I*)* ” 9 ) 

But since H is homogeneous and of degree two in its arguments, we have 
2JT(£, ft, , 6, ^ 60*, 

and using the first two of the preceding equations this gives 

n 

2H (6 , ft, 7 ^an) = h 2 (ft'tyn+a tyxfti+a) 


2H(tj u 7] 2 , 2 ((’.ifo*. -V*iin+°) 


(A) 


Similarly 

a=i / 

Moreover on multiplying the first of the preceding equations by 7? a and the 
second by » 7 »+«> adding, and summing for values of a from 1 to ra, we have 


and similarly 


2» 7t 

2 (6? ft> j ftn)A “ i 2 (^a^n+a *?aftn-a)> 

A »1 awl 

2 a » 

2 (l)l> Vi> ■ > Vm\ = — l 2 (^a^n+a - 77a fn+a) 

Awl a=l 
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Since the left-hand sides of these equations are equal, we must have 


n 

l 2 (tZaVn+a Va £n*fa) “ 0 

a=l 

But from equations (A) we see that, as H is a positive definite form, neither 

71 

k nor 2 (ZaVn+* — y*!;n+a.) can be zero, we must therefore have l zero, and 

a=l 

so the equation f(s) = 0 has each of its roots of the form ik, where k is a real 
quantity different from zero 

We shall next shew that in the case m which the equation f(s) 0 has 
a j -tuple root s', each of the functions f($)\^ is divisible by (s — sy~ l 

For let Ci, c 2 , . , e m be a set of definite real quantities, define quanti- 
ties q u q 2> , q m by the equations 


sqn+a 4* S (}i, 5f2? • > JiwO* 

— Sq a + S (qi, q%j , ?2n)n+a = c n-f-a , 

so that we have 


} 

I — °n-f-a J 


a _ !/<*w c 
CK 


(« -1,2, .(B), 


0* = 1, 2, . . , 2n) 


Let Sit be any root of the equation f ( s ) = 0, and let m be the smallest 
positive integer for which all the functions 

»/(*W 


(s — 


/(*> 


are finite for the value 8 x i of $ When s is taken sufficiently near we can 
expand q h in a senes of the form 

(y^ + K' l )(.s-s 1 i)~ m + (g» +h fL 'i)(s-8 1 i)- m+1 + . , 


where g^, h h , gi, hf . denote real constants, and we can suppose the 
quantities c lt c 2 , , c»„ so chosen that the quantities g h and are not zero. 
Substituting this value of m equations (B), and equating the coefficients 
of (s — s 1 i)~ m , we have 

B(g u g a, > 9»n)* — ®lA»W-a = 0 \ 


B (gi , <fo, 

B (hi, hi, 

H (hi, h it 


> ffm)n+a + &ih>a — 0 
» hm)* + = 0 


K«-l. 2,. 


> ^8n)«+a — g& — 0 


,n) (C), 


and on equating the coefficients of (s — s 1 ») _OT+1 , we have 


B(gi,gi, 

B (gi, gi , . 

H(hi,hi, 
B (hi, hi. 


, @271 )a Sih n~a + gn+a — | 


0 when m > 1 \ 
,c a when m = 1 


, . (0 when m >1 , 

,g^Ua + sX - 9 . -{ Cn+a when W = l^ a = 1 ’ 2 ’ 


> h%n )* 4* SiS^n+i 4 h n + % — 0 

j hsn )»+a $lffa h a — 0 


*) (D\ 
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Now by Euler’s theorem on homogeneous functions we have 

2» 

2-ff ( <7l, 02> > ffm) = S Oft, <?2 , . , #2»)a> 

or by (0), 


A=1 


and similarly 


(jffl* ^ 2 > , ^ 2 n) — $1 2 (g&hn+a — h a g n + a )> 

a=l 


n 

2J9 r (A 1 , A 2 , , Ag^j) = S x 2 (^ a A n+a — A a <7n+a), 

a = l 
n 

from which it is evident that 2 ($>„A n+a - Kg n+a ) is not zero 

o.=l 

Moreover, the first two of equations (C) give 

2n n 

S h\H(g 1} g 2i • •• , #2n)\ + $i 2 (Khn+a — Aftt^An^a) =s 0 ... .(E), 


A-l 


a= 1 


and the last two of equations (0) give 


2 n 


2 flTx'-ff (Aj, A*, , AjJa - $ x 2 (^agr'n+a “ = 0 (F) 

A*"l a=l 

But from the first two of equations (D), when m> 1, we have 

2n n n 

2 h\H (jji , g% , gm )a s x 2 (A tt A n+a ~ A a A n+a ) — 2 (gahn+* ~ A a ^7H-a) ,e = 0 

A=1 1 a=l a=l 

• .(G), 

and from the last two of equations (D) we have 

2» n n 

2 g^H(hi,h 2) , A 2n )x+5 1 2 (£*$/ n+a. ~ <7a gn+a) + 2 (^aAn-j-a — A tt ^r n+a ) “ 0 

A»1 a = l a=l 

... (H) 

Also since H is homogeneous of the second degree m its arguments, we 
have the identities , 

2 n 2 n 

2 Ax'jET (<fr, ^ s , , ^m)A = 2 tfA-ff (A x , Ab , , A m )x . (Kl) 

Awl A=1 r 

2n 2n 

and 2 g^H {K h, .. , h m \ = 2 A X £T ($r a ', g*, , g m \ (L) 

Awl Awl 

From equations (E), (H), (K) we have 

n ft » 

2 (jr«An+« A a^TV+a) = ^1 2 (A a AVj-a “ A a / A n+a ) ~^l 2 (^a^tt+a — 5 r afi r n+*)> 

a*l «=1 *=1 

and from equations (F), (G), (L) we have 

it % ft 

2 (g*h n +* — 1 Aa^n+«) 2 (A a A ^ A« A n + a ) + 2 ( g a g »+« 5kflW«) 

awl *”1 a=l 

Comparing these equations, we have 

rt 

2 (<7aA n .j.a hgn+*) ” 

ami 
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which is contrary to what has already been proved The assumption that 
m> 1, which was used in obtaining equation (G), must therefore be false, 
m must therefore be unity, and consequently when f(s) is divisible by (s — s^)*, 
each of the functions f(s is divisible by (s — ^if^ 1 

Now let s 1} s 2 > , s r be the moduli of the distmct roots of the equation /($)= 0, 

so that the functions f($)\n/f(s) are infinite only for s = ± s x i, ± s 2 i, , ± s r i , 
then denoting the coefficient of (s — Spi)” 1 m the Laurent expansion of 
f($)\df($) m powers of (s — s p i) by 




where (X, fi) p and (X, fi) p are real, and observing that the only poles of the 
function /(s)a m //(s) are the pomts s—± s p % } and that these are simple poles, 
we have 


fjfk 

/(*) 


A,t = 2 
0=1 


(X, fi)p 4 - 1 (X, fiX 


i~S a l 


(X, fi) p — i (X, /x)p 

+ F+F^ }’ 


and therefore <j> (t)^ is the coefficient of 1/s in the Laurent expansion of 


g# («-*0) 

m powers of s 


£ f ^l p jl 1 (^2 jfjf p/ + 

9=1 ( S - Spi 


(X, /u.) p - 1 (X, /*)/ 

S Spi 


} 


But the coefficient of 1/s m the Laurent expansion of e 8 {t ~ to) /(s — s p i) is 
% 9 and the coefficient of 1/s m the Laurent expansion of e 8(t ~ t( > ) /(s -f s p i) 
is e~ Sf> v-W* 3 we have therefore 


$ (t)xv = 22 {(X, fi) p cos Sp (t - tf 0 ) - (\ sm s p (t - 1 0 )}, 

p- 1 

and so finally 

n r 

3^ = 2 2 2 [ 3 *+* {(a, jt) p cos s p (t — t 0 ) - (a, /*)/ sm (t - £„)} 

a=l p=l v 

- ?* {(* + a > y) P cos Sp (£ - t 0 ) -(n + a, y)p sm s p (t - £ 0 )}] 0=1,2, ,2 n) 

TAts formula constitutes the general solution of the differential equations of 
motion Hence finally we see that wAen the total energy of a system vibrating 
about a state of steady motion is a positive definite form , the vibratory motion 
can be expressed m terms of circular functions of t, and the steady motion is 
stable , the periods of the normal vibrations are 2 7 r/s lf 2rrjs 2) - , where ± i$ l} 
±ts 2 , are the roots of the determmantal equation f (s) = 0, whose order m s 2 
is equal to the number of non-ignorable coordinates of the system 

The above investigation is valid whether the determmantal equation has 
repeated roots or not 

Between the coefficients (X, /i) P , (X, /*) p ', there exist the relations 
(X> h)p= - ith *)p» (X» m)p'=(/*> X)p', 

(X, X)p=0 


and so m particular 
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Those relations follow from equations which ( in virtue of their definitions) are true for 
/(*)> /(«) namely 

/« -«-•), 

Example If the number of degrees of freedom of the system, after ignoration of the 
ignorable coordinates, is even, shew that when the ignorable velocities are laige (e g if 
the ignorable coordinates are the angles through which certain fly-wheels have rotated, 
this would imply that the fly-wheels are rotating 'very rapidly), half the periods of 
vibration are very long and the other half are very short, the one set being proportional 
to the ignorable velocities and the othei set being inversely proportional to these 
velocities 

It was pointed out by Poincar6* that the discussion of stability by the 
method of small oscillations does not take account of some features which are 
likely to be present m actual problems Thusf, consider a particle moveable 
on the inner surface of a spherical bowl which rotates with constant angular 
velocity about its vertical diameter If the bowl be perfectly smooth, the 
equilibrium of the particle in the lowest position is certainly stable, the 
rotation of the bowl having no effect on it But if there be the slightest 
friction between the particle and the bowl, and if the angular velocity of the 
bowl exceeds a certain value, the particle will work its way outwards m 
a spiral path towards the position in which it rotates with the bowl like the 
bob of a conical pendulum 

85 Examples of vibrations about steady motion 

A number of illustrative cases of vibration about a state of steady motion 
will now be considered 

(i) A particle is describing the circle i = «, z—b, m the cylindrical field of force in 
which the potential energy is F= <£ (r, z\ where r 2 —x 2 +y 2 , it being given that dV/dz u 
zero when r**a, z^b To find the conditions for stability of the motion. 

If we write cos 0, y =r sm 0, 

we have for the kinetic and potential energies of the particle, whose mass will be denoted 
by m, 

T*=\m{r*+v*6>- M 2 ), 

F=4>(r, z) 

The integral corresponding to the ignorable coordinate 9 is mr 2 9=k, where l is a 
constant The modified kinetic potential after ignoration of 9 is therefore 

R=T- V-Jc9 

£2 


* Acta Math vn (1885), p 259 

f This illustration is due to Lamb, Proc Boy Soc lxxx (1908), p 168 
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For the steady motion we must have 


d_R 

dr 


=*>, 


dR 

dz 


= 0 , 


the latter condition is satisfied by hypothesis, and the former gives k 2 =ma^d<p/da We 
have therefore 

Writing r=a + p , z=b±C, 

and neglecting terms above the second degree m p and we have 

R=$mp 2 + JwC 2 ”ip 2 + -p£0a&“K 2< £w> 

As no terms linear m p or f occur, this is essentially the same as a problem of vibrations 
about equilibrium, and the condition for stability is (§ 79) that 

P 2 + " + 2 p£$a&+r 2 $&& 

shall be a positive definite form, i.e that 

<£to-<£ 2 a& and 0 66 

shall both be positive These are the required conditions for stability of the steady 
motion. 


Corollary If a particle of unit mass is describing a circular orbit of radius a in a 
plane about a centre of force at the centre of the circle, the potential energy being <f> (r) 
where r is the distance from the centre, the modified kinetic potential is 

ip 2 -ip 2 (<£««+ |<£o) , 

where r— a+p, so the condition for stability is 

and the period of a vibration about the circular motion is 



(u) To find the period of the vibration* oibout steady circular motion of a particle 
moving under gravity on a surface of revolution whose axis is vertical 

Let z—f (f) be the equation of the surface, where (z, r, 6) are cylindrical coordinates 
with the axis of the surface as axis of z If the particle is projected along the horizontal 
tangent to the surface at any point with a suitable velocity, it will describe a horizontal 
circle on the surface with constant velocity Let a be the radius of the circle , we shall 
take the mass of the particle to be unity, as this mvolves no loss of generality 
The kinetic potential is 

L = i (f 2 + rH 2 gz 
=ir*{l +f*(r)l+ii*8 2 -gf(r) 

The integral corresponding to the ignorable coordinate 6 is and the modified 

kinetic potential of the system after ignoration of Q is therefore 

{l +/*(r)} -gf(r)-l*IW 
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The problem is thus reduced to that of finding the vibrations about equilibrium of the 
system with one degree of freedom for which R is the kinetic potential The condition for 
equilibrium is 

(Ir) =0 > 01 &=9<*?f 

, \ OT 'r=a 

ana this gives 


{1 +/'* (r)> -gf(r) -ga?f (a)/2r 2 

Writing r= a + p, where p is small, and expanding in powers of p, we have 


R~W {1 +/'* (a)}~y P * {/" (a) +| /' (a)} 
The equation of motion 

d fdR\ dR 
dt\ty) ‘3p s= 

is therefore p {H-/* (a)} +#,{/" (a)|=0, 

and the condition for stability is 

/"(«)+!/'(«> o, 

the period of a vibration being 

2 «r ( l+f*(a) )* 

7g !/"(«)■ + */ (a)faf 


Example. If the surface is a paraboloid of revolution ’whose axis is vertical and 
vertex downwards, shew that the vibration-period is 

fP+cP\k 

*\ gi ) ’ 

where l is the aemi-latus rectum of the paraboloid. 


(ui) To determine the vibrations about steady motion of a top on a perfectly rough 
plans 


Let A denote the mom ent of inertia of the top about a line through its apex perpen- 
dicular to its axis of symmetry, and let $ denote the angle made by the axis with the 
vertical, ¥ the mass of the top, and h the distance of its centre of gravity from its apex 
then we have seen (§ 71) that after ignoring the Eulenan angles <£ and \jr, the angle 6 is 
determined by solving the dynamical system defined by the kinetic potential 


R*»%A0* 


(a-b cos Of 
2 i sm 2 Q 


— Mgh cos 6 } 


where a and b are constants depending on the initial circumstances of the motion 

Let a, n he the values of 8 and <j> respectively in the steady motion, so (§ 72) 
we have 

A 7i 2 cos a +• Mgh «* in, 

AnmPa^a- b cos a 


To discuss the vibratory motion of the top about this form of steady motion, we write 
$ma+,v where or is a small quantity, and expand R in ascending powers of neglecting 
powers of x above the second and eliminating a and b by use of the last two equations , 
we thus obtain for R the value 

Rmm^ Ax* - 1 Ax* {n 2 am 2 a + (n cob a - MghjAn)*). 
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The equation of motion for x is therefore 

x + {n 1 sm 2 a + (n cos a — Mgh/ An)*} 

As the coefficient of x is positive, the state of steady motion ts stable , and the period 
of a vibration is 

2 n {n 2 - ZMgh cos a/ A *+• M 2 g 2 h 2 jA 2 n 2 ) ■ 


(iv) The sleeping top 

If we consider that form of steady motion of the top in which a is zero, so that 
the axis of the top is permanently directed vertically upwards, the top rotating about this 
axis with a given angular velocity, the method of the preceding example must be modified, 
since now the form of steady motion in which a is a small constant is to be regarded as a 
vibration about the type of motion in which a is zero so that we may now expect to have 
two independent periods of normal vibration, the analogues of which in the previous 
example are the period of the steady motion and the period of vibration about it 

As in § 71, the kinetic and potential energies of the top are 

T= \ Aff 1 + 1 Atf sin 4 6 + J C{ ^ + <f> cos $)*, 


V—Mgk cos 6 

The integral corresponding to the ignorable coordinate f is 

cos 9 )y 

and hence after ignoration of yjr we obtain for the kinetic potential of the system the value 
R^\A | A<j> 2 sm 2 0 + b<p cos 0 - Mgh cos 0 

In the two last terms we can replace cos 9 by (cos 9 - 1), since the terms - bi> and Mgh 
thus added disappear from the equations of motion 

As <j> is not a small quantity throughout the motion, we take as coordinates in plaoe of 
6 and 4 > the quantities £ and ij, where 

£=sm0cos<£, rjsBQm 0 sm <£ 

From these equations, neglecting terms above the second degree in £, 17, £, 17, we have 

$ 4- <£ 2 sin 2 0 « £* +17 2 , 

<f>sin 2 0 -fr)-ri£, 
l —cos 0 (£ s +9 2 ) > 


and so we have 


R*=*\A% 2 + \ Arj 2 rjgj+^Mgh (£*+tj 3 ) 


The equations of motion are 


H 


d (ZR\ dR d (dR\ _dR 

dt \0ij/ "3*“ ’ 

(A£+bi)- Mgh£= 0 , 

IA17- b(— Mghq —0 


rtht 


* Ke iKt in these 


If 2ir/X is the period of a normal vibration, on substituting 173 

differential equations and eliminating J and K we obtain the equation 

I — XM - Mgh %b\ = 0, 

I — i5X -X *A-Mgh 

or (X 2 A+JfyA) 2 -&*X 2 - 0 

The two roots of this quadratic in X 2 give the values of X corresponding to the two 
normal vibrations we have therefore to determine the nature of these roots 
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The solution of the quadratic is 

* 2 =2l2 { i2 -2^%A±&(62-44%A)i}, 

so ±X= 27 i ^ ± (* 2 - 4 4-%A)i} 

The values of X are therefore real or not according as b 2 is greater or less than kAMgh 
In the former case the steady spinning motion round the vertical is stable m the latter 
case, unstable 

It must not be supposed, however, that in the unstable case the axis of the top 
necessarily departs very far from the vertical all that is meant by the term “unstable” 
is that when h 2 <±AMgh the disturbed motion does not, as the disturbance is indefinitely 
diminished, tend to a limiting form coincident with the undisturbed motion 

As a matter of fact, if b 2 - 4AMgh, though negative, is very small, it is possible for the 
axis of the top m its “unstable” motion to remain permanently close to the vertical but 
m this case the maximum divergence from the vertical cannot be made indefinitely small 
(for a given value of b) by making the initial disturbance indefinitely small* 

86* Vibrations of systems involving moving constraints 

If a dynamical system involves a constraint which varies with the time 
(e g if one of the particles of the system is moveable on a smooth wire or 
surface which is made to rotate uniformly about a given axis), the kinetic 
potential of the system is no longer necessarily composed of terms of degrees 
2 and 0 m the velocities , terms which are linear in the velocities may also 
occur The equations which determine the vibrations of such a system will 
therefore in general include gyroscopic terms, even when the vibration is 
about relative equilibrium the solution can be effected by the methods above 
developed for the problem of vibrations about steady motion The following 
example will illustrate this 

Example To find the periods of the normal vibrations of a heavy particle about its 
position of equilibrium at the lowest point of a surface which is rotating with constant 
angular velocity o> about a vertical axis through the point 

Let (r, ?/, z) be the coordinates of the particle, referred to axes which revolve with the 
» m face, the axes of x and y being the tangents to the lines of curvature at the lowest 
point, and the axis of * being vertical Let the equation of the surface be 

+ terms of higher order. 

%>i 2p a 

The kinetic and potential energies of the particle are 

T** tyn {(a? - you) 2 + (y + #a>) 2 4- « 2 }, 

V* =mgz. 

The kinetic potential of the vibration-problem is therefore 

( X 2 w® \ 

2p, + W' 

* A di ao ns sion of the stability of the sleeping top is given by Klein, Bull Amer Math Soe m 
(1897), pp 129—182, 292 
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The equations of motion are 

£ 

~dt 


or 


d fdL\ ZL /0i\ _3i =0 

% * 

a; — 2<o^+a — a) 2 ^=0, 
y+2<»a+y (" _ ® S ) ,=0 


If the penod of a normal vibration is 2 tt/X, we have (substitutang % — Ad**, y — Be in 

the differential equations, and eliminating A and B) 

- X 2 — g> 2 * + f^/pi — 2a>iX = 0» 

2&z\ — X 2 — to 2 +y/p2 

or (X 2 +» 2 -£/pi) (X 2 +© 2 -^/p 2 ) “ 4X 2 <a 2 =0 

The roots of t his quadratic in X 2 determine the periods of the normal vibrations 


Miscellaneous Examples 

1 A particle moves on a curve which rotates uniformly about a fixed axis, the 
potential energy V (s) of the particle depending only on its position as defined by the 
arc s Shew that the penod of a vibration about a position of relative rest on the 
curve is 



where r is the distance of the particle from the axis 

Determine the vibrations of a solid horizontal circular cylinder rolling inside a 
hollow honzontal circular cylinder whose axis is fixed, shewing that the length of the 
simple equivalent pendulum is (2> — a) (32f-hm)/(2Jf+?n ) , where b is the radius and M the 
mass, of the outer cyhnder, and a is tho radius ( and m the mass, of the inner cylinder 

(Coll Exam ) 

3 A thin hemispherical bowl of mass M and radius a is on a perfectly rough 
honzontal plane, and a particle of mass m is m contact with the inner surface of the bowl, 
supposed smooth Shew that when the system performs small oscillations^ the motion of 
the particle and the centre of gravity of the bowl being m one plane, the penods of the 
normal vibrations are 2 tt/Vx^ and 2? r/^X 2 , where Xi and X 2 are the roots of the equation 
Toakg - {g — a\) - § aX) M= 0 (Coll Exam ) 

4. A stnng of length 4a is loaded at equal intervals with three weights m, M and m 
respectively, and is suspended from two points A and B symmetrically Shew that if M 
perform small vertical vibrations, the length of the simple equivalent pendulum is 

a cos a cos 3 sin (a — £} cos (a-£) 
am a cos 2 a + sin £ cos 2 # * 

where a and ft are the inclinations of the parts of the stnng to the vertical 

(Coll Exam ) 

5 A uniform bar whose length is 2a is suspended by a short string whose length is l , 
prove that the time of vibration is greater than if the bar were swinging about one 
extremity m the ratio 1 -f 9Z/32a 1 nearly (Coll Exam) 
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6 An elliptic cylinder with plane ends at right angles to its axis rests upon two fi\ed 
smooth perpendicular planes which are each inclined at 45° to the horizon Shew that 
there are two stable configurations and one unstable, and that m the former case the 
length of the equivalent pendulum is 

ab (a 2 + 6 2 )/ 2\/2 (a - 6) 2 (a + 6), 

a and b being the lengths of the semi-axes (Coll Exam ) 

7 A rough circular cylinder of radius a and mass m is loaded so that its centre of 

gravity is at a distance h from the axis, and is placed on a board of equal mass which 
can move on a smooth horizontal plane If the system is disturbed slightly when in a 
position of stable equilibrium, shew that the length of the simple equivalent pendulum is 
k 2 lh+$(a-ti) 2 lh> where mk 2 is the moment of inertia of the cylinder about a horizontal 
axis through its centre of gravity (Coll Exam ) 

8 One end of a uniform rod of length b and mass m is freely jointed to a point in a 
smooth vertical wall , the other end is freely jointed to a point in the surface of a uniform 
sphere of mass M and radius a which rests against the wall Shew that the period of the 
vibrations about the position of equilibrium is Zir/fr where 

p 2 {am 0 sin 2 (a - 0) + ^ cos a sin (a — 0) + £ sm 0 cos 2 0} — (a sin a cos 2 a + 6 sin 0 cos 2 0), 

a and 0 being given by the equations 

a sm a+ b sin 0 - a=0, 

tan 0 — J/ tan <z=0 (Coll Exam ) 

9 A thin circular cyhndei of mass M and radius b rests on a perfectly rough 
horizontal plane, and inside it is placed a perfectly rough spheie of mass m and radius a 
If the system be disturbed m a plane perpendicular to the generators of the cylinder, find 
the equations of finite motion, and deduce two first integrals of them , and if the motion 
be small, shew that the length of the simple equivalent pendulum is 

14Jf(& - a)/(10J/"4- 7m) 

(Camb Math Tripos, Part I, 1899 ) 

10 A sphere of radius o is placed upon a horizontal perfectly rough wire in the 

form of an ellipse of axes 2a, 2 b Prove that the time of a vibration under gravity about 
the position of stable equilibrium is that of a simple pendulum of length l given by 
b 2 dl~(a 2 -b 2 ) (d 2 +P), where £ 2 =2c 2 /5 and d 2 =c 2 -b 2 (Coll Exam) 

11 A rhombus of four equal uniform rods of length a freely jointed together is laid 
on a smooth horizontal plane with one angle equal to 2a The opposite comers aie 
connected by similar elastic strings of natural lengths 2a cos a, 2asma Piove that if 
one string be slightly extended and the rhombus left free, the periods during which 
the strings are extended m the subsequent motion are in the ratio 

(cos a)% (sm a)^ (Coll E\am) 

12 A particle of mass m is attached by n equal elastic stiings of natural length a to 

the fixed angular points of a regular polygon of n sides, the radius of whose circumscnbmg 
cncle is c Shew that if the particle be slightly displaced from its equilibrium position m 
the plane of the polygon, it will execute harmonic vibrations m a straight line, the length 
of the simple equivalent pendulum being 2wgac/n\ (2c - a), and that foi vibrations 
perpendicular to the plane of the polygon, the corresponding length will be mgacjnX (c-a), 
X being the modulus of each string (Camb Math Tripos, Part I, 1900 ) 

14 
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13 The energy-equation of a particle is 

f{x)o?=* 2<p (x) + constant, 

and a is a value of x for which is zero If is the first derivative of <f>(x) 

which does not vanish for x=a, shew that the period of a vibration about the position a is 

4 r(l/2p) f r(2p) f(a)7r)i 

r (1/2 p+i) t 4 ptpW (a) J ’ 

where h is the value of (v — a) corresponding to the extreme displacement (Elliott ) 

14 A cone has its centre of gravity at a distance c from its axis, there being m other 
respects the usual kinetic symmetry at the vertex If the cone oscillates on a horizontal 
plane and the plane be perfectly rough, shew that the length of the simple equivalent 
pendulum is 

(cos a/ Me) ( A snri a-\-C cos 2 a), 
whereas if this plane be perfectly smooth, the length is 

(cos a/ Me) (sm 2 a/ A + cos 2 a/O) (( 'oil Exam ) 


15 A number of equal uniform rods each of length 2a are freely jointed at a common 
extremity and arranged at equal angular intervals like the ribs of an umbrella This cone 
of rods is put over a smooth fixed sphere of radius 6, each rod being in contact with the 
sphere, and rests in equilibrium Shew that, if the system be slightly disturl>ed so that 
the hinge performs vertical vibrations about the position of equilibrium, their period is 


where sec 3 a sin a = a/b 


2 ir 


f a_ l-f-3 s in 2 a\^ 

\3y 14-2 sm 2 a) 

(C&mb Math Tripos, Part I, 1896 ) 


i 

sin a a. 


16 A heavy rectangular board is symmetrically suspended in a horizontal position 
by four light elastic strings attached to the comers of the board and to a fixed point 
vertically above its centre Shew that the period of the vertical vibrations is 

. (q 4c*X\-i 

* 

where c is the equilibrium distance of the board below the fixed point, a is the length of 
a semi-diagonal, l « (a 2 4- c 2 ) 4, and X is the modulus (Coll Exam.) 


17 A heavy lamina hangs in equilibrium in a horiAmtal position suspended by three 
vertical inextensible strings of unequal lengths Shew that the normal vibrations are 

(1) a rotation about either of two vertical lines m a plane through the centroid, and 

(2) a horizontal swing parallel to this plane (Coll Exam ) 

18 A uniform rod of length 2a is freely hinged at one end, at the other end a string 
of length b is attached which is fastened at its further end to a point on the surface of a 
homogeneous sphere of radius c If the masses of the rod and sphere are equal, find the 
motion of the system when slightly disturbed from the vertical, and shew that the 
equation to determine the periods is 

8 abc^ - gpP (18 be 4- 5 2ca 4- 2Qab) 4- g 2 fi (80a 4-4564- 63c) - 4 5g s * 0 

(Coll Exam ) 

19 A uniform wire, in the shape of an ellipse of semi axes a, 6, rests upon a rough 
horizontal plane with its minor axis vertical and a particle of equal mass is suspended by 
a fine stung of length l attached to the highest point If vibrations in a vertical plane 
be performed, prove that their periods will be those of pendulums whose lengths are the 
value of x given by the equation 

{x (3 b - 2a 1 /b) 4- 5 6 2 4- &} {x - 1) 4- m « 0, 
where k is the radius of gyration about the centre of gravity 


(Coll Exam ) 
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20 A fine inextensible string lias its ends tied to two fixed pegs in a horizontal 
line whose distance apart is three-quarters of the length of the string The string 
also passes through two small smooth rings which are fixed to the ends of a uniform 
straight rod whose length is half that of the string The rod hangs in equilibrium 
m a horizontal position and receives a small disturbance in the vertical plane of the 
string Shew that initially its normal coordinates m terms of the time are L cos (pt+a) 
and M cosh (gtf-H/3), where p 1 and — q 2 aie the roots of the equation 

(Coll Exam) 

4 a 4 a 2 

21 A heavy uniform rod of length 2a, suspended from a fixed point by a string 
of length 6, is sightly disturbed from its vertical position Shew that the periods of the 
normal vibrations are 2 ir/pi and 2*r /p 2 , where p^ and p 2 2 are the roots of the equation 

abp 4 - (4a + 3b) gp 2 4- Zg 2 = 0 


22 A circular disc, mass if, is attached by a string from its centre C to a fixed 
point 0 A particle of mass m is fixed to the disc at a point P on the rim Find the 
equations of motion on a vertical plane m terms of the angles 6 and which OC and CP 
make with the vertical, and prove that if the system vibiates about the position of 
equilibrium the periods m these coordinates are given by the equation 

(AT+m) (p 2 a-q) {(M+Zm) cp 2 -Zmg}=2m 2 cap\ 
where a is the length of the string OC and c the radius of the disc (Coll Exam ) 

23 A hemispherical bowl of radius 2 b rests on a smooth table with the plane of its 
rim horizontal , within it and m equilibrium lies a perfectly rough sphere of radius 6, and 
mass one-quarter of that of the bowl A slight displacement m a vertical plane con- 
taining the centres of the sphere and the bowl is given prove that the periods of the 
consequent vibrations are %v/pi and 2 tt/p 2 , where p 2 and p 2 2 are the roots of the 

equation 1566V- 2606^+75^=0 (Coll. Exam ) 


24 A uniform circular disc of mass m and radius a, is held m equilibrium on a 
smooth horizontal plane by three equal elastic strings of modulus X, natural length l 0 and 
stretohed length l The strings are attached to the disc at the extremities of three radii 
equally inclined to one another and their othei ends are attached to points of the plane 
lying on the radii produced Shew that the periods of vibration of the disc are 


where /i—2»iK 0 /3X 


2ir{/i/(2l-l 0 )}^ and 2ir{/xa/4(a + l)(l-lo)}K 

(Camb Math Tripos, Part I, 1898 ) 


25 A partiole is describing a circle under the influence of a force to the centre 
varying as the nth power of the distance Shew that this state of motion is unstable if n 

be less than - 3 

T 

Shew that, if the force vary as the motion is stable or unstable according as 

the radius of the circle is less or greater than a (Coll Exam ) 


26 A particle moves in free space under the action of a centre of force which vanes 
os the inverse square of the distance and a field of constant force shew that a circle 
desenbed uniformly is a possible state of steady motion, but this will be stable only 
provided the circle as viewed from the centre of force appears to lie on a right circular 
cone whose semi-vertical angle is greater than arccos* (Coll Exam.) 

14—2 
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27 A. particle describes a circle uniformly under the influence of two centres of force 

which attract inversely as the square of the distance Piove that the motion is stable if 
3 cos 6 cos <£<1, where 8 and <f> are the angles which a radius of the circle subtends 
at the centres of force (Camb Math Tripos, Pait 1, 1880 ) 

28 A heavy particle is projected horizontally on the ulterior of a smooth cone with 

its axis vertical and apex downwards, the initial distance from the apex is c and the 
semi-vertical angle of the cone is cu Find the condition that a horizontal circle should be 
described, and shew that the time of' a vibration about this steady motion is that 
of a simple pendulum of length \c sec a Exam ) 

29 A circular disc has a thin rod pushed through its centre peipendicular to its 

plane, the length of the rod being equal to the radius of the disc , prove that the system 
cannot spin with the rod vertical unless the velocity of a point on the circumference 
of the disc is greater than the velocity acquired by a body after falling from rest 
vertically through ten times the radius of the disc (Coll Exam ) 

30 Prove that for a symmetrical top spinning upright with sufficient angular 
velocity for stability, the two types of motion, differing slightly from the steady motion 
m the upright position, which are determined by simple harmonic functions of the time, 
are the l imi ts of steady motions with the axis slightly inclined to the vertical, and that 
the period of the vibrations is the limiting value of that which corresponds to steady 
motion in an inclined position when the inclination is indefinitely diminished. 

(Coll* Exam*) 

31 One end of a uniform rod of length 2a whose radius of gyration about one 
end is k is compelled to describe a horizontal circle of radius c with uniform angular 
velocity w Prove that when the motion is steady the rod lies in the vertical plane 
through the centre of the circle and makes an angle a with the vertioal given by 

w 2 (k 2 + ac cosec a ) « ag sec a 

Shew that the periods of the normal vibrations are 2*r/Xi, 2*r/X s , where X*, X a are the 
roots of 

(i^X 2 sin a - o i 2 ac) (k 2 \ 2 sm a - v 2 ac - <* 2 k 2 sm 8 a) m 4a> 2 £*X s sm s a cos 2 a. 

(Camb Math Tnpos, Part 1, 1889 ) 

32 Investigate the motion of a conical pendulum when disturbed from its state of 

steady motion by a small vertical harmonic oscillation of the point of support Can the 
steady motion be rendered unstable by such a disturbance? (Coll. Exam.) 

33 The middle point of one side of a uniform rectangle is fixed and the line joining 
it to the middle point of the opposite side is constrained to describe a circular cone 
of semi angle a with uniform angular velocity The rectangle being otherwise free, 
find the positions of steady motion and prove that the time of a vibration about the 
position of stable steady motion is equal to the penod of revolution divided by sin a 

(Coll Exam ) 

34, A solid of revolution, symmetrical about a plane through its centre of gravity 
perpendicular to its axis, is suspended from a fixed point by a string of length b which is 
attached to one end of the axis of the solid, this axis being of length 2a* The mass 
of the solid is if, and its principal moments of inertia at its centre of gravity are 
(A, A, C) If the solid is slightly disturbed from the state of steady motion m which the 
string and axis are vertical, and the body is spinmng on its axis with angular velocity n f 
shew that the periods of the normal vibrations are 2ir/p x and Sw/pa, where pi* and j pf are 
the roots of the equation 


Mofigp 2 = {g-bp*) ( Mag + Cnp - Ap 2 ). 
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35 A symmetrical top spins with its axis vertical, the tip of the peg resting m 
a fixed socket A Second top, also spinning, is placed on the summit of the first, the tip 
of the peg resting m a small socket Shew that the arrangement is stable provided the 
equation 

(Mega? +CQ.X+A) {(M'd + Mh) gx* + C Q'x +(A' + Mh?)} = IPhV) 

has all its roots real, 12, 12' being the spins of the upper and lower tops respectively, 
M, M their masses, 0 , C' their moments of inertia about the axis of figure, A, A' about 
perpendiculars through the pegs, c, d the distances of the centroids from the pegs, and h 
the distance between the pegs (Camb Math Tnpos, Part I, 1898 ) 

36 A homogeneous body spins oh a smooth horizontal plane in stable steady motion, 
with angular velocity o> about the vertical through the point of contact and the centre of 
gravity The body is symmetrical about each of two perpendicular planes through the 
vertical The principal radii of curvature at the vertex on which it rests are pi , p 2} the 
moments of inertia about the puncipal axes through the centre of giavity (parallel to the 
lines of curvature) are respectively A and B, and that about the vertical is C The 
height of the centre of gravity about the vertex is a=a l + p i ^=a 2 -{-p 2 > and Xa> 2 is the 
weight of the body 

Shew that the following conditions must be satisfied 
(i) (Xcq+A — O) (?);>0, 

(n) X (a x A +<t 2 B)<AB +(A C\ 

(in) The value of X must not he between the two values 

(A+B- C)[JB {M +«a (A - C]} i ±sfA{a i B+a l (B-OffolfaA -a^Bf, 
if the two radioals in the expression are both leal 


(Camb Math Tripos, Part I, 1897 ) 
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NOST-HOLONOMie SYSTEMS DISSIPATIVE SYSTEMS 

87 Lagrange 7 s equations with undetermined multipliers 

We now proceed to the consideration of non-holonomic dynamical systems 
In these systems, as was seen in § 25, the number of independent coordinates 
(gj, q 2i , q n ) required m order to specify the configuration of the system at 
any time is gi eater than the numbei of degiees of freedom of the system, 
owing to the fact that the system is subject to constraints which will be 
supposed to do no woik, and which aie expiessed by a number of non- 
mtegrable* kmematical relations of the form 

Aiidq x + A^dq^ + A n idq n + Tkdt = 0 (L — lj 2 ,. , m\ 
where A IU A 12 , , A nm) 2\, T 2 , ., T m aie given functions of q l9 

q»> i qn> t 

The most familial example of such a sVbtem is that of a body which is constiamed to 
roll without sliding on a given fixed suiface the condition that no sliding takes place is 
expressed by two lelations of the type given above A still simpler example is that of a 
veitical wheel with a sharp edge which lolls on a horizontal sheet of paper, as m the 
mtegraph of Abdank-Abakanovvicz and the integiator of Pascal the wheel niov os only m 
its own instantaneous plane, the friction at the sharp edge prev entmg it from slipping 
bidewajs If (i* y ) arc the rectangul&i coordinates of its point of contact with the 
paper, and (j> the azimuth of its plane, v\e have in this case themon-holonomic equation 
of condition 

dy- tan <£ dx— 0 

The numbei of kmematical relations being m, the sjstem will have 
( n — m) degiees of freedom, it is not possible to apply Lagrange’s equations 
directly to such a sjstem, but an extension of the Lagrangian equations will 
now be gnen which will enable us to discuss the motion of non-holonomic 
sj stems in a way analogous to that previously developed for holoimmic 
systems 

Considei then a non-holonomic system, whose configuration at any 
instant is completely specified by ?? cooidmates q u q 2i , q, Xi let the 
kinetic eneigy be T, and let the kmematical conditions due to the non- 
holononnc constiaints be expiessed by the lelations 

A^dqi + Aokdq 2 4 - -b A n kdq n + Lidt — 0 (^==*1, 2 , ♦, m) 

* If these lelations v\eie mtegrable, it would be possible to expies* some of the coordinates 
{<iu <li9 9 (?„) m terms of the otheis, and the n coordinates would tlierefoie not be independent 
which is contraiy to our assumption 
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Now it is open to us either simply to regard the system as subject to 
these kinematical conditions, or in place of these to regard the system as 
acted on by certain additional external forces, namely the forces which have 
to be exerted by the constraints in order to compel the system to fulfil the 
kinematical conditions, we shall for the present take the latter point of 
view Let 

Qi&qi + Qt&qz + -4- Qn'bqn 


be the work done on the system by these additional forces in an arbitrary 
displacement ( Bq l9 Bq 2 , , 8 q n ) (which is now not restricted to satisfy the 
kinematical conditions), and let 


Qltyi d" Qs8?a+ + Qntyn 

be the work done on the system by the original external forces in this dis- 
placement Since the substitution of additional forces for the kinematical 
relations has made the system holonomic, we can apply the Lagrangian 
equations, we have therefore 


dfdT\dT 
dt \dqj 3 q r 


= Qr + Qr 


(r = 1, 2, ,n) 


as the equations of motion of the system 

The forces Q 2 ', ., Qn are unknown but they are such that, m any 

displacement consistent with the instantaneous constraints, they do no work 
It follows that the quantity 


Qi'dqi 4* Q 2 dq 2 4 ••• + Q?i dq n 

IS zero for all values of the ratios dq, dq , dq n which satisfy the 

equations 

Aikdq x + A&dq 2 4- 4- Ankdq n — 0 , 


hence we must have 

Q r ' ==\ l A n + \t An+ 4-X w Arm (7=1,2, , Tl), 

where the quantities X,, X,, , X* are independent of r We thus have 

altogether the (n + m) equations 


?L — Q^ + Xi^lri + X 2 d rt + + \ OT A n „ (r— 1, 2, , n), 

dt \dqj oq r 

A*q, + A*q*+ + A^q n + 2 *“ 0 ( i=sl * 2 ’ ’ 


and these cue sufficient to 
q u q*> 9 hu •> 

of this set i»i equations* 


determine the (n + m) unknown quantities 
The problem is thus reduced to the solution 


* The extension of Lagrange’s equations to non holonomic systems is a« .to Ferrer, Qua,t 
r „ VT , ,ia 7 i\ x) 1 0 Neumann, Leipzig Berichte, xl ( 1888), p U ma vier^u 

ZlltmLi m . ... ( w « i.p « «« ' 


216 


Non-holonomic Systems. Dissipative Systems [oh vin 


88 Equations of motion referred to axes moving m any manner 

The method given m the preceding article depends essentially on the 
reduction of the non-holonomic system to a holonomic system by introducing 
the forces due to the non-holonomic constraints In practice, this is often 
most conveniently done by forming sepaiately the equations of motion of 
each of the bodies of the system It is moreover frequently advantageous 
to use axes of reference which are not fixed either m space or m the body, 
and we shall now find the equations of motion of a rigid body referred to 
axes which have their origin at the centre of gravity of the body, and are 
turning about it in any manner* 

Let G be the centre of gravity of the body, and let Gxyz be the moving 
axes Let (u, v, w) be the components of velocity of the centre of gravity 
resolved parallel to these axes, and let (0 X , 0 8 ) be the components of 

angular velocity of the system of axes Gxyz resolved along the axes them- 
selves, further let (<o u co 2j g> 3 ) be the components of angular velocity of the 
body, resolved along the same axes Then (§ 64) the motion of G is the same 
as that of a particle of mass M, equal to that of the body, acted on by forces 
equal to the external forces which act on the body (including all forces of 
constraint, except the molecular reactions between the constituent particles 
of the body) , let (X, Y Z) be the components parallel to the axes Gxyz of 
these external forces 


The component of velocity of G parallel to Gx is u , and consequently 
(§ 17) the component of its acceleration m this direction is n - vd z + w0 2 , we 
have therefore the equation 

M (u — v0 s +■ w6 2 ) — X, 


which can be written 


d (d T\ A dT dT 


where T denotes the kinetic energy of the body, expressed m terms of 
(w, v , w , coi, &) 2 , co 3 ), and similar equations can be obtained for the motion 
of G parallel to the axes Gy and Gz 

Consider next the motion of the body relative to (?, which (§ 64) is 
independent of the motion of G, from §§62, 63, we see that the angular 
momentum of the body about the axis Gx is dT/d(o l> so that the rate of 
increase of angular momentum about an axis fixed m space and in- 
stantaneously coinciding with Gx is 


A 

dt 



^0a>a a 9a> 3 


* In the applications of this method, the axes are usually chosen subject to the condition 
that the moments and products of inertia of the body "with respect to them do not vary ; but this 
condition is not 1 essential 
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If L, M, jV denote the moments of the external forces about the axes 
Gooyz, we have therefore (§ 40) 

d fdT\ * 92V „ dT 
dt \dmj 8 

and two similar equations. 

Hence finally the motion of the body is determined by the six equations 

idfdT\ a dT^ a dT_„ d(dT\_ fl dT » dT = L 

dt\,9tj ^ 3 dv + ^dw ' dt\d(oJ 3 9 w s 2 3<»a 


+ 6>£r = L, 




d(d_T\_ 


m\w)- e ‘% +e ‘%- T - 

l dt \dw) ‘ Su + 1 dv 


dT , n dT 


d /a T\ , dT,* BT =m 

dt \3«v 1 3ft) s 3 da>i 

d /9T\ „ a = w 

dt{faj~*d<o 1 + 1 d t o 2 


It will be observed that these are really Lagrangian equations of motion 
in terms of quasi-coordmates, and could have been derived by use of the 
theorem of § 30 

Example If the origin of the moving axes is not fixed in the body, let («i, «a> **> 
be the components of velocity of the origin of coordinates, resolved parallel to e 
instantaneous position of the axes, let \6\, 0j, ^s) he the components o angu ve 
of the system of axes, resolved along themselves, let (v u v lt v 3 ) be the components o 
velooity of that point of the body which is instantaneously situated at * he ^lgm o 
coordinates , and let (»„ «*, «. 3 ) he the components of angular velocity of 
referred to the moving axes. Shew that the equations of motion can be written in 


the form 


dT „ dT_ x 
3 df i +ei M~ ’ 


d/dT \_. 5 
dt\dvj 3 i 

dfdT\ , dT 6 < fT-T 

■ I©-*©'©* 

\dt\d<*J ^dvi 06,2 , . 

where (X, Y , Z, L, M, N) are the components and moments of the external orces w 
reference to the moving axes 

89 . Application to special non-holonomic problems 
We shall now consider some examples illustrative of the t eory o no 
holonomic systems 

Example 1 Sphere rolling on a fixed sphere rf ^ „ md 
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Let {b, 0 , <f>) be the polar coordinates of the point of contact, referred to the centre of 
the fixed sphere, the polar axis being vertical We take moving axes GABC, where G is 
the centre of the moving sphere, QC is the prolongation of the line joining the centres of 
the spheres, GA is horizontal and perpendicular to GC, and GB is perpendicular to GA 
and GG, in the direction of 6 increasing 

With these axes we have, m the notation of the last article, 

0! = - 0, d2=-<#>&in0, 03 = 4)008 0, 

u= - (<r+ b) (f> sm 0, v=(a+b)B, v>—0, 

T— jw 2 + v 2 + w 2 4 * ~ (a>i 2 4* o> 2 2 + o>3 2 ) j , 

and if F, F' denote the components of the force at the point of contact parallel to GA 
and GB respectively, we have 

X=F, Y=mgzm6+F\ 

L^F'a, Jf = - Fa, W=0 

The equations of motion of the last article become therefore 

m (u — vO$) = F — — fy(X7Yl (o>2 — 0J + &3C0i)j 

m ( v +w0 3 ) -mgamB=F f = £ am (a> x — 6$ o> 2 4- 02®s)> 

d>3 — 02 W 1 ’4*01 6 )2 ==: O 

Moreover, the components parallel to the axes GA, GB of the velocity of the point of 
contact are it— a« 2 and tf+ao>j, and consequently the kmematical equations which express 
the condition of no sliding at the point of contact are 

it -06)2=0, i?+a6)!*=0 

Eliminating F, F', «o x , « 2 , we have 

# f u-v0 z -%a3 1 6> 3 =0, 

< v4- u6$ - £ o0 2 - f g sm 0=0, 

[ 0)3 = ° 

The last equation gives co 3 = n, wheie n is a constant , while substituting for u, v, 6\, 0 2 , 0 { , 
in the first two equations their values m terms of 0, 0, 4>, we have 

{ (a + i) ^ (<t> sm 0) + (a 4* b) 4<f> cos 0 - £ an$ = 0, 

(a 4- b) 0 - (a + 6) 4> 2 cos 0 sm 0 + \ an $ sm 0 - fyg sm 0 = 0 
The former of these equations can be integrated at once after multiplying throughout 
by sm 0, and gives 

(a + b) <p sin 2 6 + £ an cos 0 =k, 

where k is a constant Moreover, multiplying the second equation throughout by 0 and 
the first equation by <f> sm 0, and adding, we obtain an equation which can be at once 
integrated, giving 

cos 0=A, 

7 a 4" 0 

where A is a constant , this is really the equation of energy of the system 
Eliminating 4> between these two integral equations, we have 

(a 4- A) 2 sm 2 0 d 2 s= — (k — £cmcos 0) 2 — tyg (a+b) sin 2 0 cos04 * h (a4*A) 2| MB 2 0 , 
and on writing cos 0 « sc, this equation becomes 
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The cubic polynomial in* on the right-hand side of this equation is positive when 
«- +00 , negative when * =1, positive for some real values of 6 i e for some values of* 
between -1 and 1, and negative when *— 1, it has therefore one root greater than 
unity, and two roots between 1 and - 1 , we shall denote these roo y 

cosh 7, cos ft cos a, 

where cos j3 >-cos a , and we then have 

/l? _I_V (t 4-0 = f {(a?— cosh 7) (a?- cos ff) (x- cos a)} " ^ dx, 

\7 a+6/ ] 

where € is a constant of integration. 

Writing 




14 a+b o. ^ 14 a + b , jgg? 

1 + z+$(coshy+cosP+cosa)=y — z + ■ 


'5 jr" " ' 30y (a+fc) 

the equation becomes 

= j {4 (a— ei) (z - *2) ( z - e 3)} “ ^ 

or (*+«)# 

where the function f is formed with the roots 

I 5<7 f . 7A(g + S) a +^«M 
* l= H(a+6) r Sh 7 30p(«+») i ’ 

5 <7 f a 7A(a + &) a +*a i ” ir l 

' **“U(S+5) V*^ S0g{a+b) S’ 

5g ( 7A(a + 6) a +^o^\ 

( e3= i4^r5)i 00Sa _ -ac»c5+75) r 

these quantities 4, e s , « 3 are all real, and satisfy the relations t 

«1 4*C2-H«3 =s ^> 0 i>*< 2>^3 

» d',‘ ; “*»«”“» ™ glM rv , „ th. 

of time and therefore we have finally 


COS0‘ 


1 U+L,,, . . 7* {a +b?+ \<trt 
-<>(< + »)+ Swa-t-M 


,2 


■"6 0 r v ’ ’ 30 g(a + b) 

This equation gives the variable 6 in terms of the time the other coordinate (p of t 
centre of the moving sphere is then obtained by integrating t e equ.a ion 

k-%<Z'HCQQ& 

(a+b) sm 2 6 ’ 

this integration can he effected by a procedure similar to that ^ttWrLriitune 1116 
Euler.au angles which define the posit.on of a top spinning on a perfectly rough plane 

Example 2 A rough sphere rolls in contact with ^de of a 
under gravity , if z a , « 3 he the greatest and least heights of its ce , g 
and * te the height at a time t from an instant when 2 was equal to 4, prove 

(*, - z) [P (<) - «a]=*(*a— *s) (*1 - e 2), 

where e x , *, e 3 *) »» real quantities m descending order of } 
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Example 3 Sphere tolling on a moving sphere 

Consider now the motion of a rough sphere of radius a and mass m which rolls under 
gravity on another sphere, of radius b and mass M \ the latter sphere being free to turn 
about its centre 0 , which is fixed 

Let (0, (f>) be the polar coordinates of the point of contact referred to axes fixed m space 
with the fixed centre as origin, the axis from which 3 is measured being vertical 

To obtain the equations of motion of the sphere m, we take (as m the laht example) 
moving axes GABC of which GC is the prolongation of the line 0G joining the centres of 
the spheres, and GA is horizontal Let (fl l9 6%, 0 3 ) denote the components of angular 
velocity of the coordinate-system resolved along its own axes, and let (a>i, a> 2 , a> 3 ) denote the 
components of angular velocity of the sphere m along the same axes Then, as m the last 
example, we have 

— 0, $ 2 =* — </>sm0, 0 3 «®d>cos0 

w*= - (a + 6) <f> sm 0, v«(a+6)0, w=0, 

T=*^m jw 2 4- v 2 4 - ufi 4- (®i 2 4- q> 2 2 +o) 8 2 )| , 

and if F, F' be the components of the force acting on the sphere m at the point of contact 
parallel to GA and GB respectively, we have 

Z=*F, Y=mgsm3+F\ 

L=F'a, - Fa, 2^=0, 

so the equations of motion become 

{ m (u — v$$ )= a F = — %ctm (a>2 — cos "b ^ 3 “i) (l)j 

m (v 4- w0 3 ) - mg sin 3 «*F'= •• (2), 

<fa 3 — 0 2 ®i4-01 <»2 = 0, f . , (3) 

To determine the motion of the sphere M, we take moving axes parallel to the axes 
GABC but with their origin at 0 , let (Q 1? & 2 , o 3 ) denote the components of angular 
velocity of the sphere resolved along these axes Then for the sphere M we have 

T~\M 

and its equations of motion are 

f — — 0 i£2s4-0 3 & 1 )=sjF t * W> 

J — ^3 £224*^2 fis) = i' T/ « *(5), 

[ £^3 — 0 2 Qi 4“ 3\ &2 =0 • m ( 6) 

The conditions of no sliding at the point of contact are 

'W-aw 2 =»£>Q 2 ? v+aa) 1 =-60i (7) 

In order to solve this set of equations we multiply equations (3) and (6) by a and b 
respectively, and add , thus, using (7), we have 

uw 3 4- bd 3 4" 4" v3 % t== 0, 

or aw 3 4-66 3 i=0. 


Integrating, we have 




where n is a constant 
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Moreover, from equations (4) and (7) we have 

Eliminating i^and « 2 +^s«i between this and equations (1), we have 

'iU+m. 


2Jf 




d _ „ , - 2Man6 A 

Similarly from equations (5) and (7), we have 

f Jf ( — t? — ao>i — w^s H- a^ 3 cog + Wa °s) ^ 

Eliminating F' and «i -<*»«•* between this and equations (2), we have 

. .. HM+m)gem6 _ an __2 M_ 

6-4? sm * cos 6 - “ S+5’ 5 m +7Jf 


■(A) 


■(B) 


Now the equations (A) and (B), from which 0 and <#> are to be determined in terms of t, 
are of essentially the same character as the equations found for the determination of 6 
and 4> m the previous example the former equations being in feet derivable from the 
present ones by making M very large compared with m. The integration therefore 
proceeds exactly as in the former case. 

Example 4 A uniform sphere rolls on a perfectly rough horizontal plane, under 
forces whose resultant passes through its centre Shew that the motion of its centre 
is the same as that of a particle acted on by the same forces reduced m the ratio 5 7. 

Example 5 Form the equations of motion of a perfectly rough sphere rolling under 
gravity made a fixed right circular cybnder, the axis of which is inclined to the vertical at 
an angle a, and show that, if the sphere be such that **=$«*, a bang its radius and k 
the radius of gyration about any diameter, and if it be placed at rest with the axial plane 
through its centre making an angle 0 with the vertical axial plane, the velocity of 
the centre parallel to the axis, when this angle is 6, is 

£ (sin 1 6 arctosh (cos Jd see J 0) + cos \ 6 arccos (sm J 6 cosec J 0)}, 

where b+a is the radius of the cylinder (Camb Math Tripos, Part 1, 1898 1 

For other examples cf. Woronetz, Math* Ann, lxx. (1911), p 410 

90 Vibrations of non-holonomic systems* 

We shall next consider the small vibratory motions of a non-holonomic 
system it will appear that so for as vibrations about equilibrium are con- 
cerned, the difference between holonomic and non-holonomic systems is 
unimportant. 

For consider the vibrations about equilibrium of a non-holonomic system 
with n independent coordinates and (n - m) degrees of freedom, in wbic 
the constraints are independent of the time. Let T be the kinetic and 7 the 
potential energy, so that for the vibrational problem T will be supposed to be 
a homogeneous quadratic function of (q u q-,, ?»). and V to be a homogeneous 
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quadratic function of (q u q t , , q n )> the coefficients m both cases being 
constants There are m equations of the type 

A*q 1 +A sk q t + . +A nk q n = 0 (*=1,2,. , m), 

■which express the non-holonomic constraints j and the equations of motion 
are (§ 87) 

— g£ + *»-*« + >**«+ - + x - 4 « (r=1 ' 2 ’ *’ n) 

From these equations it is evident that Xg, » are m general small 
quantities of the order of the coordinates , and therefore for the vibrational 
problem only the constant parts of A llf , Anm need be considered The 

vibrational motion is therefore the same as if the coefficients A n , -dw > > A nm 

were constants independent of the coordinates , but in this case the equations 

A&Q + A&q 2 + ... 4 --4n*g n = 0 (fc = l, 2, 

can be integrated , m fact, they give 

Ajtqi + A&qi+ . + A^qn * 0 (k = 1,2, ,m), 

the constants of integration being zero since the values 

q l = 0, q 2 — 0, • j q<n s ^ 

represent a possible position of the system 

It follows that the vibratory motion of the given non-holonpmic system is 
the same as that of the holonomic system for which the equations of con- 
straint are expressible m the integrated form 

- 4 . 1 * 51 + • • + -dnJfc?ti == 0 (Jfc = 1, 2, . , , 

we can therefore determine the vibrations by usmg these equations to elimi- 
nate m of the coordinates (q u 5 ,, >,q n ) from T and V , we shall then have 

a holonomic system with (n — m) degrees of freedom, the kinetic and potential 
energies being expressed m terms of (71 — 771 ) coordinates and the corre- 
sponding velocities the vibrations of this system can be determined by the 
usual method described in the preceding chapter 

As an example, we shall consider the following problem* 

A heavy homogeneous hemisphere is resting in equilibrium on a perfectly rough horizontal 
plane with its spherical surface downwards A second heavy homogeneous hemisphere is 
resting in the same way on a perfectly rough plane face of the first, the point of contact 
being in the centre of the face The equilibrium being slightly disturbed , it is required 
to find the vibrations of the system 

Take as axes of reference 

(1) A rectangular set of axes Z % xys fixed m the upper hemisphere, the origin being 
its centre of gravity Z 2 

* Due to Madame Rerkhoven-Wythoff, Nteuw Archufvoor Wukunde, Deel iv (1899) 
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(2) A rectangular set of axes ZifrC, fixed m the lower hemisphere, the origin being 
its centre of gravity Z x 

(3) A rectangular set of axes Rlmn fixed in space, the origin R liemg the equi- 
librium position of tho point of contact of the lower hemisphere and the plane 

We further define these axes by supposing that in the equilibrium position the axes 
Zl z and Rn are vertical and therefore coincident, while the axes fax, AS, ™ 

are’ parallel, the axes Zi y, Z x r\, and Rm being therefore also parallel 

Suppose that at time t the coordinates of a point referred to these different sets 
of axes arc connected by the equations 

f = a + aiX + a z 2/ + a 33, 

T) — (H + + 02^ “^^3^5 

C — +7^ 

l sea a + Ct\£ + Cl2TJ + &3C, 

m= b + bi£ + b^r] +^ 3 ^ 
n -» c + 4- c$r) 4-Csft 

The 24 coefficients m these transformation formulae completely specify the P°sition of 
the system at any instant As however the system has only six deg«*s oU 
must be 18 equations connecting these coefficients or their differential e, 

the ordinary conditions of the types 

+ a 2 2 4- a 3 2 = 1 > a x 3i 4- a 8 fts + a 3 03 * ( 
a 1 2 4-O2 2 4*0f 3 2 - 1, ai6i4-<x 2 & 2 + «3^3 ,- ' 0 > 

which express the orthogonal character of the axes , the lemaimng 6 are the conditions of 
contact and rolling, which we shall now find 

T«t fl R. be the radii of the lower and upper hemispheres respectively Mid J, h, h 
, a + 11 the centres of gravity from their plane faces, so £1 — S R\, h & 2 

Of the upper hemisphere with the lower are 

Xt =-R iyu ys=-^yi> 

the conditions that this point’ shall be at rest relative to the lower hemisphere are 

a4~ a i A '2"^ a 2y2"h 
$ + 01^2 4- 02^2 + 03*2 ** 
y+7i Xi + yiyu+y***^® 

« , 7 • whif'h is the differentiated form of the 
The last of these equations gives y 4* *273=0, which is tne am 

e * uatl0n l^-y-y^-R*, 

» wh.ok th. o< Co.** of th. .w. !»«.»,*«« who. 

the first two of the equations give 

a- a 1 A a y 1 -a 2 A i yi + “s (*S “ = °> 

0-Pi Ri y, -fa fa y» + A (** - • BtV*' - °> 

„4 the* «» «**» «' ”>“»* o' «“ -W » «“ ta ” 

equations give as a first approximation 

a=a, (/Jj-fj), 0 = fa{fa~h\ 



224 


Non-Jiolonomic Systems. Dissipative Systems [oh 


and therefore on integration 

a= a 3 (/?2 — $ == Aj (-^2 “ ^2) 

S imilar ly the condition of contact of the lower hemisphere and the horizontal plane is 

C + C^i — -Rlj 

and the conditions of rolling are 

a = a 3 (R\ - li), 6 ■= 63 (i2i — £1) 

We have thus now obtained the 18 equations connecting the 24 coefficients taking 
a Q y. a 2 , 63, Cl as the 6 independent coordinates of the system, and solving for 
the other 18 coefficients in terms of these, we find with the necessary approximation 


«i = 1 — ( a 2 2 + 7l 2 )> 

„a 3 “ -yi 

ns 

^1= — a 2 , 

[^2 = 1 ^i( a 2 2 + ^ 3 2 ) 

r y = jR 2 + ^1 “ h {1 ” i (yi 2 + A 2 )}? 

\y^ 

U=i-i(yi 2 +A 2 ) 


a ®Ci(^i — ^1), 
aj^sl — i(a 2 a +Ci 2 ), 

_a 3 = — Ci 

b — b$ (f^— Zi), 

&1 = “«2j 

L 6 2 =sl--k(a 2 2 +& 3 2 ) 

' c =i2l“ ^1 {* i ( C l 2 + ^ 3 2 )}) 

C2= ~ & 3 > 

L c 3 =l--i(c l 2 +hs 2 ) 


The potential energy of the system is 

7 — J/igrc + J/2# (c + ci a -f c 2 0 + C37), 
or, retaining only small quantities of the second order, 

Vlg-bJ (A 

— £ Jfo iJoCi vi + ^aYi 2 


If now we express the coordinates l, m, n of any particle of the upper or lower 
hemisphere in terns of its coordinates relative to the axes Z 2 xyz and Z&C respectively, 
and form the sum for each hemisphere, neglecting terms above the second 

order of small quantities, and remembering that the principal moments of inertia of 
a hemisphere of mass 3 f and radius R at its centre of gravity are %MR*, Ms ** 1 > 
fi^MR' 1 , we find for the kinetic energy of the system the value T, where 

2r= l «a 2 (Jfi -fti 2 + Mi if 2 2 ) + 1 a 2f> 2 Mi R- 2 3 + \ a<?M 2 Ri' 

+ V fli 2 M x + Mi R? 4- f Ri Ri + Ri 2 )} + 26 s 3 3 . M t (|{J ft a + f # 1 ) + ii 0s 2 M i R** 

+ Cl* {igi?l 2 dfl + if 2 iURJ‘ + iRi lt 3 + jR i i )} + *h 7 »*i* + + 

The equations of motion evidently separate into three distinct sets, consisting of 
(1) Equations for the coordinates and a s these coordinates give rise to no terms 
m V, and do not correspond to vibrations in the stricter sense in fact, the equilibrium 
is not disturbed if either of the hemispheres is turned through any angle about its axis of 
revolution We can therefore neglect these equations 

(u) Equations lirvolving the coordinates b$ and A 

(in) Equations for the coordinates c x and y x , these are exactly the same as the 
equations for b z and A, so we need considering the latter 
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The equations for 63 and /3a are, m extenso , 

+g(%RiMi- b 3 -§gM t R*p 3 =0, 

lgbs+%9fo’*° 

The corresponding determinants! equation for X, where 2 *r/\/X is a period, is 

(fjei+M^a)X+isr iW-tS 1 

This is a quadratio equation in X it is easily found that its roots are positive if 

9i?i M\ > 40i?2 ^2 > 

and this is the condition for stability of the equilibrium 

The vibrations of non-holonomic systems about a state of steady motion 
are most conveniently discussed by use of the equations of motion given 
m § 88 The method will be illustrated by the following example 

Example A solid of revolution has an equatorial plane of symmetry, and w rolling 
mth angular velocity n round its axis m steady motion on a perfectly rough Rental 
plane, the equatorial plane of the solid being vertical This motion being slightly disturbed, 
to find the period of a vibration 

Let 0 be the centre of gravity of the solid, and let «7, A) , be its moments of inertia 
about the axis and about a line through Q peipendicular to the axis Take ^ niovmg 
axes of reference Qxyz, where Gz is the axis of the solid, Gy is perpendicular to the plane 
through Gz and the point of contact (so Gy is horizontal), and Gx is normal to the plane 
Gyz Let F, F', R be the components of the force acting on the solid at the point 
of contact, F being in the plane Qxz, F' being parallel to Gy, and R being normal to the 
i t_x fA n ft \ and ('cdi wo 6)0 denote as usual the components of angular 
velocity of theses and of the body respectively, and let (u, v, w) be the components of 
the velocity of <7, parallel to the moving axes Further, let p be the radius ofem-vature 
of the mendian of the solid at the equator, a the radius of its equatorial circle, <9 the 
angle made by Gz with the vertical, and <p the angle between Gy and its undisturbed 

direction Then we have 

^=0)1* — <f>Sin 0, 0 2 =6)2 = ^, oo& 0, 


and the kinetic energy is 

* + V 2 -M 0 2 ) + £ A (®i a + ® a 2 ) + 4 

The equations of § 18 therefore give, if P is the point of contact, PIT the Pf^icular 
from this point on the axis, and GN the perpendicular from G on the horizontal plane, 

/M(u-v 6 3 +wd s ) =Pcoh 8-(R- Mg) sin 6, 

I M(y— —F r , 

I Mlw-udi+vSy) -={R-Mg) cosd+Psin 6, 

Aa>i — Aa 3 6 3 + Oa 3 B 3 = ~ F GK, 
dag— C«8d 1 + A<o\6s^ —F GN—R KP, 

\C m =F' PK 

In these equations, GK and NP are measured positively parallel to the positive direction 
of the axis of * and the horizontal projection of thiB direction respectively 


W D 
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The conditions of no sliding at P are 

jucos#4-wsin # — OF a>2=0, 

Id 4 -PK 0)3 — OK o>i =0, 
and the condition of contact of the body and plane is 

w cos# — u sm costf + PiTsm 6) 

These equations determine the motion in the general case, when the disturbance from 
steady motion is not supposed to be small. When this latter assumption is made, 
we have 


it 

= o+X> 


®3=w4-w, d= —an+r), 


where x> V are small , and F, F\ u, w, a l9 o) 2 , #i, d 2 , d 3 are small, while R is nearly 
equal to Mg Moreover we have FP= (p - a) x The equations therefore become 

f M ( u 4 - anB 9 ) = - R + Mg, 

Ml) =F\ 

M(w-ctn6{)=F, 

Cn$2 «0, 

=-Fa-Mg{p-a)x> 

Car —F'a, 

w - a o)2 =0, 

tf+aar =»0, 

where a> a =d 2 =x, 03=0 

Eliminating F, F\ R, and replacing 0 19 0 2 , d 3 , co lf o>2 by their values, the equations 
become 

A<f> — Cn\ =0, 

^x+(tf+^ a )^+%(p~ a ) X+^w-0, 

. Cur - Man , 

■■ -aur 


I d ? 
>7 


From the third and fifth of these equations we see that or and rj are zero, and therefore 
or and rj are constants The other three equations give, on eliminating w, 

c A(f)-Cnx=0, 

\(Ma*+A)x+(C+Ma*)7i4>+Mg(p~a)x=Q, 
and therefore the equation for the determination of x 18 

A (A 4- Ma?) x + {Mg A (p - a) 4- 0n % (C+Ma 2 )} x *= 0 , 
this equation shews that the period of a vibration is 

f A(A+M*) 1* 

Ar \MgA (p-a)+ Cn? (G+Ma^j 


91. Dissipative systems ; frictional > forces. 

We now proceed to the consideration of systems for which the principle of 
conservation of dynamical energy is not valid, the energy of the system being 
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continually changed into some other form (e g heat) which is not recognised 
m dynamics We shall first consider frictional systems 

If two rigid bodies which are not perfectly smooth are m contact, the 
reaction between them at the point of contact may be resolved into a com- 
ponent along the common normal to their surfaces at the point, which is 
called the normal pressure, and a component in the common tangent-plane, 
which is called the frictional force The frictional force is determined by 
the following law*, which has been established experimentally The bodies 
will not slide on each other , provided the frictional force required for the 
prevention of sliding does not exceed y times the normal pressure , where y 
is a constant called the u limiting coefficient of friction” which depends only 
on the material of which the surfaces m contact are composed If on the 
other hand the frictional force required to prevent sliding is greater than y 
times the normal pre$sure f there will be sliding at the point of contact , and 
the frictional force called into play will be y times the normal pressure 


Pamlev<$ has pointed out that the four hypotheses— (1) that the above laws of friction 
hold, (2) that there exist rigid bodies, (3) that the normal pressure between bodies cannot 
be negative, (4) that all accelerations and tensions are finite— taken together lead in some 
cases to contradictions of the fundamental laws of dynamics For a discussion on this 
subject, of Comptes Rendus, cxl. (1905), ,pp 635, 702, 847 ibid oxll (1905), pp. 310,401, 
546 , ZeiUchnft filrMu P LVIII (1909), p 186 

The following examples illustrate the motion of systems involving 


frictional forces. 

Example 1 Motion of a particle on a rough fixed plane aurve 

Consider the motion of a particle which is constrained to move m a rough fired tube 
of small bore, in the form of a plane curve, under forces which depend solely on its 
tube Let f(s) and g{s) denote the components of force per unit mass 

SS ", pSl “dSL S *. tog«* «a *> u» * - “» 
EX 1 5X2. » ~™« . *»* « * *• — 

and u the coefficient of friction 

cimos the components of acceleration of the particle along the tangent and normal are 
and v*lp, where « is the velocity of the particle and p the radius of curvature of the 

tube, we have ® s , . „ 


Eliminating R, we have 

£ + *«»- 2/(*)+2^(a) 
d» p 

Integrating, we have 

vS=ce -^+2e- 2 ^ I e™ {/(>)+ &(*)}<** 

.to *-;*/„ «d • » * «— . to-tog » «» — 1 ofthemMioD 

. n. tooto >1»* *. too. .. Ptoto*. « «- — 1 1— — * 

0 Amontons, Pori. Mim., ann<5e 1699, p 206 
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The right-hand side of this equation is a known function of *, say (*) Then 

we ha\e 

/d»\ 2 




so the relation between * and t is 


(ST 

t-t o= f'{F(*)} 


-ids 


This equation represents the solution of the problem 

Example 2 A circular hoop of mass M stands on rough ground , , and a particle of 
mass m is attacked to the end of the horizontal diameter To find whether the hoop will roll 
or slide 

Let us investigate the rolling motion, assumed possible, and so determine whether the 
friction required to produce this motion is, or is not, greater than the maximum friction 
actually available, l e /x times the corresponding normal pressure. Let 6 be the angle 
turned through by the hoop from the commencement of the motion, and let x and y be 
the coordinates of the centre of gravity of the system, referred to horizontal and vertical 
(downward) axes through its own initial position, so that 


x=a6- 


ma n 


where a is the radius ot the hoop 

The kinetic and potential energies are 

r r= if a 2 6 2 + mart 2 (1-smd), 

1 7= - mga sin 6 

The Lagrangian equation of motion is therefore 

j t [2a 2 0 {M+ w (1 - sin <9)}]+ma^ s <Me,6=mga oos 6 

For the initial motion, this equation gives 

2 aO (Af+m)=mg, 


m 2 g 


so initially we have 

But if F be the frictional force and R the normal pressure, we have 
F= (M+m) x, R~(M+m){~y+g), 

so initially we have 

F x 

Jtt -y+g QIP+AMm+m 2 

The hoop will theiefore roll or slide according as the coefficient ot friction is not less, 01 
less than 

m (M+m) 

2if 2 +4 Mm+m* 

Example 3 A particle moves under gravity on a Tough cycloid whose plane is 
•vertical and whose base is horizontal if <$> be the inclination of the tangent at any point 
to the horizontal, so that the equation of the cycloid can be written 

* *=;4asm<£, 

and if tan c be the coefficient of friction, shew that the motion is given by the equation 

«* tin ' am »■ +•>■ -«* (x/1 air.) * 


where c is a constant 
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92 Resisting forces depending on the velocity 

A different type of dissipative system is illustrated by the motion of 
a projectile m the air, as the resistance of the air depends on the velocity of 
the projectile No general rule can be formulated for the solution of prob- 
lems involving forces of this kind a case of practical interest, however, 
namely the motion of a projectile under the influence of gravity and of a 
resistance varying as some power of the projectile’s velocity, can be integrated 
m the following manner. 

For low velocities (below 100ft /sec) the resistance of the air to a projectile is nearly 
proportional to the square of the velocity For high velocities (say 2000 ft /sec ) the 
resistance is approximately a linear function of the velocity 

At time t let v be the velocity of the projectile, kv n the resistance per 
unit mass, 0 the inclination of the path to the horizontal, and p the radius of 
curvature of the path The components of acceleration of the projectile 
along the tangent and normal to its path are vdv/ds and v*/p , and hence the 
equations of motion are 

tvdv/ds = - g sin 6 - ho n , 

t » a /l° = ff coa 0 

Dividing the first equation by the second, we obtain 

1 dv _ tan 0 _ k 
u n ~ 1 d6 v n g cos 6 ’ 


— (— ) + — - 37 ; (w log sec 6) = — -- sec d 
d9\v n ) v n dd K 8 9 


or 


Integrating, we have 

(]>») sec" 6 + Constant = - (nk/g) J sec n+1 Odd 

This equation gives in terms of 6 To obtain t, the equation * = pg cos 0 
gives 


gt = -j v sec 6d9 } 


j 

and as * is a known function of d, this equation gives t as a function of 0 . 
Se ^ctogule. ~o.ta.tea («, y) of the partial. can now be tod to the 

equations 

# = J v cos 6dt } y= I vsin 6dt 

The solution of the problem is thus reduoed to quadratu.ee 

Beeietiog E ^ 

* Opera, i p 502 
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D’Alembert* shewed that if gu denotes the ratio of the resistance to the mass of the 
projectile, the integration can be effected in the four cases 

^ = av* +# + &>”*, 
u « a (log v) n + B log v +• 6, 

where <*, 5, n are arbitrary constants and R is another constant depending on them 

Siacci + obtained many more mtegrable cases, of which the following may be mentioned 

log j vehicle f l+h d * +l)e +C, 

where a , 6, c, C are arbitrary constants this equation defines v in terms of u 9 the 
number of terms involved being finite when c is rational 

Poisson pointed out m 1806$ that the theory of singular solutions of differential 
equations has applications in Dynamics, notably in the case of a particle under a resisting 
force If a particle is moving m a straight lme under a resisting force varying as the 
square root of the velocity, the equation of motion is 

di'ldt= -av** 

The initial velocity being c 2 , the motion is represented by the general integral 

v~(c—\at) 2 

so long as t<2c/a, aftei which it is represented by the singular solution p=0 

Example 1 A heavy particle falls vertically from rest at the origin in a medium 
whose resistance vanes directly as the velocity Shew that the distance traversed 
in time t is 


fM pi v 2 


where pv is the resistance per unit mass 

Example 2 A heavy particle falls vertically from rest at the ongin in a medium 
whose resistance varies as the square of the velocity shew that the distance traversed in 
time t is 

- log cosh (Jgp, t) y 

where gv 2 denotes the resistance per unit mass. 


93 Rayleigh’s dissipation-function. 

When a system is subject to external resisting forces which are directly 
proportional to the velocities of their points of application, it is possible to 
express the equations of motion of the system in general coordinates in terms 
of the kinetic and potential energies and of a single new function 

For let the energy lost to the system by the action ot the resisting force 
which is applied to a particle to of the system, whose coordinates are (x, y, z), 
m an arbitrary displacement {Bx, By, Bz) be 

k x xBx + kyyBy + k z zBz, 

* Traits de VGquilxhi e et du mouvment desflu\des > Pans, 1744 
t Comptes Rendus , cxxxii (1901), p 1175 
$ Journal de V&cale Polyt. vi (Cahier 13), p 60* 



92 , 93 ] Non-holonomic Systems. Dissipative Systems 231 

where h, k y , h are functions of *, y, z only The equations of motion of the 
typical particle m will therefore he 

! mx = — h x x + X, 
my = — k y y + Y, 
mz = — k z z 4- Z, 

where X, Y, Z are the components of the total force (exneraal and molecular) 
on the particle, except the force of resistance 

Now let a function F be defined by the equations 

(Jc x a f + k y tf 4 - hi 1 ), 

where the summation is extended over all the particles of the system so 
that F , which is called the dissipation-function, represents half the rate at 
which energy is being lost to the system by the action of the resisting forces 
and let fof*. . 1) * coordinates specifying the configuration of the 

system. 

Multiplying the equetions of motion of the particle m by 3 *IHr, Wt', 
3,/3 s „ respectively, end summing for .11 the petiole, of the system, we have 

5 K*3f, +! '!- + ‘ D — s ( fc '& + ** M © 

As in § 26, we have 

_ / dx dy 9^ \ ^ (^-\ — — 

tm ( x dt r + y d£r + dqJ'dtKdqJ dq r ’ 

where T is the kinetic energy , and 

, * n Xn 4 - 0 ^ 4 - 4- On.Sc/n denotes the work done by the external 

fomls (excluding the resistances) in an arbitrary infinitesimal displacement, 

while we have 

- s (fc. | r + Kv |;+ M |) = - s (*•* 37, + *> y sit + M © 

&f 

It follows that the equations of motion of the system m terms of the co- 
ordinates ( ?1 , ?„ , 2,0 can 6e »» the form 

im- d ^ + d i=Qr 


(r-1, 2, ..>»). 
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Example If the resisting forces depend on the relative (as opposed to the absolute) 
velocity of their points of application, so that the forces acting on two particles (x u y u z x ) 
and (#2> y 2 , *2) have the components 

— k x (#1 — #2) > — K ($1 ~~ ““ (^1 ~ ^2) 

and 

respectively, shew that the equations m general coordmates can be formed with the 
expression * 

\ 2 {k x fa - +k y (p 1 - y 2 ) a 4 K Oi “ «s) 2 } 

as a dissipation-function 


94 Vibrations of dissipative systems 

If a dynamical system is specified by its kinetic energy function, potential 
energy function, and dissipation function, methods similar to those of 
Chapter VII can be applied in order to determine the nature of the small 
vibrations of the system about an equilibrium-configuration 

For simplicity we shall consider a system with two degrees of freedom 
As in § 76, we find that for the vibrational problem the kinetic energy and 
dissipation function can be taken as homogeneous quadratic functions of the 
velocities, and the potential energy as a homogeneous quadratic function of 
the coordinates, the coefficients m these functions being constants Taking 
as coordinates those variables which would be normal coordmates if there 
were no dissipation function, we can write these three functions m the form 

T *= i (ji fl 4- qf)> 

■ F = 4 (aq x * 4 2 hq 1 q i 4 6g a fl ), 
k V =* $ O^iqi 4 X*g a a ), 

where \ and X* will be supposed positive, so that the equilibrium would be 
stable if there were no dissipative forces 


* The equations of motion are 

d /8T\ dT dF dV^ 
dt \d q r ) dq r dq r 3 ?r 

or q x 4 aq x 4 hq 2 4 = 0, 


(r-1, 2), 


Ja 4 hq x 4 tja 4 Xag 2 — 0 

If w r e attempt to find a particular solution of these equations m the form 

on substitutmg these values m the differential equations we have 

A (p a 4 ap 4 X*) 4 Bhp ~ 0, 


Ahp 4 B 4 bp 4 Xg) = 0, 

from which it follows that p must be a root of the equation 
(p* 4 <xp 4 Xi) (p 3 4 4 Xg) - h*p* m 0. 
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u 


f^ = (X 1 -X 2 )e"4 at cos^t ^ j2i = (Xi-^)< 
\q i ^-h^/\e-i at am'/\ 1 t “ \q i = h'J\e-l at cos >J\t, 
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We shall suppose the dissipative forces to be comparatively small, so that 
squares of the quantities a, h , b can be neglected 3 on this supposition, the 
roots of the last equation are readily found to be 

Corresponding to the root we have, from the second of the equations 
connecting A and B, 

B _ %h VXq 
A Xj ~ Xj 

A particular solution of the differential equations is therefore given by 
=* (\ - \) e~ iat (cos y/\t 4* t sm 
g 2 = h “ iat (i cos \f\t - sm VM), 

and a second particular solution is obtained by changing i to-t m these 
expressions It follows that two independent real particular solutions of the 
differential equations are 

2l = (\ x - X*) e " sm 

srnVM an<1 \q t = h»/\e-i at cos* 
and therefor© the most general real solution involving e fit is 
q 1 = (\j - Xj) - i<lt sm (■ \/\t + e), 

&= Wx^e-^sin^VXit + ^ + e), 

where A and € are real arbitrary constants This represents one of the normal 
modes of vibration of the system Adding to this the corresponding solution 
in we have finally the general solution of the vibrational problem, namely 

3l - (Xx - X*) Ae - * at sm (VxT* + e) + h •Jx.Be ~ * bt sm ( Vv + f + y) > 

m 

q^h *l\Ae ~ sin (</\t + 1 + e) + (A, - *0 Be ~ * bt sm (Vx,t + 7 ), 

■where A, B, e, y are four constants which must be determined from the 
initial circumstances of the motion 

Now we suppose the dissipative forces such that energy is being con- 
tinually lost to the system, so that F is a positive definite form, and therefore 
a and 6 are positive The last equations therefore shew that the vibration 
gradually dies away, on account of the presence of the factors e~* a and e~ 
the periods of the normal vibrations are (neglecting squares of «, h, b) the 
same as if the dissipative forces were absent , and m a normal vibration, the 
amplitude of oscillation of one of the coordinates is small compared with the 
amplitude of oscillation of the other coordinate, while the phases of the 
vibration in the two coordinates at any mstaftt differ by a quarter-penod 
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A similar analysis leads to corresponding results for systems with more 
than two degrees of freedom , supposing that the dissipative forces are small 
and that the dissipation function and potential energy are positive definite 
forms, we find that the periods of the normal vibrations are (neglecting 
squares of the coefficients in the dissipation function) unaltered by the 
presence of the dissipative forces, but that the vibration gradually dies away: 
and if (ft, ft, , ft) are the formal coordinates of the system when the 
dissipative forces are absent, there is a normal vibration of the system when 
the dissipative forces are present, in which the amplitude of the vibrations m 
q 2> ft, . ft is small compared with the amplitude of the vibration in ft, 
and the phase of the vibrations in ft, ft, > ft differs by a quarter-period 
from the phase of the vibration in ft 

Example Discuss the vibrations of a system which is acted on by periodic external 
forces which have the same period as one of the normal modes of free vibration of the 
system , shewing the importance of dissipative forces (even where small) m this case 


95 Impact 

Another mode m which energy may be lost* to a dynamical system is by 
the collision of bodies which belong to the system, a collision generally 
results in a decrease of dynamical energy 

The analytical discussion of collisions is based on the following experi- 
mental lawf When two bodies collide , the values of the relative velocity of the 
surfaces m contact {estimated normally to the surfaces) at instants immediately 
after and immediately befoie the impact beat a definite ratio to each othei 
this latio depends only on the material of which the bodies are composed 

This ratio will in general be denoted by - e When e is zero, the bodies 
are said to be inelastic 

The general problem oi impact reduces therefore to a problem in impulsive 
motion in which the unknown impulsive force at the point of contact of the 
bodies is to be determined by the condition that the change in relative 
normal velocity of the bodies satisfies the above law 

96 Loss of kinetic energy in impact 

We shall now find the loss of kinetic energy when two perfectly smooth 
bodies impinge on each other. 

Let m typify the mass of a particle of either body, and let (uq, v 0 , w 0 ) and 
(u, v } w) denote its components of velocity before and after the impact, and 

. * j e lost to the system considered as a dynamical system the energy is not annihilated, but 

appears in some other manifestation, e g. heat 

t The laws of impact were discovered in 1608 by John Wallis [Phil Trans No 48, p 864) 
and Christopher Wren [ibid, p 867) 
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let (U, F, F) be the components of the total impulsive force (external and 
molecular) on this particle The equations of impulsive motion (§ 35) give 
m(u — u 0 )= U, m(v-v 0 ) = V, m(w-w 0 ) = W 

Multiplying these equations by (u + eu 0 ), (v + ev 0 ), (w + ewi) respectively, 
adding, and summing for all the particles of both bodies, we have 
2m {(a - M 0 ) (w + e« 0 ) + (« - %) (» + ««„) + (w - w.) (w + ewo)} 

= 2{CT(u + e Mo)+ F(w + eiy) + F (w; + ew 0 )} 

Now so far as molecular impulses are eoncerned, we have 

t(tTa + Ft>+ Fw) = 0, and 2(£T«, + Fw, + Fw 0 ) = 0, 

since the impulsive forces which correspond to each other in virtue of the law 
of Action and Reaction will give contributions to these sums which mutually 
destroy each other 

Also, since the part of (« + eu 0 ) due to the normal component of velocity 
has the same value for each of the particles in contact at the point where 
the impact takes place (in virtue of the law of impact) it follows that 
the impulsive force between the bodies does not contribute to the sum 
2U(u + eu<>), and similarly does not contribute to the sums 2V(y+ev 0 ) 
and 2TF (w + ew,) 

We have therefore 

2 {U(u + eu») + V(v + ev 0 )+ W{w + ew,)} = 0, 
and consequently 

2m {(« - w 0 ) (w + ew 0 ) + (« - «.) (« + <0 + (w- w 0 ) (w + ew„)} = 0, 

or 

2m. (u 2 4 - v 2 + w 2 ) - Sm (uf 4- v 0 2 + w o 2 ) 

= - 2m {(w - w„) a + (v- v„y + (w- Wo) 9 } 

1 +e ^ 

This equation can be expressed by the statement that the kinetic energy 
lost t n the impact is <l-«)/(l + a) times the kinetic energy of that motion 
which would have to be compounded with the motion at the instant before the 
impact m order to produce the motion at the instant after the impact 

97 Examples of impact 

The impulsive change of motion consequent on the collision of two free 
rigid bodies m space can be most simply determined by the following 
considerations 

The motion of each body before or after impact is specified by six 
quantities (e g. the three components of velocity of its centre of gravity an 
the three components of angular velocity of the body about axes through its 
centre of gravity) The total number of equations required to determine the 
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impulsive change of motion is therefore twelve Of these, six are immediately 
furnished by the condition that the angular momentum of each body about 
any axis through the point of contact is unchanged (smce the impulsive foices 
act at this point) , another equation is obtained from the condition that the 
momentum of the system m the direction normal to the surfaces m contact 
is unchanged (since the normal impulsive forces on the two bodies at the 
point of contact are equal and opposite), and another by the Oxpen mental 
law of impact If the bodies are perfectly smooth, the remaimng four 
equations can be derived from the condition that the linear momentum of 
each body m any direction tangential to the surfaces m contact is unchanged 
(since there is no tangential impulse if the bodies are smooth) if on the 
other hand the bodies are perfectly or imperfectly rough, the condition that 
the linear momentum of the system m any direction tangential to the 
surfaces m contact is unchanged gives two equations, if the bodies are 
perfectly rough, the condition that the relative velocity of the bodies m 
any tangential direction aftei the impact is zero gives the other two while 
if the bodies are imperfectly lough, the coefficient of friction between the 
surfaces m contact being /*, the remaining two equations are given by the 
conditions that 


(a) the relative velocity m any tangential direction is zero after the 
impact, provided the tangential component of the impulse required for this 
does not exceed times the normal component of the impulse, 

($) if the last condition is not satisfied, there is a tangential impulse 
equal to p, times the normal impulse between the bodies 

In all cases, therefore, the required twelve equations can be found 

If the motion takes place m a plane, or if one of the bodies is fixed, this 
procedure is still valid after making some obvious modifications 

The following examples illustrate these* principles 


Example 1 An inelastic sphere of mass m falls with velocity V on a perfectly rough 
inelastic inclined plane of mass M and angle a , 'which rests on a smooth horizontal plane 
Shew that the vertical velocity of the centre of the sphere immediately aftei the impact is 


5 (M+m) Vm n 2 a 
IM+Vm+^m sm a a 


(Coll Exam.) 


Let U be the velocity of the plane after impact, u the velocity of the sphere parallel to 
and relative to the plane, a the angular velocity of the sphere, and a its radius 

The equation of horizontal momentum gives 


m(u cos a - 17)— MU 

The kmematical condition at the point of contact is av**u 

The condition that the angulai momentum of the sphere about the point of contact 
shall be the same before and after impact is 

■m Va sin a — | ma 7 <o + ma (u—U cos a) 
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These three equations give, on eliminating o> and U, 

_ 5 (Jif+m) Fsin a a 
u sin a — ^ y + 5 Wl sin J a 9 

which is the result stated 

Example 2 A sphere of radius a rotating with angular velocity Q about an axis 
inclined at an angle a to the vertical and moving , m the vertical plane containing that axis j, 
with velocity V in a direction making an angle a with the horizon , strikes a perfectly rough 
horizontal plam If the plane be tangentially inelastic , find the angle which the vertical 
plane containing the new direction of motion makes with the old 

Take rectangular axes Oxyz, where 0 is the point of contact, Oz is vertical, and yOz is 
the initial plane of motion, and let ©i and a> 2 be the components of angular velocity 
about Ox and Oy respectively after the impact, and M the mass of the sphere 

Equating the initial and final angular momenta about Ox, we have 

Ma V cos a=]( Ma 2 a>i 

Equating the initial and final angulai momenta about Oy , we have 

§ Ma 2 Q sin a — £ Ma 2 co 2 

The tangent of the inclination of the new plane of motion to the plane yOz is (on 
account of the perfect roughness of the plane) wa/wi, and this is therefore equal to 

\ Jfa 2 Gsina 
Ma V cos a 


or 


§ a (£2/ F) tan a. 

Example 3 A perfectly rough circular disc of mass M and ladius c impinges upon 
a rod of mass m and length -la capable of turning freely about a pivot at Us centre If 
the point of impact is distant b from the centre of the rod, and the direction of ration of the 
centre of the disc makes angles a, 0 with the rod before and after collision, shew that 

2 (3 Jf£> s + »ia 2 ) tan (3 «= 3 (emd‘ —SMb 1 ) tan a (Coll Exam) 

Let V denote the initial velocity of the disc, and let » denote its final velocity and G 
its final angular velocity 

Since there is no sliding at the point of contact, we have 

v cos )3 + c£2=0 

Denoting by . .be final angnkr veloo.ty of .be rod end by I .be nornnd impole. 
between the rod and dwo, the equation of the motion of the rod is 

Jb= 

The equation of impulsive motion of the disc in the direction normal to the rod is 

M (v sin p+ Ksina)=i, 

and the law of impact gives the relation 

»sin^+&w = 6^ sma 

Equating tb. in.tnd and find angd™ moment, of tbe drne .boot the p.m. of oontmt, 

we have Vcoso=»cos/3- JcO 

Eliminating i>, Q, I, * from these equations, we have 

2tanjS (3 3/6° + ma*) = 3 tan a (was* - 3 Mb*), 

which is the result stated 
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Example 4 A circular hoop , m motion without rotation m its own plane , impinges on a 
rough fixed straight-edged obstacle m the plane The velocity of the centre of the hoop 
before impact is V y in a direction making an angle a with the edge , and the coefficient 
of friction is p To fimd the impulsive change of motion. 

Let u and v denote the components of velocity of the centre of the hoop after the 
impact, parallel and perpendicular to the edge, and let a> be the angular velocity, M the 
mass and a the radius of the hoop. 

Equating the angular momenta about the point of contact before and after the impact, 
we have 

— Ma? a> + Man « M Va cos a. 

The law of impact gives the equation 

v = e V sin a 

Since the plane is rough, u+a<*> is zero after the impact, provided the fnotional 
impulse required for this does not exceed p times the normal impulse but if this 
condition is not satisfied, the fnctioual impulse is p times the normal impulse 

Let F be the frictional and R the normal impulse then we have 

M(u- Feosa) = — F, Af(v+ Fsma)»ii!, —aF 

We have therefore R=Jf(l + e) Fsma, 

and if it-f-tfG) is zero, we shall have 

J/Tcos a 

The quantity u+ac* will therefore be zero after the impact, provided 

p^ cot a/2 (1-M) , 
and if p does not satisfy this inequality, we shall have 

F=pM(l +e) Faina. 

Thus finally, if p^ cota/2 (1 + e), the motion is determined by the equations 
u=*V cos a+a<0, i?=eFsma, 

while if p < cot a/2 (1 + e), the motion is determined by the equations 

Fcosa4-a«>, v^eVsm a, -/t(l+e) Fsina 


Miscellaneous Examples. 


1 A perfectly rough sphere of radius a is made to rotate about a vertical diameter, 
which is fixed, with a constant angular velocity n, A uniform sphere of radius b is 
placed on it at a point distant aa from the highest point investigate the motion 
and determine in any position the angular velocity of the sphere Shew that the sphere 
will leave the rotating sphere when the point of contact is at an angular distance 6 from 
the vertex, where 


cosd 


10 

^cosa+ 


4 sin 2 a 

119 {a+b)g ' 
(Camb Math 


Tnpos, Part I, 1889 ) 


2 A rough sphere of radius a rolls under gravity on the surface of a cone of revolution 
which is compelled to turn about its vertical axis with uniform angular velocity n, 
its vertex being uppermost , if a be the semi-vertical angle of the cone, rsina be the 
distance of the centre of the sphere from the axis of the cone, ^ be the angle turned 
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through, relatively to the cone, by the vertical plane containing the centre of the sphere, 
and a >3 be the rate of rotation of the sphere about the common normal, prove that 

7r s + - +5 4 ^ n ~ " (j+wr+Bj* - 1 Ogr cos a = C, 


. . COS a ( A , \ , 

a(a>$-7i sm a) = -y- l — +nrj + 


(2 +5 sin 2 a) 2? 
14 cos a ’ 


(7\^ — 6n)r 2 =A, 

where A, 2?, O' are determmate constants (Camb. Math Tnpos, Part I, 1897 ) 

3 A homogeneous solid of revolution of mass M with a plane circular base of 
radius c rolls without slipping with its edge m contact with a rough horizontal plane 
Shew that 6, ©, H are determined by the equations 

Mac (Q cos 2 6)—M<?Q cos 4 6= (tf+J/c 2 ) costf^, 

{AiC+M^-MWc*} jg (O cos a 6) + C(C+ Me s*) a cos 6 - Mac Ca cos a 6=0, 

(A+Mc*) 6 1 +AQ i cos* 6- ZMacaQ cos d+(C+Mc 2 ) a> 2 +2 Mg {a sm 6+c cos d)= Constant, 

where 6 is the inclination of the axis of the body to the horizon, Q the angular velocity of 
the vertical plane containing its axis, o> the angular velocity of the body about its axis, 
A the moment of inertia of the body about a diameter of its base, C the moment of 
inertia of the body about its axis and a the distance of the centre of gravity from the 
base (Camb. Math Tripos, Part I, 1898 ) 


4 A wheel with 4 n spokes arranged symmetrically rolls with its axis horizontal on a 
perfectly rough horizontal plane. If the wheel and spokes be made of a fine heavy wne, 
prove that the condition for stability is 


V s > 


3 2 n + rr 

4 4ft+3ir 




where a is the radius of the wheel and V its velocity. 


(Coll, Exam ) 


5 A body rolls under gravity on a fixed horizontal plane If this plane be taken as 
plane of yz, shew that 

2m i(y-y A ) * - (* - *,) y) - Constant, 

where ( so , y, z) are the coordinates of a particle m and (x A , y A , z A ) of the point of contact, 
and the summation is extended over all the particles of the body. (Neumann ) 


8 One portion of a horizontal plane is perfectly smooth and the other portion is 
perfectly rough A uniform heavy ellipsoid of semi-axes (a, b, c) has its 6-axis vertical and 
motes with velocity v in the direction of its a-axis along the smooth portion of the plane 
towards the rough. Shew that, if 

v*<2g (a-6), 


the ellipsoid will return to the smooth portion, Jc being the radius of gyration about 
the o axis, and that the motion will then consist of an oscillation about a steady state of 

motion. 

In the special case a«2 6, shew that after the return of the ellipsoid to the smooth 
portion, the 6-axis can never make an angle with the vertical which is greater than 

(Coll. Eswn.) 
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7 A shell m the form of a prolate spheroid whose centre of gravity is at its centre 
contains a symmetrical gyrostat, which rotates with angular velocity co about its axis and 
whose centre and axis coincide with those of the spheroid Shew that m the steady 
motion of the spheroid on a perfectly rough horizontal plane, when its centre describes 
a circle of radius c with angular velocity Q, the inclination a of the axis to the vertical 
is given by 

{Mbc (a cot a 4*6) - Ab cos a+ C(a sin a+c)} G 2 + C'bvQ - Mgb (a-b cot a)=0, 

where M is the mass of the shell and gyrostat, A the moment of inertia of the shell and 
gyrostat together about a line through their centre perpendicular to their axis, C , 0 
those of the shell and gyrostat respectively about the axis, a the distance measured 
parallel to the axis of the point of contact of the shell and plane from the centre and 
6 its distance from the axis (Camb Math Tnpos, Part I, 1899 ) 


8 A uniform perfectly rough sphere of radius a starting from rest rolls down under 
gravity between two non-intersecting straight rods at right angles to each other whose 
shortest distance apart is 2c and which are equally inclined at an angle a to the vertical 
If p 0 , pQ are the original distances of the points of contact from the points where the 
shoi test distance intersects the rods and p, p' their distances at a subsequent time when 
the velocity is V, shew that 


F 2 - 16c 2 


W*-a*(p*+p'*)} l>p' 
16 c*-(p2-p' 2 ) 2 pp M 


and that 


7a {'' 8 L a -^-^ > -p^ p l =1Q9, { i:p ~ <>i>+p, ~ po,:>cQ8a+ s (p!i ~ poil ~ p ' ii+po ' ! ‘ ) ^~ cos2a } 

(Camb Math Tnpos, Part I, 1889 ) 


9 A particle moves under gravity on a rough helix whose axis is vertioal If a be the 
radius and y the angle of the helix, shew that the velocity v and arc described a can be 
expressed m terms of a parameter 8 by the equations 

2 _ [ (1 + 6*)d6 

^cosy a J cos y+0 cos y + 2 sin y)} ’ 

(e-l) 

2 cos y \ 6) 


10 A particle is projected honzontally with velocity u so as to slide on a rough inclined 
plane Investigate the motion 
Prove that if 

2 ^ 2/i cot a>l, 

the particle approaches asymptotically a line of greatest slope at distance 

u 2 2fx cos a 

g cos 2 a — sip 2 a* 

where p is the coefficient of friction, and a is the inclination of the plane. 

(Coll Exam.) 


11 A rough cycloidal tube has its axis vertical and vertex uppermost If a be the 
radius of the generating circle and a particle be projected from the vertex with velocity 
\Jiag sin a, shew that it will reach the cusp with velocity equal to 

[4 ag cos* a {1 - 2 sin oe _(i,r " a) *“*“}]*, 
where a is the angle of friction. 


(Coll Exam.) 
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12 A heavy rod of length 2 a is moving m a vertical plane so that one end is m contact 
with a rough vertical wall and the other end moves along the ground supposed to be equally 
rough , and the coefficient of friction for each of the rough surfaces is tan « Shew that the 
inclination of the rod to the vertical at any time is given by 

0 (jfc2 + a 2 cos 2e) - a 2 $ 2 sin 2 c=ag sin (0 - 2« ) (Coll Exam ) 

13 A thm spherical shell rests upon a horizontal plane and contains a particle of finite 

mass which is initially at its lowest point The coefficient of friction between the particle 
and the shell is given, that between the shell and the plane being practically infinite 
Motion in two dimensions is set up by applying to the shell an impulse which gives it an 
angular velocity Q Obtain an equation for the angle through which the shell has rolled 
when the particle begins to slip ® xam ) 

14 A circular disc of radius a is placed m a vertical plane touching a uniform rough 
(ix) board which can turn freely about a horizontal axis in the upper surface of the board 
through its centre of gravity, the point of contact of the disc being at a distance b from 
this axis A string, parallel to the surface of the boafd, is attached to the point of the 
disc furthest from the board and to an arm perpendicular to the board at the axis, and 
rigidly connected to the board The centre of gravity of the board and arm lies m the 
axis The system starts from rest in that position m which the centre of the disc lies in 
the horizontal plane through the axis Shew that slipping will take place between the disc 
and the board, when the board makes an angle 6 with the vertical given by 

_ A A + (i 2 4- 6/i<x& 4- 3 b 2 
tan(9s= 2 ^ + 7 ^+^’ 

where A is the moment of inertia of the board about the axis divided by the mass of the 
disc ( Co11 Exam) 


15 A hoop is projected with velocity V down a plane of inclination a, the coefficient 
of friction being /x ( > tan a) It has initially such a backward spin Q that after a time t Y it 
starts moving uphill and continues to do so for a time after which it once more 
descends Shew that, if the motion take place m a vertical plane at right angles to the 
given inclined plane, then 

% (*i + * 2 ) 0 s>n a* <zO - F (Coll Exam ) 

16. A ring of radius a is fixed on a smooth horizontal table, a second ring is placed 
on the table inside the first and in contact with it, and is projected with velocity F, but 
without rotation, m a direction parallel to the tangent at the point of contact Find the 
time that elapses before slipping ceases between the rings if the coefficient of friction 
between them is fx, and prove that the point of contact will in this time desonbe an arc 
of length (a log 2)/** 

Discuss the motion that will ensue if at the moment slipping oeases the fixed ring be 
released and left free to move, and prove that during the time that the inner ring rolls 
half round the outer one the centre of the latter will be displaced a distance 


where m, M are the masses of the inner and outer lings and b is the radius of the inner 
nIi g (Camb Math Tripos, Part 1, 1900 ) 

17 In the vertical motion of a heavy particle descending m a medium whose resistance 
varies as the square of the velocity, shew that the quantity 

r*+«p, 

where lev 2 is the resistance, and a and 0 are the distances described in two successive equal 
intervals r of tune, depends only on r and is independent of the initial velocity. 

(Coll Exam ) 
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18 Prove that a hea\y particle, let fall from rest in a medium in which the resistance 
\aries as the square of the velocity, will acquire a velocity U tanh (y</ U), and describe 
a spice U 2 log cosh {gtjU)ig in a time t, where V denotes the terminal velocity m the 
medium 

.Shew also that, for the complete trajectory of a projectile in such a medium, the angle 6 
l>etween the asymptotes is given by 

U 1 ! V 2 ® arcsinb cot 6 + cot $ cosec 0, 

where V is the velocity when the projectile moves horizontally (Coll Exam.) 

19 Shew that the horizontal and vertical coordinates ( v, y) of a particle moving under 
gravity in a medium of which the resistance is R satisfy the equation 

da? + v* cos* <f> ’ 

beme the velocity and <b the inclination of the tangent to the horizontal 

(Coll Esam) 

20 A part’cle is moving, under gravity, in a medium in which the resistance 
varies as the velocity Shew that the equation of the trajectory referred to the vertical 
asj mptote and a line parallel to the direction of motion when the velocity was infinite, can 
lie written in the form 

log (x/a) (Coll Exam) 

21 Prove that m the motion of a projectile through a resisting medium which causes 
a retardation /tv 3 , where k is very small and the particle is projected horizontally with 
\elocity V, the approximate equation of the path is (neglecting k 2 ) 



the axis of x being in the direction of projection and the axis of y vertically downwards, 

(Coll Exam.) 

22 A particle moves m a straight line under no forces in a medium whose resistance 

is log s) l&y where v is the velocity and s the distance from a given point in the line 

Shew r that the connexion between t and t is given by an equation of the form 

tssa+ic^+alog*, 

w here a and c are constants 

23 A particle is moving m a resisting medium under a central attraction , shew that, 
if R be the retardation due to the resistance of the medium, and v the velocity, the rate of 
description of areas by the radius vector to the hxed centre of force varies as 

(Coll Exam) 

24 Prove that in a' resisting medium, a particle can describe a parabola under the 

action of a force to the focus which vanes as the distance, prowded the resistance at 
a point, where the velocity is v, be k {v (v- v 0 )}^ , where v 0 is the velocity at the vertex 
1 )ctcrmme k (Coll Exam ) 

25 A particle moves m a resisting medium under a force P tending to a hxed centre 
If R be the resistance, shew that 



t being the radius vector and p the perpendicular on the tangent 
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If u=l/r, P=nu 2 , and R=ko\ and we neglect h 2 and higher powers, shew that the 
differential equation to the path is 

„d*p 0 (dp\* Zfik u 2 
& du 2 \du) h* (i ’ 

h being a certain constant (C°U Exam ) 

26 A particle is moving under a central force <p (? ) repelling it from the origin, m 
a resisting medium which imposes a retarding foi ce equal to Tc times the velocity Pro\ e 
that the orbit is given by the equations 

r 2 6~he~ ki , r+hr — hh ~^e~ 2Jct —<p (>), 

where A is a constant quantity Exam ) 

27 A particle is moving in a circle under a force of attraction to an intenor point 

varying as the distance , the resistance of the medium is equal to its density multiplied by 
the square of the velocity Shew that the density at any point is proportional to the 
tangent of the angle between the hues joining it to the centre of force and the centre of 
the circle ( CoU Exam > 

28 A rod of length a is rotating about one extremity, which is fixed, under the 
action of no forces except the resistance of the atmosphere Supposing the retarding 
effect of the resistance on a small element of length dx to be Adx (velocity) 2 , shew that 
the angular velocity at the time t is given by 

1 1 _ Acs 4 

» - G~4i 

where Mi? is the moment of inertia abput the fixed extremity, and Q is a ooustant 

(Coll. Exam ) 

29 A sm ooth oval disc of mass M, turning on a smooth horizontal table with 
angular velocity *> but without any translational velocity, strikes a smooth horizontal rod 
of mass m at its middle point Prove that the angular velocity is diminished in 

the ratio (M+m) i?-rruix? . (M+m)i?+mj?, 

where e is the coefficient of elasticity, x the distance of the oentre of gravity from the 
normal at the point of impact and k the radius of gyration about a vertical axis through 
the centre of gravity. (Coll Exam) 

30. Two rods, each of length a and mass mi, are jointed together at their upper ends 
and the system falls symmetrically, with its plane vertical, on to a smooth inelastic 
Just before impact the joint has a velocity V and each rod has an angular 
velooity G, tending to increase its inclination a to the horizon Shew that the impulse 
between eaoh rod and the plane is 

Ml (Jfc» + c 8 sin 2 a) ( V+ aQ oos a)/{t? + c 2 +a(a- 2c) cos 2 a), 

where c is the distance of the centre of gravity of each rod from the joint and mi* is the 
moment of inertia of each rod about its centre of gravity (Ooll Exam ) 

31 Three equal umfoim rods AB, BO, OB, each of length 2a, and hinged at B and 0, 
are in one straight line and moving with a given velocity in a horizontal plane at 
right angles to their lengths The ends A and D meet simultaneously two fixed inelastic 
obstacles, reducing A and D to rest Determine when they will form an equilateral 
triangle, and shew that * of the original momentum is destroyed by thejmpacte ^ 

16—2 
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32 A smooth uniform cube is free to turn about a horizontal axis passing through 
the centres of two opposite faces and is at rest with two faces horizontal , an equal and 
similar cube is dropped with velocity u and without rotation so as to strike the former 
along a line parallel to the fixed axis and at a distance c from the vertical plane containing 
it, prove that the angular velocity imparted to the lower cube is 

(1+Q cu 

c*+**+a 2 (1 -sin 2<r)’ 

where a is the inclination to the horizon of the lower face of the falling cube, 2a is the 
length of an edge, k the radius of gyration and e the coefficient of restitution 

Find also the motion of the upper cube immediately after the impact 

(Coll Exam ) 

33 A perfectly elastic circular disc of mass M and radius c impinges without rotation 

upon a rod of mass m and length 2a which is free to turn about a pivot at its centre, the 
point of impact being at a distance b from the pivot Prove that if the component of the 
velocity of the centre of the disc normal to the rod be halved by the impact, Mb 2 —ma\ the 
friction being sufficient to prevent sliding (Coll Exam ) 

34 A perfectly rough sphere of radius a is projected horizontally with a velocity V 
from a point at a height h above a horizontal plane The sphere has also initially 
an angular velocity & about its horizontal diameter perpendicular to the plane of its 
motion Shew that before it ceases to bound on the plane it passes over a horizontal 
distance 

¥ ji i=-.<> r+ “>> 

where e is the coefficient of elasticity, and the distance is reckoned from the first point of 
contact 

Compare the final with the initial kinetic energy (Coll Exam ) 

35 A homogeneous elastic sphere (coefficient of elasticity e) is projected against 
a perfectly rough vertical wall so that its centre moves in a vertical plane at nght angles 
to the wail If the initial components of the velocity of its centre are u and v, and 
its initial angular velocity (Q) is about an axis perpendicular to the vertical plane, find 
the subsequent motion after impinging on the wall, and shew that if its centre returns 
to its original position the coordinates of the point of impact referred to this point are 

2ew (7e+5)v + 2aQ 
g 7 + 10e+7e 2 +a ' 

, 2e {(7«+5)i>+2aG} (v(7+5e) — 2acQ} 

and 7 (7 + lOe + 

where a is the radius of the sphere 


(Coll Exam) 



CHAPTER IX 


THE PRINCIPLES OF LEAST ACTION AND LEAST CURVATURE 

98 The trajectories of a dynamical system 

The chief object of investigation in Dynamics is the gradual change in 
time of the coordinates (j„ g 4 , , q n ) which specify the configuration of a 

dynamical system. When the system has three (or less than three) degrees 
of freedom, there is often a gain in clearness when we avail ourselves of a 
geometrical representation of the problem if a point be taken whose rect- 
angular coordinates referred to fixed axes are the coordinates (q x , q*, g») of 
the given dynamical system, the path of this point m space can be regarded 
as illustrating the successive states of the system In the same way when 
n > 3 we can still regard the motion of the system as represented by the path 
of a point whose coordinates are (q u ? a , » <?») 111 space of n dimensions, 

this path is called the trajectory of the system, and its introduction makes 
it natural to use geometrical terms such as “ intersection,” “ adjacent, etc., 
when speaking of the relations of different states or types of motion in the 
system. 

99 Hamilton's principle, for conservative holonomic systems 

Consider any conservative holonomic dynamical system whose configuration 
at any instant is specified by n independent coordinates (q x , q t , • , ?»), and 
let L be the kinetic potential which characterises its motion. Let a given 
arc AB in space of n dimensions represent part of a trajectory of the system, 
and let CD be part of an adjacent arc which is not necessarily a trajectory 
it would however of course be possible to make CD a trajectory by sub- 
jecting the system to additional constraints. Let t be the time at which 
the representative point (g„ q„ , q n ) occupies any position P on AB we 
B h fl n suppose each point on CD correlated to some value of the time, so 
that there will be a point Q on CD (or on the arc of which CD is a portion) 
which corresponds to the same value f as P does. As the arc CD is 
described, the correlated value of t will be supposed to vaiy continuously 
in the "amft sense, A moving point which describes the arc CD will there- 
fore pass through positions corresponding to a continuous sequence of values 
of qu ?»> ••• i ?«> and consequently to each point on CD there will correspond 
a set of values of q x , g a , ?» 
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We shall denote by S the variation by which we pass horn a point of AB 
to that point of CD which is correlated to the same value of the time, and 
shall denote by f„, t u t 0 + A<„, t l + At 1 the values of t which correspond to the 
teimmal points A, B, C, D respectively, and by L R the value of the function 
L at any point It of either arc 

If now we form the difference of the values of the integral 

(?i> ?s> > 9»> 

taken along the arcs AB and CD respectively, we have 
f Ldt - f Ldt — ZflAfi — L a At, + f ‘ BLdt 

= Z B Af, — Z,,A< 0 + f f ‘ + dt 

= L fi At, - L a Af 0 + \^ r ^ + J t (g$) dt ’ 

by Lagrange’s equations, 

= Z B Af 1 -4,Af 0 + | 

», az„ \ /s ax 


= A<1 “ Z ' lA<0+ ( r !i ^ l-i It hr ) A 


But if (A q r ) M denote the increment of q r in passing from B to D, we have 
(Al li)s — (^9r)a + (?r)j»Ati, 

and similarly if (A q,) A denote the increment of q r in. passing from A to C, 
we have 

(Aq f ) A = (Bq,) A + (q r ) A At„ 

and consequently 

Suppose now that C coincides with A, and D coincides with B, and that 
the times con elated to 0 and D aie t 0 and <i respectively, so that A q x , 
,lq,, , A q n , At, arc /cio at A and B then the last equation becomes 

[ Ldt - f Ldt = 0, 

J r/j a Ait 

which shews that the integral jldt has a stationanj value foi any part of an 

actual tiajectory AB , a^ compared with neirjhbvunng paths CD which ham 
the same terminal points as the actual trajectoiy and fo ) which the time has 
the same teimmal values This result is called Hamilton's principle *♦ 

* Hamilton, Phil l runs 1844, p 307 , Hud 1836, p 9 b 
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If the kinetic potential L does not contain the time explicitly, we can 
evidently replace the condition that the time is to have the same terminal 
values by the condition that the total time of description is to be the same 

for AB as for CD, since 2 q r ~ L, which represents the total energy ot 

r— 1 0(j[r 

the system, is in this case constant 

Helmholtz, J filr Math c p 151, remarked that the conditions for a stationary 
value of 


/{' 


dL , 


{L(0i, 62 , j0»u£i> > 9») + ^ ^ 

(where the q’a and 0’s are regarded as independent variables) are 


* A dL d fcL\ 

8r-qr, °-f q - r -J t {ie r )' 


cl, 2, , /t), 


so that we again obtain Lagrange’s equations. 


100. The principle of Least Action for consei'vative holonomic systems 

Suppose now that the dynamical system considered is such that the 
kinetic potential does not involve the time explicitly, so that the integral 
of energy 


2 q r d ±-L = h 

r* *=1 


exists Taking as before A B to be part of a trajectory and CD to be part of 
any adjacent arc, to the successive points of which values of the time are so 
correlated as to satisfy an equation of the form 

2 q r *^ — L - h± &h, 

r«l fyr 

where A/t is a small constant, we have 

■ j" (h + Ah) dt-J hdt + Ldt - Ldt 

- {h + AM («, + At, - to - M) - h («, - U) + f| *<l - h At J ^ 

- [ 2 ~ A<? r + tAh\\ 

Lr-l^r U 

If therefore we suppose that G coincides with A and D coincides with B, 
and that A h is zero, we shall have 

/ » d L\ J± 1 ( ■ 


« . d L 
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which shews that the integral J ^ 2 q r ^ j dt has a stationary value for any 

part of an actual trajectory , as compared with neighbouring paths between the 
same termini for which the time is correlated to the coordinates in such a way 
as to satisfy the same equation of energy This is called the principle of 
Least Action, the integral 

/Ci 9r lt) £ * < 

being called the Action 

In natural problems, for which L is the difference of a kinetic energy T, 
homogeneous of the second degree in the velocities, and a potential energy 
V, independent of the velocities, we have (§ 41) 

£ qr ^L = 2T, 

r=l vqr 

and the stationary integral can therefore in this case be written jTdt 

The Principle of Least Action originated in Maupertuis’ attempt de VAcad , 1744, 
p 417) to obtain for the corpuscular theory of light a theorem analogous to Fermat’s 
“ Principle of Least Time ” Maupertuis’ principle was established by Euler (Addit ir 
p 309 of his Methodus mvemendi hneas curvas, 1744) for the case of a single particle under 
a central force, and by Lagrange ( Miscell Taurm ii (1760—1), Oeuvres, I p 365) for much 
mo; e general problems 

Example 1 Shew that the principle of Least Action can be extended to systems for 
which the integral of energy does not exist, m the following form Let the expression 

£ q r - L be denoted by A , then the integral 
„_i a oq r 

/CWh©* 

has a stationaiy value for any part of an actual trajectory, as compared with other paths 
between the same terminal points for which A has the same terminal values 

Example 2 If a dynamical system which possesses an integral of energy is reduced to 
a system of lower order as m § 42, shew that the principle of Least Action for the 
original system is identical with Hamilton’s principle for the reduced system 

101, Extension of Hamilton's principle to non-conservative dynamical 


We shall now extend Hamilton's principle to holonomic dynamical 
systems m which the forces are no longer supposed to be conservative 

Let T denote the kinetic energy of such a system, and let 2 Q r oq r 


r«r 1 


denote the work done on the system by the external forces in an arbitrary 
displacement (Sq u $q t , , Bq n ), the equations of motion of the system are 
therefore 

d (d T\ _ ST Q 
dt \oqJ dq r r 


(r = l, 2, .. , n). 
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Let a denote a part of a trajectory of the system, and let /S be an adjacent 
arc having the same terminals, the times correlated to the path 0 at the 
terminals being the sa'me as the values t 0 and ^ of the time at the terminals 
m the trajectory a , then if 8 denotes the variation by which we pass from a 
position on a to the contemporaneous position on £, we ha\e 



* 0 


This result 


($T+ 2 Q r Sg r ) 


dt = 0 


is (like the theorem of § 99, which is really a particular case of it) known as 
Hamilton’# principle 


102, Extension of Hamilton's principle and the principle of Least Action 
to non-holonomic systems* 

We shall now shew that Hamilton’s pnnciple, when suitably formulated, 
is true even for dynamical systems which are not holonomic 

Consider a non-holonomic conservative system, m which the variations 
of the n coordinates (q lt ?„ ?„) are connected by vi uon-mtegrable , 

kinematical equations 

Aikdqi + A&dq, + 4- A H tdq n + T^dt = 0 (&=» 1, 2, .. , m) 

where A„, A„, ... A nm , T u , T m , are given functions of q u fc, , ?»* so 
if L denotes the kinetic potential, the motion is determined (§ 87) bj 
the n equations 

± + + (» =1. 2,. 

dt XdqJ 

together with the above kinematical equations, the unknown quantities 
being 

<?3> » A I» *** * * > 

Let AB be part of a trajectory of the system, and let CD he a path 
derived from AB by displacements consistent with the instantaneous kmc- 

• Of. Haider, iim. Noth. 1898, p 139, Vobs, Gm Nach 1900, p 822, Hamel, Math Ann en. 
(1988), p. 94. 
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matical equations, le the above kinematical equations with the teiins I%dt 
omitted , this path CD will not m general be itself a path whose continuous 
description would satisfy the kinematical conditions, so CD is really a kine- 
matically impossible path 

It may naturally be asked why we do not take CD to be a kinematically possible path 
the answer to which is, that in that case the displacements from AB to CD would not be 
displacements consistent with the kinematical equations for m non-holonomic systems, 
if two adjacent possible configurations are given, the displacement from one to the other 
is not in general a possible displacement , there are infinitely more possible adjacent 
positions than there are possible displacements from the given position 

9 

Proceeding as in the proof of Hamilton’s principle given in § 99, $ denoting 
as usual a displacement from a point of A B to the contemporaneous point on 
CD, we have 

f Zdt-f Ldt ==X b A<, - La&U + [*' 2 (It + jcr ty,) <tt 

' cd Jab r*i cq r / 

— 4 - J 2 ■ zjr- Sq r 4- ^ “ (^i^n + * • + $?rj* dt> 

Since the displacements obey the relations 

AaSqx 4 * A&hq* 4 - 4 - A^q* = 0 , 

it follows that the terms of the type m the integral annul each 

other, so we have 

L“ -L Zdt +/» I, f , *+ i © 4 * 

From this point the proof proceeds as in § 99 We thus obtain the result 
that Hamilton's principle applies to every dynamical system , whether holonomic 
or not In every case the varied path considered is to he derived from the 
actual orbit by displacements which do not violate the kinematical equations 
representing the consti aunts, but it is only for holonomic systems that the 
varied motion is a possible motion , so that if we compare the actual motion 
with adjacent motions which obey the kinematical equations of constraint , 
Hamilton's principle is true only for holonomic systems 

The same remarks obviously apply to the principle of Least Action, and 
to Hamilton’s principle as applied to non-conservative systems 

103 Are the stationary integrals actual mtmmd 9 Kinetic foci 

So far we have only shewn that the integrals which occur in Hamilton’s 
principle and the principle of Least Action are stationar y for the trajectories 
as compared with adjacent paths The question now arises, whether they 
are actually maxima or minima 
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We shall select for consideration, the principle of Least Action, and for 
convenience of exposition shall suppose the number of degrees of freedom 
m the dynamical system to be two, the motion being defined by a kinetic 
energy 

T = \a n (q u q t ) + a w (q t , q 2 ) qrf, + (q u ?*) ?s*. 

and a potential energy 

7'= , '| r (?i> ?s) 

The discussion can be extended without difficulty to Hamilton s principle, 
and to systems with any number of degrees of freedom The principle of 
Least Action, as applied to the above system, is (§ 100) that the integral 

j (a,, ji 4 + 2a 1 ,q,j I + «22?s s ) dt 

has a stationary value for an actual trajectory as compared with other paths 
between the same termini for which dt is connected with the differentials of 
the coordinates by the same equation of energy 

T+ V =h 


This latter equation gives 

<bi?i 3 + = 2 (h — y/r), 

or dt = {2 (h — "^)} - ^ (a a dq* + 2a^dqidq, + Ottdqjfi, 

so the stationary integral can be taken to be 

I (On + 2 a,,?,' + a*?/*)* dq , , 

where q t ' stands for dqjdq, , this integral is to be taken between terminals, 
at each of which the values of q t and q t are given 

Writing this equation 

I- 2*> 2a') dq,, 

we shall discuss the discrimination of its maxima and minima (which was 
first effected by Jacobi) by a method suggested by Culver well*. 

Consider any number of paths adjacent to the actual trajectory These 
paths will be supposed to have the same terminals, and to be continuous, 
but their directions may have abrupt changeb at any finite number of 
points For such a path let ($„ q 3 + Sq,) be a point corresponding to a 
point (q u q») on the actual trajectory, we shall frequently write eu* for Sq„ 
where a is a small constant the order of which determines the order of 
magnitude of the quantities we axe dealing with, and <f> is zero at the terminal 

points 

* 1‘roc Loud Math. Soc run (1802), p 241 
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Let the expansion of the function 

/(?i, q% + 2/ + a<f>) 

m ascending powers of a be 

y(?i> ?2 j 2* ) + a (J7 0 <^> + Z7i</> ) + |flt 2 (0 P oo</> a "l‘ 2(7 0l ^' -f- Uufi 2 ) + ? 

let 8J denote the terms involving a m the first degree in 

f /( 2x> 2s + a 4>> ?« + <*40 d?i, 1 

and let S 4 / denote the terms in « 2 


When the range of integration is small, and its terminals are fixed, the 
value of </>' at any point is large compared with the value of <f>. For since <f> 
is zero at the terminals, we have 


<f>= [ <f>dq lf 

1 p 

where P and R denote the terminals If therefore )8 be the numerically 
greatest value of <£' between P and R , it follows that can never exceed 
(quit) —qiiPi) fi, a.nd consequently by taking the range sufficiently small the 
ratio of <f> to <f>' can be diminished indefinitely 


Thus if the range is very small, the most important term m S 8 / is 
\ j > and as the sign of this is always the same as that of U n (the sign 


of dq v is taken to be positive), we see that for small ranges, I is a maximum 
or minimum according as U u is negative or positive Now 

= g ~75 * Q 1 ~ + O^q^) ^ (&11U22 — ^b* 8 )* 

and this is positive, since the kinetic energy is a positive definite form and 
therefore a n 022 — Oi 2 8 is positive. We thus have the result that for small 
ranges the Action is a minimum for the actual trajectory 


Now consider any point A on an actual trajectory, and let another actual 
trajectory be drawn through A making a very small angle with the first If 
this intersects the first trajectoiy again, say at a point B, then the limiting 
position of the point B when the angle between the trajectories diminishes 
indefinitely is called the kinetic focus of A on the first trajectory, or the 
point conjugate to A 

We shall now shew that for finite ranges the Action is a minimum, 
provided the final point is not beyond the kinetic focus of the initial point. 

For let P and Q be the terminals , we have seen- that if Q is veiy near 
to P, the quantity 8 2 / is always positive and of order a* compared with the 
value of I for thq limits P and Q It is therefore evident that as we remove 
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Q further from P, the quantity 8 a I cannot become capable of a negative 
value until after Q has passed through the point for which 8*/ can vanish 
for a suitably chosen value of u<f> 

Suppose then that PBQ is an arc of an actual trajectory, Q being the first 
point for which it is possible to draw a varied curve P HQ for which 8®/" is zero , 
we shall shew that the varied curve PHQ must itself be a trajectory For if 
it is not a trajectory between two of its own points A and C (supposed near 
each other), let a trajectory ADC be drawn between these points Then the 
integral taken along ADC is less than that taken along AHC, so the integral 
taken along PADCQ is less than that along PHQ, which by hypothesis is 
equal to that along PBQ Hence 8 a I along PADCQ is negative, and there- 
fore Q canno t be the first point for which, as we proceed from P, the variation 
ceases to be positive , which is contrary to what has been proved It follows 
that PAHCQ is a trajectory, and Q is the k me tic focus of P Hence the 
Action is a true minimum, provided that in passing along the trajectory the 
final point is reached before the kinetic focus of the initial point 

Lastly we shall consider the case in which the kinetic focus of the initial 
point is reached before we arrive at the final point Suppose, with the notation 
just used, that the initial and final points are P and R , and let two points E 
and F be taken, the former on the curve PHQ and the latter on the arc QB , 
these points being taken so close together that the trajectory EOF joining 
them gives a true minimum Since the integral taken along EOF is less 
than that along EQF, it follows that the integral taken along PEOFR is less 
than that along PEQR, but the latter is equal to that along PBQR, since 
both integrals are equal from P to Q , and therefore the integral along PBQR 
is not a minimum , but it is not a maximum, since the integral taken along 
any small part of it is a minimum. Hence when the kinetic focus of the initial 
point is reached before we arrive at the final point, the Action is neither a 
maocim um nor a minimum. 


A sim ple example illustrative of the results obtained in this article is furnished by the 
motion of a particle under no forces -on a smooth sphere The trajectories are great- 
circles on the sphere, and the Aotion taken along any path (whether a trajectory or not) 
is proportional to the length of the path The kinetic focus of any point A is the 
diametrically opposite point- A' on the sphere, since any two great-oircles through A 
intersect again at A' The theorems of this article amount therefore in this case to the 
statement that an aro of a great-circle joining any two points A and B mi the sphere is 
the shortest distance from A to B when (and only when) the point A diametrically 
opposite to A does not lie on the arc, le. when the arc in question is less than half 
a great-circle 


104 . Representation of the motion of dynamical systems by means of 


geodesics 

The principle of Least Action leads to an interesting transformation of 
the motion of natural dynamical systems with two degrees of freedom. 
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Let the kinetic energy of such a system be 

i {«*» (?i , ft) ft* + 2 a u (ft , ft) ft ft 4- (ft , ft) ft 2 } , 

and let its potential energy be ^(ft, ft) By § 100, the orbits corresponding 
to that family of solutions for which the total energy is h are given by the 
condition that 

J + 20^2 ft ft + Graft*) dt 

is stationary for any part of an actual orbit, as compared with any other arc 
between the same terminals for which dt is connected with the differentials 
of the coordinates by the relation 

i (flnft* 4" SOjgftft 4- U&ft 8 ) 4* ^ (ft, ft) = h 

The integral 

J(h - y/r)i (^dqf + 2a la dftdft + a^dqf)^ 

is therefore stationary. But this integral expresses the principle of Least 
Action for the motion of a particle under no forces on any surface whose 
linear element is given by the equation 

d& «b (A — yft) (andft 8 + 2a ia dftdft 4- a* dft 8 ), 

and is therefore the defining condition of the geodesics on this surface 
Consequently the equations of the orbits m the given dynamical system are the 
same as the equations of the geodesics on this surface . 

Example 1 Shew that the parabolic orbits of a free heavy projectile correspond 
to the geodesics on a certain surface of revolution 

Example 2 Shew that the orbits described under a central attractive force <p> (r) m a 
plane correspond to geodesics on a surface of revolution, the equation of whose meridian* 
curve is 2»/(p), where 

and where r and p are connected by the relation (r)+A} 


106. The least-curvature principle of Gauss and Hertz . 


We shall now discuss a principle which, like Hamilton's principle, can be 
used to define the orbits of a dynamical system, but which does not involve 1 
the sign of integration. 

In any dynamical system (whether holonomic or non-holonomic) let 
(x rj y r , z r ) be the coordinates of a typical particle m, at time t, and 
(X r> Y r , Z r ) the components of the external force which acts on the particle. 
Consider the function 


r/ z t y , f n Y r y / Z*\*) 
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where the summation is extended over all the particles of the system, and 
where ( x r , y *, z T ) refer to any kinematically possible path for whidh the 
coordinates and velocities at the instant considered are the same as m some 
actual trajectory This function substantially represents what was called by 
Gauss the constraint and by Hertz (who however considered primarily the 
case in which the external forces are zero) the curvatw e* of the kinematically 
possible path considered In what follows Hertz’s terminology will be used 

We shall shew that of all paths consistent with the constraints ( which 
are supposed to do no work\ the actual trajectory is that which has the 
least curvature f 


In the simple case of a single particle moving on a smooth surface under no external 
fbrces, this result clearly reduces to the statement that the curvature in space (m the 
ordinary sense of the term) of the orbit is the least which is consistent with the condition 
that the particle is to remain on the surface. 


To establish this result, let the equations which express the constraints 
(using x r to typify any one of the three coordinates of any particle) be 

tx kr dx r = 0 2, .,m), 


where the coefficients x hr are given functions of the cooidmates Differ- 
entiating these relations, we have 

+ (fc-1,2,.. ,m) 

r r 8 V X i 

Let x T be a typical component of acceleration in the path considered 
(which is supposed to be kinematically possible, but is not necessarily the 
actual trajectory), and let x n be the corresponding component of acceleration 
in the actual trajectory Subtracting the preceding equation, considered as 
relating to the actual trajectory, from the same equation, consideied as 
relating to the kinematically possible path, we have (since the velocities are 
the same in the two paths) 

2#Jbr (#r “ x ro) = ^ (A? * 1, 2, , Wi). 

r 

This equation shews that a small displacement of the system, in which 
the displacement of the coordinate *, is proportional to (*-*,). is con- 
sistent with the equations of constraint, 1 e is a possible displacement 

The components of the, forces exercised by the constraints are typified by 


- Stn< tly speaking, the square root of tins taebo-, and not the funotron rtself, was called 
the curvature by Hertz. v p 23 (rauss measured the constraint 

„ ft. *» * ~ *». to- W H. toto 

TZZt »7,„ . m 

Limei Rend. n. (1929), p 1090 
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- Xr) and in any possible displacement the forces of constraint do no 
work We have therefore 

2 (m r X r o — X r) (*r “ ®ro) * 0, 
r 

an equation which may be written in the form 

*-(* -£)‘ - H 5 "" t)* +■ *~ y - 

or (reverting to the use of y’s and zb) 

+ 2w r {(tf r — ^ro)* + (&* ^ro) 2 + (#r — ^ro)*}‘ 

r 

Since the terms m the last summation on the nght-hand side are all 
positive, it follows that 

+ ( y,_ S) + ( iV_ ^)} 

>?*{(*•-© + ( yw "£) + (*•“ £) 1 ’ 

which establishes the result stated 


106. Eccpi ession of the curvature of a path m terms of generalised 
cooi dmates 

Lipschitz has shewn* that the curvature of a kinematically possible path 
m a holonomic dynamical system with n degrees of freedom can be expressed 
in terms of the denvates of the u independent coordinates which define the 
position of the system 

Let (q lt q t , . q n ) be the coordinates; let (?,, q s , , q n ) be the accelera- 
tions of these coordinates in any kinematically possible path, and let 
(?i*. <?.»> > J«o) be fc ^ e accelerations in the actual trajectory which corre- 
sponds to the same values of {q u q t , • , q«, ?*> > 4») Using x r to typify 
anv one of the three rectangular coordinates of any particle m r , and X r to typify 
the corresponding component of force, the Gauss-Hertz curvature of the path 
is 2m, ( X , - Xr/MrY , and it has been shewn in the last article that this can 

l>*> written in the form 

( Xw — Xrl WV) 2 + 2 J7l r (0D r AS-o) 2 
r r 

* Journal J Hr Math lxxxii* p 828 Of, also Wassmuth, Wttn Sitx . civ (1895), and for 
further work connected with the principle of Least Curvature see Leitinger, Wien, Sitx . cxvx 
[1908), p* 1821 and Schenkl, 11 ten, Sitz c*xn (1918), p 721 
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The first of these summations is the same for all the paths considered, since 
it depends only on the actual trajectory • we can therefore omit it without 
causing the whole expression to lose its minimum-property, and we can call 
the remaining summation 2wv ($r — tfro) 2 the curvature of the path 

r 

Let the kinetic energy be 

T=$t'2a ] ' l qkqi, 

where the quantities a k i are given functions of (q 1} q^ , q n ), let JD denote 
the determinant formed of the quantities a k i, and let A k i denote the minor of 
aja in this determinant 


From the equation 


we have 


Now 


27nri? r a = 2 %a k iq k qi 
t hi 

- 8 x r dx r 

r oqjs oqi 
^dx r . v v 8 a «v 

* v “? 95 s * + f?Si 35 !M " 


and consequently, since the coordinates and velocities are the same for all the 
paths considered, we have 


X r — 




But if we wnte' 

•*>■ 

since this expression is zero for the actual trajectory, we have 

d /dT\ 

Si, =■ the difference of the values of ^ (jfy'j ^ or t ^ ie P at ^ considered and 
the actual trajectory, 
or St = 2a« (qi — 


whence we have 
and consequently 


?* — “ jj 2 A uSi 




(Jc * 1, 2, •••} 

(k = l, 2, . , n). 


The ourvature, 2m r (ic r — is therefore 

r 


or 


jps S 2 2 2a«-dw-d^5|S^ 


w. n. 


17 
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But by a well-known property of determinants, we have 

^ CLfo A]clA x j ~ DAtyy 

X k 

and therefore finally the curvature can be expressed in terms of the coordinates 
(q u ft, , q n ) and their denvates in the form 

i 2 2 AySjSi. 

v i 5 


107 Appell’s equations 

The Gauss-Hertz law of Least Curvature is the basis of a form in which 
Appell has proposed* to wnte the general differential equations of dynamics. 
This form, as will be seen, is equally applicable to holonomic and non- 
holonomic systems 


Consider any dynamical system , let 

A Jk dq 1 + A 2k dq 3 + + Ankdqn + Tkdt^O (* = 1,2, >.,m) 

be the non-integrable equations connecting the variations of the generalised 
coordinates ft, ft, , ft , m holonomic systems these equations will of course 
be non-existent 

Let 5 denote the function + ft’ + h% where m* typifies the mass 

As 

of a particle of the system, whose rectangular coordinates at time t are 
(r k , y k , Zk)- By means of the equations which define the position of the 
particles at any time in terms of the coordinates (ft, ft, •• , 5»)> xt xs possible 
to express 8 m terms of (ft, ft, . .. q n ) and the first and second denvates of 
these variables with respect to the time. Moreovei, by use of the equations 
of co n s train t we can express m of the velocities (ft, ft, , ft) in terms of the 
others let the coordinates corresponding to these latter be denoted by (Pi,Pa> 
, p „ m ) By diff erentiating these relations we can express ft, ft, , ft > 
m terms of the quantities p t , p 2 , . ., Pn-m, Jh> Pa, , Pn-m> ft, ft, •• , ?»> 
hence S can be expressed in terms of this last set of vanables 


Now any small displacement which is consistent with the constraints 
can be defined by the changes (Spi, Spa, •••> &Pn-m) m hhe quantities 

(Pi, Pa, , p«— rn) , let *2 P r 8pr denote the work done by the external forces 

1**1 

m such a displacement As m § 26, we have 

- I tot , .. tyk , „ tet\ _ p 

{*> + Vk 3 p r + ik 9pJ " r 


* Journal f Ur Math oxxi (1900), p 310 Of Seeger, J Wath Acad Sci xx. (1980), p. 481 
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Let the equation which expresses the change in x k in terms of the changes 
in (Pi> P», , Pn—m) be 

»-» 

&** = 2 ir T Sp r , 

r a*l 

where (tt,. tt,, . 

> ITn—m ) are known functions of the coordinates, the 
equations of this type are of course non-mtegrable From this we have 
da],/ dp r = iTr, and so the equation which expresses x k m terms of 

(.Pit Pt> •••» pn—m) 

will be of the form 


n-m 

Xk- 2 -ITrpr + ei, 

r=l 

where « denotes some function of the coordinates, 
equation, we have 


a* 


n-m 


2 




■*rPr + 


dir T da 
r -t ~dt pr + Tt’ 


Differentiating this 


whence 

It follows that 


dxjc __ 



-dS/dp r> 

and therefore the equations of a dynamical system, whether holonomic or not, 
can he expressed in the form 

H = -Pr (r-1, 2, . , n-m). 


where S denotes the function i2m t (£cV + 3/t’+ h'), and (p u Pa, , Pn-m) are 
coordinates equal in number to the degrees of freedom of the system *. 


It is evident that the result is valid even if the quantities p 1 , . , p n -m 
are not true coordinates, but are quasi-coordinates. 


Example r. Obtain from Appell’s equations the equations 

1 Au>\ — (B — 

— * (G — A) 0)3 — M, 

for the motion of a ngid body one of whose points is fixed, where (» u <p 2 > «a) are 
the oomponents of angular velocity of the body resolved along its own principal axes 
of inertia at the fixed point, {A, B } €) are the principal moments of inertia, and (X, M, N) 
are the moments of the external forces about the principal axes. 


* On the connexion of these equations with the Principle of Least Action, of H Brell, Wien, 
Sit*, oxxn. (1913), p. 988. 


17—2 


1 
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108. Bertrand’s theorem. 

A th*™* i» lmpulmve mrfM. wta* «•»* » < d» g£P »' 

results as the least-curvature principle of Gauss and Her , 

Sturm* and may be stated thus If a given set of impulses is [ 
different paints of a system (, whether holonomic or ™ 

the kinetic energy of the resulting motion is greater than the kinetic > erawpy 
of the motion which the system would acquire under the action of th6 »“™ 
impulses and constraints and of any additional constraints due to the reactions 
of perfectly smooth or perfectly rough feed sw faces, or rigid connexions 
between particles of the system 

For let m be the mass of a typical particle of the system, and let (u,v,w), 
(u, v', w'), («!, w x ) denote the components of velocity of this particle before 
the application of the impulses, after the application of the impulses, and in 
the comparison motion, respectively 


Let (X, T, Z ) denote the components of the external impulse acting on 
the particle- (X', Y', Z') the components of the impulse due to the con- 
straints of the system, and (X' + X,, Y'+ Y lt Z'+Z x ) the components of 
the impulse due to the constraints in the comparison motion. 


The equations of impulsive motion are 
m ( M '_«) = X+X', m (y'-v)=Y+T, m(w'-w)-Z+Z', 

m(u 1 -u)=X+X'+X u m(v 1 -v)=Y+Y< + Y 1 , m(w l -w)-Z + Z' + Z l 


Subtracting, we have 

m(u x — u r ) = X 1 , m{v x -v')=-Y x , m(w l -w r )^Z l . 

Multiply these last equations by u lt »„ w u respectively, add, aqd sum for 
all the particles of the system , we thus have 

2m {(«i — u') u a + («! —v r )v 1 + (w x — w) w,} = 2 (Xi«i + Yiih + w i)* 

Now from the nature of the constraints, it follows that finite foroes 
acting on all the particles of the system and proportional to the impulsive 
forces (Xi, Y x , Z x ), would on the whole do no work in a displacement whose 
components are proportional to the quantities («!,«„ Wj), and therefore we 
have 

2 (XjMi + YX + Z x w x ) = 0, 

or 2m {(«! — v!)uy + (»!— + W — 0; 

this equation can be written m the form 

2m (u' a + «'* + w'i) — 2 m («!* + vf + wf) * 2m '{(«' - u x f + (»' — «i)* + («»' — u>if\> 


* Storm, Comptee Rem ine, xm. (18ll), p. 1046. It u alwnyi known u Bertrand theorem. 
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\tm <V 2 + t/ 2 + w'*) > \ 2 m (u, 2 + vf + w 5 ), 

and so establishes Bertrand’s theorem 

The theorem may readily be extended to the case when the forces are not 
impulsive but continuous in this case the increase of kinetic energy per 
unit of time is diminished by the introduction of fresh constraints that do 
not affect the potential energy 

The following result, due to Lord Kelvin and geneially known as Thomson's theorem * 
can easily be established by a proof of the same character as the above If any number of 
points of a dynamical system are suddenly set m motion with prescribed velocities , the 
kinetic energy of the resulting motion is less than that of any other kinematically possible 
motion which the system can take with the 'prescribed velocities , the excess being the energy of 
the motion which must be compounded with either to pi oduce the other 

Lord Rayleigh has remarked + that the theorems of Thomson and Bertrand may both 
be comprehended m the statement that the introduction of fresh constraints increases the 
inertia, or moment of inertia, of a system 

Example A framework of (?i - 1) equal rhombuses, each with one diagonal m the 
same continuous straight line, and two open ends, each of which is half of a rhombus, is 
formed by 2n equal rods which are freely jointed m pairs at the corners of all the 
rhombuses Impulses P perpendicular to and towards the lme of the diagonals aie 
applied to the two free extremities of one open end , shew that the initial velocity , 
parallel to the diagonal, of the extremities of the other open end is 

3 P sin a co s a 

~m cos 2 a 4* ft 3 sin 2 a * 

where m is the mass of each rod, and 2a is the angle between each pair of rods at 
the points of crossing (Camb Math Tripos, Part I, 1896 ) 


Miscellaneous Examples* 

1 If the problem of determining the motion of a particle on a surface whose linear 
element is given by the equation 

ds 2 = Edu 2 + 2 Fdu dv + Gdv 2 , 

under the action of forces such that the potential eneigy is V (% v), can be solved, shew 
that the problem of determining the motion of a particle on a surface whose linear 
element is given by 

efo 2 » F(w, v) (Edu 2 + %Fdu dv + Gdv 2 ), 

under forces derivable from a potential energy 1/ V (w, v\ can also be solved 

(Darboux.) 

2 If m two dynamical systems m which the kinetic energies are respectively 

and 26 tt g<$, and the potential energies are respectively U and V, the trajectories 

* Thomson and Tait’s Natural Philosophy, § 817 
f Theory of Sound , Vol* i. p 10Q*. 
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are the same curves, though described with different velocities, so that the relations 
between the coordinates <*, ? a , , ?.) are the same in the two problems, shew that 


V: 


aU 

yO+t' 


where a, ft y, 8 are constants, and that 

2b a dq,dq k = (y V+ ») ^aadq ( dq k (Painlevd.) 

3 If aU the trajectories of a particle in a plane, described under forces such that the 
potential energy of the particle is F(x, y), with a value h of the constant of energy, are 
subjected to a transformation 

x=±<f>(X, 7), y=*(X, 7), 

where <#> and f are conjugate functions of ( X, F), shew that the new curves so obtained are 
the trajectories of a particle acted on by forces denvable from the potential energy 

with a zero value of the constant of energy (Goursat ) 


4. If T and F denote respectively the kinetic and potential energies of a dynamical 
system, shew that 

2 (**+y*+**) 

differs from 

2 k + { my+d 'S) + (”“ + ?) } 

by a quantity which does not involve the accelerations , and henoe that 

i»(.r ! +y*+* a ) 

is a maximum when the accelerations have the values corresponding to the actual motion, 
as compared with all motions which are consistent with the constraints and satisfy 
the same integral of energy, and which have the same values of the coordinates and 
-velocities at the instant considered , provided the constraints do no work. (Fdrster ) 


CHAPTER X 

HAMILTONIAN SYSTEMS AND THEIR INTEGRAL-INVARIANTS 


109 Hamilton's form of the equations of motion 

We shall now obtain for the differential equations of motion of a con- 
servative holonomic dynamical system a form which constitutes the basis 
of most of the advanced theory of Dynamics 


Let (q u q 3 , . , q n ) be the coordinates and L (q lt q t , , q n , q lf g 2 , , q n , t ) 

the kin etic potential of the system, so that the equations of motion in the 
Lagrangian form are 


d (d_L\ 

_dL_ 

dt \dqj 

dq r 


Write 
so that 


dL 


= Pr 


Pr = 


d A 

dq r 


Jn, 2i> 2s > 

j <?ni 0 

$ of motion 

in the 

11 

j— * 

, n) 

(r = l, 2, . 

, n), 

(r-1, 2, 

, ») 


Prom the former of these sets of equations we can regard either of the 
sets of quantities ( jj, q*, ■ , q n ) or (Pu P?> > P«) as functions of the other set 

If 8 denote the increment in any function of the variables 


(2l. 2n. ?«) Pu Pi> <Pn) or (?i> 

due to small changes in the arguments, we have 


SL = 



> 2 2i> 2»> 


> ?») 


= 2 (prfyr + Pr&<lr) 
r»l 


= 8 S 2 (jpr^2 r — Qr$Pr)> 

r*=l r=l 

8 j 2 pr2r “ 2 (<tr$Pr ~ Prfyr) 
(j-asl J r = X 


or 
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Thus if the quantity 2 p r q r - h when expressed in terms of 

r-1 

(qi,qi> ,q»>Pi’P*> 

be denoted by H, we have 

BH= S (?rSpr-i>rS?r) • • * 


(IX 


r-1 


or 


dqr_dH (r = l, 2, (2) 

dt ~ dp r ’ dt dq r 


The motion of the dynamical system may he regarded as defined by these 
equations, which are said to be in th e Hamiltonian or canonical form, the 
dependent variables are (*, ft, , ?», ft, ft. . ft). “ d system consists 
of 2n equations, each of the first order, whereas the Lagrangian system 
consists of n equations, each of the second order 

The Hamiltonian form was introduced by Hamilton in IBM* In part he had boon 
anticipated by the great French mathematicians for Poisson m 1809+ had taken the step 
of introducing a function # 

2 pAr~ T 

r=l 

and expressing it in terms of (ft, ft, , ft, Pi, • , ft). ^ “ tu f 7 *“7* h f of 
Hamilton’s equations . while Lagrange in 1810 J had obtained a particular set. of equations 
(for the variation of elements) m the Hamiltonian form, the disturbing function taking the 
nlace of the function E Moreover the theory of non-lmear partial differential equations 
of the first order had led to systems of ordinary differential equations possessing this form 
for as was shewn by Pfaff § in 1814-15 and by Cauohy|| in 1819 (completing the earlier 
work of Lagrange and Monge), the equations of the characteristics of a partial differential 

equation /(#,, «r,, , x*, Pi, Pa, 


where 


are 


dxi dx 2 

vffipi “* Wpi* 


dz 

dx n dpi 


dp n 


Hamilton’s investigation was extended to the oases when the kinetic potential contains 
the time, etc by OstrogradskylT m 1848-60 and by Donkm** in 1854 

The equation (1) above is often called the Hamiltonian form of the 
equation of virtual work It may be written in the more symmetrical form 

<5(2 p r dq r — Hdt ) » d ( 2 p r bq T ~ Hht), 


* BnU Ass Rep 18S4, p 613, Phil Trans 1836, p 96 
t Journal devicole poly t vin (Cahier xv), (1809), p 266 
t Mim, de V Inst 1809, p 348, 

§. Berlin Abhand 1814-16, p 76 
II Bull soc philomath 1819, p 10 

IT Melanges de l* Acad de St - Pit Oct 1848 ; Mim de VAcad. de St.-Ptt n. (I860), p. 385. 

** Phil Trans 1864, p 71 
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which directly suggests the importance of the differential form 

n 

2 Pf(2^r “ Sdfc 
r=l 

m connexion with the differential equations of dynamics . c£ § 137 below. 


When the kinetic potential L does not involve t explicitly, the Hamiltonian 
function H will evidently likewise not involve t explicitly, and the system 
will possess (§ 41) an integral of energy, namely 


2 q T 

r»l 


dL 

dir 


Z-A, 


where A is a constant This equation can be written 

H (fc, q u • . 2* ,Pi,Pt i>») - h > 

and this is the integral of energy, which is possessed by the dynamical system 
when the function H does not involve the time explicitly. For natural problems, 
it follows at once from § 41 that H is the sum of the kinetic and potential 
energies of the system 

Example Shew that the equations of motion of the simple pendulum are 

dff MT 

dt“ ~%q' 


where H =\p l l~ 1 - gl cox q, 

and where q denotes the angle made by the pendulum with the vertical at time t,l ib 
the length of the pendulum, and the mass of the bob is taken as unity 


110. Equations arising from the Calculus of Variations. 

From the preceding chapter it appears that the whole science of Dynamics 
can be based on the stationary character of certain integrals, namely those 
which occur m Hamilton’s principle and the principle of Least Action. 
similar ly the differential equations of most physical problems can be regarded 
as arising in problems of the Calculus of V anations. 

Thus, the problem of finding the state of thermal equilibrium in an isotropic 
ponding body, when the points of its surface are kept at given temperatures, can be 
formulated as follows . to find, among all functions V having given values at the surface, 
that one which makes the value of the integral 

integrated throughout the surface, a minimum 

Wo shall now shew that all the differential equations which arise from 
problems tn the Calculus of Variations, with one independent variable, can be 
expressed m the Hamiltonian form* 

• Of. Ostrcgradsky, Mfm tie V Acad, de St Pit vi (1860), p. 886. 



266 


Hamiltonian Systems and 


[CH X 


Suppose, for clearness, that there are two dependent variables , the proof 
is equally applicable to any number of variables 

(Wl) («-) 

Let L { t , y, y, y, . , y } z s z , z, } z) be a function of the independent 
variable t , the dependent vanables y , z, and their denvates up to orders ra, n, 
respectively 

The conditions that the integral 


r <»*) (*) 

fL(t } y, y, , 2 /, z, z, . 


may be stationary, can, by the ordinary procedure of the Calculus of Varia- 
tions, be written in the form 



^ 1 >> 
CO 

1! 

o 

+ 

Its 

1 

+(-i r— 

d« m v 0y' 



-^P) + 

dt \Zz) + 

d« n '0s y 

write 




ZL d / 

^ >1 cy \ 

.9y/ + 

. / ,W , d™ -1 /0Z\ 
dt"* -1 '■0y y 

= 


dL d /d L' 
Zy dt \Zy, 

)+ +( -ir« ■*“(?£),• 

di”*- a K Zy J 

Pm - 



ZL 

"55 > 

Zy 

Si <z ( 

iWl “a# dt ' 

£)+••■ 

df "- 1 v 0 ^ y 

Pm +2 — 


ZL 

Z£ ~ 

dtn-i \fa/ 

Pm+n = 



ZL 

<») > 
dz 


and write 

ffi-y. fft -y, 

Then if 


(«-i) 


?m+i — Jm+3 — * > Qm+n — % 


(»**) 


H L+p 1 g a +p 2 q 3 + +pm-\<lm +p m y + jWi 2m+2 + • • 


"h Pm+n—i Qm+n + Pm+n 
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(where H is supposed expressed as a function of (t, q lt . , q m+n , Jh, JW»). 
the quantities y and V being eliminated by use of the equations Pm^dLjdy, 

Pm+» «* dL/dz), and if $ denote an increment due to small changes in the 
arguments q u q t , . , q m+n , jh, p,, p m+n , we have 

Sff = — 2 — Sq r +i— — 2 °9Wr+i “ ~R ° z 
r *° 3y 0t/ r *° dz dz 

»-l (m) m-1 («•) 

+ 2 Prbqr+i + Pmty + 2 Jr+i^pr + 

r«l **=1 

m+»-l <»> «+»-! w 

+ 2 PrSjr+i 2 gr+1%- + 


Using the relations 

0i . 0X 
9y == ^ > ’ dy 

this becomes 


JP» 57 = ir, =i’s+Pj> 


91 

3y 


dL . 
is=p™, etc., 

dy 


m+n m+» 

SiT = — 2 jp r 8g r 4* 2 q r $Pr 

r« 1 r-1 


Thus, if jff is expressed m terms of the variables 

(t, Pi * Ps> » Pi»+»> ?i> 9»> > ?»*+»)> 

dq r dH dp r dH / i j .,m+n), 

wehave ~dt dp, dt dq r V ’ * 

and <A* differential equations of the problem are thus expressed tn the HamtU 
tonian form 

The systems of differential equations which arise in the problems of the 
Caloulus of Variations are often called isopenmetncal systems. 


HI, Integral-invariants 

The nature of Hamiltonian systems ot differential equations is funda- 
mentally connected with the properties of certain expressions to which 
Pomcard* has given the name integral-invariants 

Consider any system of ordinary differential equations 


dx, y dx, 
-2.1, 


dx n _ Y 
~dt~ An 


dt 

v „ X x X n are given functions of x u x it , x n , t We may regard 

. S-4 a. — <* * p- *- are 

(*„ X lt . X n ) in space ot n dimensions 


* Acta Math xm (1B90) 
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If now we consider a group of such points, which occupy a p-dimensional 
Tegion £o at the beginning of the motion, they will at any subsequent time t 
occupy another p-dimensional region f A p-tuple integral taken over £ is 
called an integral-invariant, if it has the same value at all times t, the 
number p is called the order of the integral-invariant 

Thus, m the motion of an incompressible fluid, the integral which repre- 
sents the volume of the fluid, when the integration is extended over all the 
elements of fluid which were contained initially in any given region, is an 
mtegral-invanant , since the total volume occupied by these elements does 
not vary with the time 

Example 1 Consider the dynamical problem of determining the motion of a particle 
m a plane under no forces let (#, y) be the coordinates of the particle, and (w, v) its 
components of velocity The equations of motion may be written 

x—u, y=v, u** 0 , £—0 

The quantity 

where the integration is taken, in the four-dimensional space in which (#, y, u, v) 
are coordinates, along the curvilinear arc which is the locus at time t of points which were 
initially on some given curvilinear arc m the space, is an integral-invariant. For the 
solution of the dynamical problem is given by the equations 
u—a, v = b, xw*at + c f 

where a, b, c, d are constants and therefore we have 

/=* j(tda+dc-t$a) 

~ J be, 

and this is independent of t 

Example 2 In the plane motion of a particle whose coordinates are (x> y) and whose 
velocity-components are (u y v), under the influence of a centre of force at the origin whose 
attraction is directly proportional to the distance, shew that 

j(udx—x&u) 

is an integral-invariant 

112 The variational equations 

The integral-invariants of a given system of differential equations furnish 
integrals of another system of differential equations which can be derived 
from these ' 

For let the given system of equations be 
doc 

"gjT — ^[r •••> &n> fy (r = 1, 2, n). 

Let (&L, , w n ) and ( a \ + $oci> •••> #» + &*? n ) be the values of 

the dependent variables at time t in two neighbouring solutions of this set of 
equations , where (Bx lt &r 2 , . Bx n ) are infinitesimal quantities. Then we have 
d 

^(a?r+&»r) as X r (a? 1 + &Fi, ocz + Soot, ..., w n + Soc n> t) (r =» 1, 2, . , n). 
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and consequently,, 


d * dXr * . . , dX r 


■ 5 — S&2 + + JT~ 
doc* coc n 


(r = 1, 2, .,w). 


These last n equations, together with the original n equations, may be 
regarded as a set of 2 n equations in which {x l , x a> .. , x n , 8x lf $«*, , Bx n ) 

are the dependent variables. 

Now if 

J]Sj F r (&1, > &n) 

denotes an mtegral-mvanant of the onginal system, the quantity 

d ( \ 

jSP r (^1 ? ^2> • * j 

must, since the path of integration is quite arbitrary, be zero in virtue of 
precisely this extended system of differential equations, and therefore 

XFr (xj, X*,.., X») Sx r = constant 

must be an integral of these equations so that to an integral-invariant of 
order on* of the onginal system of equations there corresponds an integral of 
the extended system of equations , and vice versa 

If a particular solution (*, * . .. %) of the original equations is know, 
we can substitute the corresponding values (x lt x t , ...,x n ) in the exten 
differential equations, and so obtain n linear differential equations to deter- 
mine • • , &r n ), L6. to determine the solutions of the onginal equations 

which are adjacent to the known particular solution. These » equations are 
called the variational equations 

H3 , Integral-invariants of order one. 

Let us now find the conditions to be satisfied m order that 


J^JdiSxi “4" JdjSxg 4- • . . “h 


v here (if,, if.. . , if.) «re ihoettone <*<*■ *■' ’>• ‘ nte S“ 1 ' 

invariant of order one of the system of differential equations 

dxrldt~X r {ah, *»> 0 < r = 1 ’ 2 n) " 

We must have 

+ - . + M n $xn)**0, 

Where the demete. of (K,«*o .... « «e to he determmed by the 
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extended system of differential equations introduced in the last article , and 
therefore 


n 

2 
r=a 1 


("rs.v + Jlf, 


d See, 
dt 




or 


r=l \ M k=l v®k 


n fiX \ 

x k Sx r + M r s o. 

CWjfe / 


Since &r„) are independent, the coefficient of each quantity 

Sx r in this equation must be zero and consequently the conditions for 
integraX-invanancy are 


9 M r 

dt 


2 ^X k + 2 M k dXk 


= 0 


(r = 1, 2, , n) 


Corollary 1 If an integral of the differential equations, say 
F(x lf # 2 , . , x U) t) = constant, 
is known, we can at once determine an integral-invariant 
For we have 

9/9F\ i JLfOE) X 4- S dF dXk = 9 

9tf \9# r / £=i9#jt \9a? r / * 9#* dx r dx r \ dt + dx k k ) 

_ A {4£) 

dx r \dt) 


and therefore the expression 



is an integral-invariant 


= 0, 


Corollary 2 The converse of Corollary 1 is also true, namely that if 

[( n dU \ 

J ^ 2 Sx r J is an integral-invariant of the differential equations , where U is 
a given function of the variables , then an integral of the system can be found 


For we have 


o=|- iW-) tii t - (~) + £ 

dt \ cx r J doc k xdxrJ dx k dx r 

_ 3 /3U a 317 r \ 

3av \ 3f 3,®$ / ’ 


and consequently the expression 

dU 


, 5 3tT 
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which is a given function of (x lt x 2 , , x n , t), is independent of ®a» > ®») > . 

let its value be <f> (f) this is a known quantity 

Then we have dU/dt^<j> (t), 

or u~J<f>(t) dt = constant , 

and this is an integral of the system 


114. Relative integral-invariants 

Hitherto we have only considered those mtegral-invanants which have 
the mvanantive property when the domain of the initial values, over which 
the integration is taken, is quite arbitrary, these are sometimes called 
absolute mtegral-invanants We shall now consider integrals which have the 
mvanantive property only when the domain over which the integration is 
taken is a closed manifold (using the language of ^dimensional geometry ) , 
these are called relative integral-invariants 

The theory of relative integral-mvariants can be reduced to that of absolute 
mtegral-invanants in the following way 


Let 


f(M 1 +■ if 2 8#a + 


I 71 /T 5k rm \ 


be a relative integral-invariant of the equations 

dw r jdt = X r (r = 1, 2, w), 

where (M x , , M nv X» X„, . . , X n ) are functions of (m u x t , x n , t ) , 

so that this expression is invariable with respect to t when the integration.^ 
taken, m the space in which (« a , x it x n ) axe coordinates, round the closed 
curve which is the locus at time t of points which were initially situated on 
some definite closed curve in the space 


By Stokes’ theorem, this integral is equivalent to the integral 





where the integration is now taken over a diaphragm bounded by the curve ; 
this diaphragm can be taken to be the locus at time t of points which were 
orig inall y situated on a definite diaphragm bounded by the initial position of 
the closed curve and since the diaphragm is not a closed surface, this integral 
is an absolute mtegral-invariant of order two of the equations 

Similarly, by a generalisation of Stokes’ theorem, any relative integral 
invariant of order p is equivalent to an absolute integral-invariant of 
order (jp + 3) 
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115 A relative mtegroUnvanant which is possessed by all Hamiltonian 
systems 

Consider now the case in which the system of differential equations is a 
Hamiltonian system, so that it can be written 

dq r _dH dpr . — dH (*■ « 1, 2, , n), 

dt dpr 9 dt dq r 

where H is a given function of (q u q%, • •• * 9n> P\> P*> > P n > 0 

For this system let 

O-j Ldt 

denote Hamilton's integral, so that L is the kinetic potential ; let 
(®ij •••> fils $ 2 > •••> $ n ) 
be the initial values of the variables 

(Su > ?»> Pi> Pa» • P«) 

respectively, and let 8 denote the variation from a point of one orbit to the 
contemporaneous point of an adjacent orbit. By § 99 , we have 

812 = 2 prfylr"' 2 

r*=l rm 1 

/Let C 0 'denote any closed curve in the space of 2 p dimensions in which 
(q l9 q 2) . , q n , p lf p 2 , .. , p n ) are coordinates, and let 0 denote the closed 
curve which is the locus at time t of the points which are initially on 0 9 * 
Integrating the last equation round the set of trajectories which pass from 
C 0 to G, we have 

[ 2 p T hq T * f 2 
1 C r~i J Co r« 1 

and this equation shews that the quantity J 2^ p r $q r is a relative integral - 
invariant of any Hamiltonian system of differential equations 


11& 


On systems tohich possess the relative integral-invariant 



We shall next study the converse problem suggested by the result of 
the last article, namely that of determining all the systems of differential 

equations which possess the relative integral-invariant ( 2 p r $qr> where 


(?i> q*> qn) are half the dependent variables, and (px,p%, p») are the 

other hal£ 
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Consider then a system of ordinary differential equations of older 2ft in 
which the variables can be separated into two sets, (q u q it , q n ) and 
(Pi, jOa, • . p»), such that 

^(Pi^2i Pa®?a + • + Ptityn) 

is a relative integral-invariant of the equations, and consequently by Stokes 
theorem 

J I (Spi Sq 2 + Sp 2 Sq 2 + + Sp„ 8q n ) 

is an absolute integral-invariant 

Let the system of differential equations be 


d<lr _ q 

dt ~ y ” 


dpr_ p 
dt ~ r 


(» - 1, 2, , a), 


where (Q„ Q t , , Q„, P 2) P 2 , ... P„) are given functions of 

(?i. <?s. ,q n ,Pi,Pi, > Pn, t) 

As the domain of integration of the absolute integral-invariant is of two 
dimensions, we can suppose that each point in it is specified by two quantities 
X and /*, which do not vary with the time but. are characteristic of the 
trajectory on which the poult in question lies The absolute integral- 
invariant can therefore be written in the form 


//(I, ife#** 


pad as X and \l do not vary with the time, we must have 

£ I 3 (g».'p.) _ n 

dt t ti 3 tx, ft) ’ 


y ( 3 (Q», Pi) , 3 _ a 

«-il 3(X. M) 3(V /*)) ’ 


| y |3Qi 3(<?*, P») , 3Q< 3_(p*. P>) , 3P. 3((/,, g*) , 3P* 3 (f/ t , p*)l = 0 
»-it-il3?ib 3 (X, /!■) ^ dp k d (X, p) dq k d(\,p) dp k 3(X, p)j 
Owing to the complete arbitrariness of the domain of integration and 
the choice of X and p, the coefficients of ^ ^ , and in this 

equation must vanish separately. We thus obtain 

d £ + ??j=o) 

3 q* 3p» 


3P._3P t; 
3 ?* 3</i ’ 
3Q t 3Qt 

3pjt 3p»'‘ 


(*,4-1.2, 


W. D 


IB 
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These equations shew that a function 3 (ji, qi, .., q n , Pi, p%< > Pn, t) 

exists such that „ . 

Q r = dEjdp r , Pr=-dH/dq r (r = 1 , 2, 

and thus we have the result that if a system of equations 


dq r _ 


dt 


-Q r 


dp r _ p 
dt~ r 


(r=l, 2, ,n ) 


(r= 1, 2, , w), 


possesses the relative integral-invariant 

j(Pi$q, + pi Bq^ + • . +Pntyn) i 

then the equations have the Hamiltonian form 

dq r _ 92? dp r _ dH 

dt ~ d p r ’ dt dq r 

this is the converse of the theorem of the last article 

Corollary If 

f(PiSq 1 +p a Sq a + +p n Sq n ) 

is a relative integral-invariant of a system of equations 

dq r /dt — Q r , dpr/dt = P r (r = 1,2, , k), 

where k is greater than n, it follows in the same way that the equations for 
(q lt q 2 , , q n , Pi, Pa, , Pn) form a Hamiltonian system 

dgv dpr dH_ ( r = l,2, , n), 

dt dp r ‘ dt dq r K 

where H is a function of (q u q a , . ., q n > Pi, Pa, ,Pn, t) only, not involving 

3»+2> I qk, Pn+u , Pi) 


117 The expression of mtegral-mvariants m terms of integrals 
If the solution of a system of differential equations 

^=X r (x u x a , ,x n ,t ) (r-1,2, .,«) 

is known, the absolute and relative integral-invanants of the system may easily 
he constructed 
Thus, let 

^a, "• , t ) ~ (hi Va(j^i, • 9 t) = Ca, • , yn(jB i, X a> • , &n> t) On, 

where Ci, c 2 , . , c„ are constants, he n integrals of the system , the absolute 
mtegral-mvanants of order one are evidently given by the formula 

J(3 \Sjfr + H a Sy a + ... + N n tyn), 
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where (N„ A r a , , -JT») are any functions of (y lf y 2 , , y n ) which do not 

involve t • and the relative integral-invariants of order one are given by the 
formula 

fa By, + -ZV a 8y a + .. + N n By n + BF ), 

where F is any function of (x,, <® 3 , . , t), since the term [ BF vanishes when 

the domain of integration is closed. 

It follows from this that any system of differential equations possesses an 
infinite number of absolute and relative integral-invariants of the first 01 der 

118. The theorem of Lie and Koenigs 

The preceding results enable us to establish a theorem due to Lie* and 
Koenigs f on the reduction of any system of ordinary differential equations to 
the Hamiltonian form 

Let W = Xr (r- 1,2, ...,*) 

be the given system of equations, and let 

J(ffi $®i + ft + . . . + ft&c*) 

be any relative or absolute integral-invariant of order one of this system, 
where ft, ft, ft are given functions of the variables we have seen in the 
last article that an infinite number of such integral-invariants exist. 

Now let the differential form 

be reduced to the canonical form 

p,Bq, + p»Bq a + ... + PnBq n — BCl, 

where (,PuPn • , Pn> <?i> lit • > ?«> O) 

are independent functions of x a , . **)> m number not greater than k, 
and where fl maybe zero X- Let (u,, be a set of other functions 

of (to,, w t , .... a>t), such that («i, «a, , “*-»»> 2i> 2*> •••» 9.n>Pi>P*> ••> P*) are 

a set of k independent functions of (x u r a , . , x k ), and suppose that the 

* Archiv for Math og Natur n (1877), p 10 
+ Comptet Bendus , cxxi. (1895), p. 875. 

t The proof of the possibility of this reduction (which however requires in general the 
solu tion of a number of ordinary differential equations) will be found in any treatise on Pfaffe 
problem. 

18—2 
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system of differential equations, -when expressed m terms of these h functions 
as independent variables, becomes 

dqrldt—Qn dpr/dt—JPr (*•= 1, 2, , w), 

du 8 /dt — U 6 (s = 1 , 2 , , k — 2 n) > 

where (Q u , Q», Pi, P., . P., &i, are functions of the 

new variables 


The expression 


J(piSq 1 + p 2 Sq ! + 


+ PnSq n ) 


is an integral-invariant (relative or absolute) of this system, since integral- 
m van an cy is a property unaffected by such transformations as have been 
performed and consequently it follows 116) that the first 2w equations 
have the form 

dq*_dJL #r = _«l (r= 1, 2, ,n), 


dt dp r 


dt dq r 


where E is a function of (q x , q 2 , • , ?«. Pu p 2 , , Pn, t) only The given 

system of differential equations is thus reduced to a Ea/miltonian system of 
order 2 n, together with the (k — 2 n) additional equations 


du, 

dt 


= U. 


(s = 1, 2 k — 2 n). 


119 . The Last Multiplier 

Before proceeding to discuss integral-invariants of higher order than 
those hitherto considered, we shall introduce the conception, introduced 
by Jacobi* m 1844, of the Last Multiplier of a system of equations. 

dxi das t dw n _ dx 

Let "y ■y" V Y r 

xx. i -A a *xn 

where (X,, X a , , X n , X) are given functions of the variables (x u • • . a n> a )> 
be a given system of equations and suppose that (n — 1) integrals of this 
system are known, say 

fr(&i, «*, ,x n ,x)^Or (r *= 1, 2, . . , n — 1). 

From these equations let (x it x a , . , ®«-i) be expressed as functions of x n 
and x : then there remains only the solution of the equation of the first 
order 

dx n dx 

Xl~X' 

to be effected , in which accents are used to denote that (x u x a , ..., «n_i) have 
been replaced in X n and X by the values thus obtained. 


CreUc't Journal, xxyh p* 199, xnx, pp 218, 888 
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We shall shew that the integral of this equation is 
CM' 

I -^7 (X'dx n - Xn'dcc) - constant, 
where M denotes any solution of the partial differential equation 

k w *k (UXi,+ 

and A denotes the Jacobian 

>fn— l ) 

d(x ls x if 

The function M is called the Last Multiplier of the system of differential 
equations. 

For the proof of this theorem, we shall require the following lemma 

If a system of differential equations 

dx r /dt = X r (r= 1, 2, , n) 

is transformed by change of variables into another system 

dy r jdt = Y r (r = 1, 2, . . , n), 

, 3 dXr la d(DVr) 

th8n ■ 

where D denotes the Jacobian 

9 (a-i, a?;;, . , fly>) 

3(yi»2/j. , y») 

To prove this, we have 

2 = 2 JL f 2 Y 

r-l dw r r ~l dx r u-i k 3y*/ 


“ ,=1 dx r 9 y, \Ci * dyj 

_ $ | ^ 9y* / ^ 9 3 a; r | dY k dx,\ 

r Z i ,-i t=i dx r V k dy„dy k 9 y, dyj 


n 02 # 0 /p 

In this expression the coefficient of dYJdy, is ^ g— , which is zero 

or unity according as s is different from, or equal to, ^ Also dy,/dx r = A n jD, 
where A„ denotes the minor of 9av/9y» in the determinant D so the coefficient 
of Yi m the above expression, which is 

9y» 9 2 ;r, 


n n 
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may be written 

1 n n 
- 1 'C A 0 

* * -^rs 

-V r—1 8=1 


OT ■— 2 9 (#n #a > > ®r—it dfirltykt &r+ l? »> #n) 

02/«Sy* ' 0T D r-i d(yi,y*> •> y«) 


or 


I 

J5 02/* 

We have therefore 

” az r 5 ar* & 

2 - 5 — = 2 5 + 2 

r=l C’^r *=1 Ot/fc fc=i 


i_ao 

i> 3yjb 


■D jfc«i 3yjfc 


which establishes the lemma 

Now in the original problem write 

dx l dx 2 dx n dx 

T^YT '~'T n = ~X~ dt> 

and consider the change of variables from 

(&lt #2 1 ^nt &) to ((lx, C&2, *••) &n— 1 , X nj 

by the lemma, we have 


9Xi 9X g 3-Xn 9.X _ * 

0a?j + 9a? 2 dx 0l dx "" 


l3%VA'/ ,+ 3®U7j’ 


so the quantity ilf, which is a solution of the equation 
l_d 

M~\ 

satisfies the equation 


l_dM dX , i JZ, , 9X, , 3Z_ ft 

Jf + + 0# s **’ 0«:„ + 0as ’ 


_1_ d¥ , 0 /Z„* 
AM dt 


or 


0 /z.'jf'x . 0 (EE\-h 

0*\ A' / c# V A' y _v ’ 


0_/Z\ 

k \i 

0 (X'M\ 


_£_ /^V\ + — ( —) = 0 

+ 9;r n \ A' / oa; \A'/ ’ 


which shews that the expression 

^(X'dx n -X n 'dx) 

is the perfect differential of some function of x n and x , this establishes the 
theorem of the Last Multiplier 

Boltzmann and Larmor’s hydrodynamical representation of the Last Multiplier 
The theorem of the Last Multiplier may also be made apparent by physical con- 
siderations For simplicity we shall take the number of variables to be three, so that the 
differential equations may be written 

dx dy dz 
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where (w, v, w) are given functions of (x, y, z ) , and the last multiplier M satisfies 
the equation 

fc)+ 4(*.)- 0 

This equation shews that in the hydrodynarmcal problem of the steady motion of 
a fluid in which (w, v, w) are the velocity-components at the point (#, s), the equation of 

continuity is satisfied when M is taken as the density of the fluid at the point (#, y, z) 

Now let <#> (&, y , z) = G 

be an integral of the differential equations, then the flow will take place between the 
surfaces represented by this equation , thus we can consider separately the flow in the 
two-dimensional sheet between consecutive surfaces C and C+dC The flow through the 
gap between any two given points P and Q on O must be the same whatevei be the 
arc joining P and Q across which it is estimated and since the flow acioss arcs P R and RQ 
together is the same as that across PQ , we see that the flow across an arc joining P and Q 
must be expressible in the form f(Q) —f(P) So if ds denotes an element of this arc, and 
t the (variable) thickness of the sheet, so that r — {(dcp/dx) 2 + (dcfr/dy) 2 + (dcfr/dz) 2 } % dC, and 
if £ denotes the velocity-component perpendicular to ds, we have 

so that M^rds is the perfect differential of a function of position But it is easily seen 
that this expression can be written in the form M§C (v dx— u dy)l(c<pl?z ) , and consequently 

Mivdx-udy) 

d<p]dz 

is a perfect differential , this is the theorem of the last multiplier for the case con- 
sidered 


We readily find for £ds the value 


dx dy 
u v 


dz 

w 


so the theorem really states that M(cj) z 2 + <j>v 2 + ~ 1 

equation 

dx dy dz 

U V w 
<l>x 0i/ 


This, as was remarked by Appell ( Comptes Rendus , olv 
form of the theorem of the Last Multiplier 


is an integrating factor of the 


(1912), p 878), is a symmetrical 


120 Derivation of an integral from two multiplier 
Suppose now that two distinct solutions M and N of the partial diffeiential 
equation of the last multiplier have been obtained, so that 



2 dx 2 


+ + 




dX } 

dx x 



ax,, ax 

dx n + 9. 


and 





dX 1 9X3 

9a 1 ! dx t 


d_X,,dX_ 
+ 9 JCn dx ~ 


0 
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Subtracting these equations, we have 

but this is the condition that the equation 

log ( MjN ) — constant 
shall be an integral of the system 

dx l dx* dxft dx 

■y" “ xr — •• • — -rr ” xr ’ 

A l A 2 An A 

and we have therefore the theorem that the quotient of two last multipliers of 
a system of differential equations is an integral of the system 

The reader who is acquainted with the theory of infinitesimal transformations will be 
able to prove without difficulty that if the equation 


+ - r *E + - r i-° 


admits the infinitesimal transformations 

then the reciprocal of the determinant 

Xx X* X n X 

In iia im ii 


(4=1,2, ,w), 


is a last multiplier 


ini inS inn in 


121 Application of the last multiplier to Hamiltonian systems use of a 
single known integral 

If the system of differential equations considered is a Hamiltonian system, 
we have evidently XdX r ldx r = 0, and consequently M = 1 is a solution of the 

V 

partial differential equation which determines the last multiplier , so the last 
multiplier of a Hamiltonian system of equations is unity 

From this result we can deduce a theorem which enables us to integrate 
completely any conservative holonomic dynamical system with two degrees of 
freedom when one integral is known m addition to the integral of energy 

Let the system be 

l-frt-rlr 4 ' 

api dp 2 dq-, dq, 

and in addition to the integral of energy H (q u q s ,pu p t ) = h, let an integral 
V (q 1: q s , p u pt) — c be known From the theorem of the last multiplier it 
follows that 

1 (8 ff, dH . ) 

3 (.Pu Pi) 


— constant 
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is another integral , where, in the integrand, p x and p t are supposed to be 
replaced by their values in terms of q 1 and q, obtained from the known 
integrals H and V 

But if we suppose that the result of solving the equations H=>h and 
V = c for pi and p 2 is represented by the equations 


then we have identically 


?a> h, c), 
1 Pi ~fi (?1» C )> 

dp-, be + dp 2 dc ’ 


and therefore 


d J d £+ d Z d f* = i 

. dp x dc dpt be 


0/i dH/dp a 
9 (.Pit Pi) 


0/ s -dH/dpi 

Tc = dfV7m ’ 

9( Pi, Pi) 


so the theorem of the last multiplier can be expressed by the statement that 



is an integral 



This result leads directly to the theorem already mentioned, which may 
be thus stated* . If m the dynamical system defined by the equations 

dq r = dH ^Pr == _95 ( r = l, 2), 

dt dp r ’ dt 9 q r 

/ the integral of energy is H (fc, 2a» Pi> P*) = h > and l f ?«> Pu Pt) = o 

denotes any other integral not involving the time, then the expression 
p 1 dq l +p 2 dq Ss , where p x and p a have the values found from these integrals, 
is the exact differential of a function 6 (g„ $ 2 , h, c ) , and the remaining 
integrals of the system are t 

~ = constant, and gjf = t + constant 

This amounts to saying that if any singly-mfinite family of or ^ 18 
selected (e.g the orbits which issue from a point q x = «i, = “a) which have 


* This theorem is really an application of the well known method for the soiuhon o a 
partial differential equation of the first order, the equations of the dynamical 
the equations of the characteristics of the partial differential equation As a ^ dyn 
theorem, ,t was published for a simple case (motion of a single ' 1 \ 

(Comptts Rendui, in p, 69), and for the general case given here by Poisson in 1837 (J 
ii. p 817) aqd Liouville in 1840 (jr de M v p 851) 
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the same energy, so that to any point (q x , g 8 ) there correspond definite values 
of pi and p a (namely the values of p x and p^ corresponding to the orbit which 
passes through the point q u q a and belongs to the family), then the value of 

the integral J p 1 dq 1 +p a dq„ taken along any are joining two definite points 

(jio, qm) and (q n , q a ) is independent of the arc chosen 

To complete the proof, we have on differentiating the equations H = h 
and F= c, 

dqi dp 1 dqi 8p„ dq x 

0ft dpi dqi dpt dq l ’ 


and consequently 


d(V,H) 
Oft d(ft, ft) 

dqrdWjT)’ 
3 (Pi> Pi) 


and similarly 

3 (Pi> Pi) 


But since F= c is an integral, we have 


or 


and therefore 


dr , dV dV dv 

d^l ql+ d^ + ^ + ^ =0 > 

8 (F,ff) 8(F,if) n 
0 (?i. Pi) o (g 8 , p a ) 

3/»_3£_ o 
dq x dq t ~ 


This equation shews that fidq 1 +f a dq 2 is the perfect differential of some 
function 6 (q lt q ? , h, c) and the result derived above from the theory of the 
last multiplier shews that dd/dc = constant is an integral 

Moreover, we have 

dt _ d 9i _ dqi 
dB/dpi dKjdpi ' 

and therefore 

8F, 0F , 

r— aq x — v— aq t 
dt _ 3p» 0Pi 

dt ~ 8 ( F, H ) 

3 (P*> Pi) 

But obtaining dfjdh and df t /dh in the same way as df x /dc and df 2 jdc were 
found, we have 


8/»— dVfo and 3/a_ dV/d Pl 

dh-TZVJBT) and dh- dTVjBT) 

3 (Pi, Pi) 8 (p u p 2 ) 
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or 


00 


t — rj- + constant, 
ok 


which completes the proof of the theorem 

Example In the problem of two centres of gravitation (§ 53), if (r, r f ) denote the 
radii vectored to the centres of force, and (0, 6') the angles formed by r, / with the 
line joining the centres of force, obtain the integral 

rV W - 2c (fi cos B + y! cos S') — constant, 
and hence complete the solution by the above theorem 

122 Integral-invariants whose order is equal to the order of the 
system 

The theory of the last multiplier of a system of differential equations is 
connected with that of the integral-invariants whose order is equal to the 
order of the system 

dXr v 0 = 1 , 2 , ,h), 


Let 


UAV r ~cr 

~dt~ Xr 


where (X x , J 2 , ., X*) are given functions of (as,, *s> , so k , t), be a system 

of ordinary differential equations, and let us find the condition which must 
be satisfied m order that 

ffj JifSA bx k 

may be an integral-invariant, where iff is a function of the variables 

Let (<h, Ct , . , Cfc) be any set of constants of integration of these equations, 
so that, by solving the equations, (« 1( x a , , x k ) can be expressed in terms 
of (ft. flb, ».,*,*> Then we have 

and therefore the condition of integral-invariancy is 


d [ w 3 (&u ^3> > 

dt l 3 On Cj, , c*) 


dt 

,JQk) M | SJfiLfsi. — lSH = 0, 

dt 3 (Oi, C„ . ,C h ) r=l 0(Cx,C2, ,0k) 

diff 3 fa, 002, ■ . 4) + | dXrW*i,*» : > x h) = o, 

dt "3(c 1, c 2 , ., cjb) c=i ^ Oi, c 2 , . , Ok) 

or di /•— 1 cdt) 

Which shews that M must be a last multiple of the system of equations 


or 


or 
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This result gives immediately the theorem that for a dynamical system 
whose motion is determined by the equations 


dqr^E dpr = _ZH 
dt dt dq r 


(r = 1, 2, . , n ), 


where H is any function of (q u q„ q n , Pi, p>, , Pn, t), the expression 


[(| JSq t Sq, SqnbpiSpt .$p» 


%s an integral-invariant , since in this case unity is a last multiplier This 
theorem is of importance in the applications of dynamics to thermodynamics 

Example For a system with two degrees of freedom, let the energy-integral when 
solved for pi take the form 

M'(qu 9z>P*> *)+JPi-0 

Shew that, for trajectories which correspond to the same value of the constant of 
energy, the quantity 

0#' * * 


is independent of t and also of the choice of coordinates and hence shew that the 
trajectories of the problem can be represented as the stream-lines, m the steady motion 
of a fluid whose density is dll'/dh 


123 Reduction of differential equations to the Lagrangian form . 

Another question to which the theory of the last multiplier can be 
applied is the following To find under what conditions a given system of 
ordinary differential equations of the second order 

9k —fk (9u ? 2 j •••» {?»> ?i> » 9») (ft*! i 2, n) 


is equivalent to a Lagrangian system 


d /9£\ ^ 9£ 
dt \dqj dq r 


(r*l, 2, , n), 


where £ is a function of (q u q it q n , q lt q 2t t) 


If these two systems are equivalent, the equations 


£ ( 52 L , \ . 

k=\ \dqjqk + tyrdqic + dq T dt dq r 


0 


(r = l, 2, , n) 


must evidently reduce to identities when the quantities qu are replaced by 
the expressions f k , and therefore the required Condition is that a function L 
shall exist satisfying the simultaneous partial differential equations 


4 / 9 2 Z , 3 2 £ . \ 9 *£ dL 

*-1 \dqrW k + dq r dq k 9 V + dq r dt ~ dq r ~ 


(r = 1, 2, . , n), 


where (q,, q u , , q n , q lt q t , q n , t) are regarded as the independent variables. 
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When n = 1, the question can be solved in terms of the last multiplier 
For the equation satisfied by L is then 


from which we have 


d 3 L , d 3 L _3£_ n 
dq 3 J + dqdq ^ + dqdt ’ 


dq 


J/M.\ = 3 t&L 


_ . _ ___ _ dL\ 

dq^dq 3 ^) dq\.dqdq^ + dqdt dq) 

d >l , a 3 L 
:2 + : 


dtfdq'* oq 3 dt’ 

and therefore if we write dPL/dq 3 — ilf, the function M satisfies the equation 

4<*jO + 4<W#-°. 

but this is the equation defining the last multiplier M of the system of 
equations 

dq dq 
“ 3 "/(ft ft O’ 




and therefore when n — 1, determination of the function L reduces to the 
determination of the last multiplier of the system 

124. Case in which the kinetic energy is quadratic in the velocities 
When w>l, the most important case is that m which each of the functions f T 
consists of a part F r which is homogeneous and of the second degree in (gi, qi, , £») an d 
a part G r which does not involve (q l9 q %9 . , q*\ and it is required to determine* whether 

,to 

are equivalent to a system 

afe )~%q~ Qr ( r-l,2 ,n), 

where T is homogeneous and of the second degree m (ji, , ?») and also involves the 
variables (^x, q a , . q»), and (§ 1 , Qt, , Q n ) are functions of (ft, q», ... ?») only 

The value of T is clearly not dependent on (<?i, <?s> > ®»)> and therefore we can 

consider the problem m which (<?„ O,, , ff») are zero, le. the problem of finding 

a function T such that the equations , . 

q r w*F r 

are equivalent to the system 

5<fe)"s?r 0 (r “ 1 ’ * ■ ,B) * 

The for this is the existence of a function T satisfying the partial differential 

equations 


A (r " x ’ 2 ’ • ” n) 

Since Fj, is homogeneous, we have and therefore 

m Z 3 T „ , £ ’l dF k cPT 

Ji dqJq k FkC °* ,h fc-i ? * 

* 0 /, » ar* an * T , » 0*n ar 
“,!i ? *0^ r l*£i 9* 3£T .-1 st v=,p:¥ 


(r-l, 2, . , «) 
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But since dF/dq r is homogeneous, we have 


and therefore 


dF h 

Wr' 


3=1 


Jb-1 fyrfyfe s=l* 8 0£ r \ S fc«: l 0$, %/ 2 *«1 9jr 0£* 

The equations to be satisfied by T may consequently be written 

; „ 3 A 5 sr\_i ^ ; a a y . az 7 . 

s=l * ^ V Jb-l Sfi'a H J ®fc=l + , =1 00 r 0y t 00 r 

.1 *4 (* JiSi'l+D - (* Ji §| + l) =o 


(r-l, 2, 

(r=l, 2, 




and evidently these may he replaced by the equations 

n dF*dT dT . . , „ 

**2. Wr¥* + Wr = ° {r = 1 ’ 2> 

Thus, writing / r for (iP r +<7 r ), we have the theorem that if the system of equations 


9r=fr (r«l, 2, , n), 

where f r consists of a 'part which is homogeneous of degree two in the velocities and a 
part which does not involve the velocities, is reducible to the form 


d/dT\ dT_ 
dt \dq r ) $q r 

(r=l, 2, , n), 

then T must he an integral of the system 


* k~i ^q r dq k dq r 

(r=l, 2, , n ) 


Miscellaneous E xam ples 


1 In the problem of two centres of gravitation, the distance between the centres of 
force is 2c, and the semi-major axes of the two comes which pass through the moving 
particle and have their foci at the centre of force are (q u q 2 ) Writing 



shew that the equations of motion are 


Ps“ 


gi a -gs a dgi 

c»-V d*' 


dg r _ 9/7 a? 

dt dp r 9 dt ** dq r 


where 








and pi and p% are constants. 


M2 

?!+?«’ 


(r=i, 2 ), 


2 Shew that 

jjf 

where the summation is extended over the Jn (»— 1) combinations of the indices i and /, 
is an integral-invariant of any Hamiltonian system m which (qt, q it q ni pi,p%>. , p n ) 
are the variables. , (PoincarA) 
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3 In the problem defined by the equations 


where 


dq r _ 077 dp r _ dff 
dt 0^t? r * "5F 

- q 2 p 2 - a ^2 + bq 2 \ 


fr-1. 2), 


shew that — — =» constant 

Vi 

is an integral , and hence by the theorem of § 121 obtain the two remaining integrals 

(ft £2 = constant, 

(log q x = 1 4- constant 


4 If M is a last multiplier of a system of differential equations 


of which the equation 


dx i _ dx 2 __ _ dx n _ dx 
X x X 2 X n X 9 

/(#!, x 2 , , x n , x ) — Constant 


is a known integral, and if an accent annexed to a function of x l9 x 2l , x n , x is used to 
indicate that x n has been replaced m the function by its values found from this integral, 
shew that M'/(dfJdx n y is a last multiplier of the reduced system 


dx x _jdx 2 dx n _ x _ dx 

X{ ~ X 2 ' = "ivri 7 


(Jacobi ) 


6 If 0 X Constant, S 2 
equations 


shew that 

is a last multiplier 


Constant, , 0 n = Constant are a set of integrals of the 

dx _ cb\ dx% _ dx n 
X~ X x ~ X 2 ~ X n 7 

1 ^_(^1> ^2 j > ^») 

X 0 (X X , X 2 , ,X n ) 


6. Let {u u U 2 , , m«) be w dependent variables, and let J u / 2 , , I n be a set of 

linear differential expressions defined by the equations 

4« s {pric(t)U'k+qrk{t)U'k+r Tle (t)Ud (r=l, 2, „ , n) 

fc*=i 

If (v X9 v n ) are functions of such that 

V1/1+V2/2+ +^n 4 


is an exact differential, shew that the functions (v l9 v 2 , , v n ) satisfy a set of n linear 

differential equations, which will be called the system adjoint to the system of linear 
differential equations 

4 = 0 (r-1,2, ,n) 


If F t denotes the expression 


d (dL\ dZ 
dt [djr) 


(r-1, 2, , n), 


where L is any given function of (< j u q%, , j», Ji, , g», <), shew that the System of 

linear differential equations 

* ( 1 ^ “* + ^ + “* ) = ° ( r “ 1 > 2 ' ' ’ m) 

is anoint to itself 

Shew that the converse of this latter theorem is also true 


(Jlirsch ) 


CHAPTER XI 


THE TRANSFORMATION-THEORY OF DYNAMICS 

125 Hamilton’s Characteristic Function and Contact-Tramsformations 

We have seen* that the integration of a dynamical system which is 
soluble by quadratures can generally be effected by transforming it into 
another dynamical system with fewer degrees of freedom We shall in 
the present chapter investigate the general theory which underlies this 
procedure, and, indeed, underlies the solution of all dynamical systems. 

The origin of the method is to be found in a celebrated memoir on 
optics, which was presented to the Royal Irish Academy by Hamilton in 
1824f the principles there introduced were afterwards transferred by their 
discoverer to the field of dynamics 

In order to follow Hamilton’s thought, we must refer to the connexion 
between dynamics and optics — a connexion which is perhaps less obvious m 
our day than m his, when the corpuscular theory of light was still widely 
held If a ray of light traverses an optically heterogeneous but isotropic 
medium, the refractive index at any point (a, y, z) being fi, the path of 
a ray may be determined by Fermat's Principle £, namely that the integral 

[a* («, V> z) ds 

has a stationary value when the integration is taken along the actual ray 
joining two given terminal points, as compared with neighbouring paths 
joining them If on the other hand we consider the motion of a free particle 
of unit mass m a conservative field of force where its potential energy is 
6 (v, y, z\ and its constant of energy is fc, the path of the particle may be 
determined by the Principle of Least Action (§ 100), which in this case asserts 
that the integral 

[{A - <t> (x> y , z)}^ds 

has a stationary value for the actual trajectory as compared with neighbouring 
paths joining the same terminal points Comparing these two statements, we 

♦ Cf Chapter III, §§ 38-42 

t Tram R Irish Acad xv, (1828), p 69; xvi, (1880), pp 4, 93, xvn (1887), p 1 

$ Cf my History cf the Theories of Aether and Electricity , pp, 9-10, 102-8 
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see that the trajectories of the particle in the dynamical problem are the 
same as the paths of the rays m the optical problem , provided a suitable 
correspondence 

p = (ti- <f>)i 

is set up between the potential-energy function m the one case and the 
refractive index in the other. 

In the corpuscular theory of light, this was regarded as furnishing the 
explanation of the optical phenomena, the ray of light being conceived as 
a procession of rapidly-moving corpuscles But the statement m itself is 
true whatever hypothesis regarding light be adopted and therefore it 
supplies a means of connecting dynamics with the undulatory hypothesis 
This idea is the starting-point of Hamilton’s theory 

When the undulatory hypothesis is adopted, we have the choice of two 
different methods of discussing the propagation of light mathematically 
the first is to consider rays , the second is to consider wavefronts The 
latter method, which was introduced by Huygens m 1690, may be thus 
explained. 

Consider a wave-front, or locus of disturbance in an optical medium, as 
it exists at a definite instant t, having the form of a surface <r Each element 
of this wave-front may be regarded as the source of a secondary wave, 
propagated outwards from it , so that at a subsequent instant If , the 
disturbance originating m any point (x } y, z ) of the original wave-front will 
extend over a surface To obtain the equation of this surface, we observe 
that the time taken by light to travel through the medium from an arbitrary 
point ix y y, z) to another arbitrary point (x, y\ zf) depends only on the six 
quantities (. x 9 y, z , of, y', sf) * let it be denoted by V (x, y , z , x\ y', z) This 
function V ( x , y, z, x\ y', z') was called by Hamilton the characteristic function 
for the medium in question A disturbance which originates at a point 
(a, y, z) of the original wave-front at the instant t will therefore at the 
instant if extend over the surface whose equation m the coordinates 
(of, y\ zf) is 

V (x 9 y, z t x\ y\ zf) = t' - 1 (1) 

Now according to the principle of wave-propagation laid down by 
Huygens, the wave-front which represents the whole disturbance at the 
instant f is the envelope of the secondary waves which arise from the 
various elements of the original wave-front Call this new wave-front 2 ; 
and denote the direction-cosines of the normal to the wave-front a at 
(w } y y z) by (J, m, n), and the direction-cosines of the normal to the wave- 
front 2 at the corresponding point* (x\ y', z') by (l\ m\ n), these are the 

* The point (s', y\ zf) is said to correspond to (x, y, z) if the secondar/ wave 'propagated 
from (x f y y z) touches the envelope Z at («', y\ z'). 


W. D 
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direction-cosines of the rays at (%', y, *) and (®, y, z) 

correspondmg to points on <r, the 

?**f*4>- 

must be satisfied by all those values of the ratios dx dy .dz which 
correspond to directions in the tangent-plane to a, ie which satisfy th 

relation ldx + mdy + ndz — 0 

Hence we have 

1 d -Z^- d - V .. . • ( 2 ) 

l dx m dy n dz 

Moreover, since (t, m', n) are the direction-cosines of the normal to the 
surface V at the point (x\ y', A we have 

ldV = l_dV = l_dV 
V 9a/ m' dy w' dz 

Now a ray of light which passes through the point (x,y,z) in the direction 
Cl m n) at time I passes through the point <*', f, /) m the direction (*,».») 
It time f and equations (1), (2), (3), together with the equation 

Z' 3 + m /s + w' s = l 

are six equations, from which we can determine the six quantities (a/, f, S, 
fm’ n') m terms of (., y, z, l, m, n) Thus by these equations the behaviour 
of rays o/ light in the medium is completely specified in terms of the single 
°i %,* - j V ' /) It will be observed that they are not differential 

{SStaJ but that they’ give dnectly, in the integrated form, the changes m 
anv system of rays after a finite interval of propagation through the medium 
It is evident therefore that all problems in optics depend on the deter- 
mmation of Hamilton’s characteristic function V(xy, z, x,y,z) for the 
optical medium or system of media through which the rays pass 

From the point of view of Pure Mathematics, we regard the change from 
the set of variables («, y, z, l, », ») to the set of variables (x, y,z l, m n) 
or (to express it geometrically) from the surfaces <r to the surfaces 2, as 
a transformation The function V is thus to be regarded as determining a 
transformation of space which changes any surface <r into a new surface 2. 
It is evident that if two surfaces <r and <r' touch at a point, the correspondmg 
transformed surfaces 2 and 2' also touch at the corresponding point on this 
account the transformation has been called by S Lie a contact-transformation. 
Thus any f motion V(x, y, z, y\ /) defines a contact-transformation, which 

* For .implicit? we are .apposing that the medium, though optically heterogeneous, is 
isotropic* *££* considered also the more general case oi a crystalline medium 
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transforms any wave-front cr into the wavefront 2 which is derived from 
a* by propagation through the medium in the interval of time if — t 

A simple example of a contact-transformation is the well-known geometrical trans- 
formation known as reciprocation In order to find the reciprocal of any given surface <r, 
with respect to a given surface, we correlate to every point (#, y, z) on <r a plane, namely 
the polar plane of (a?, y, z) with respect to the quadric When the point (#, y, z) takes all 
possible positions on the surface cr, the plane envelopes a surface 2, which is the reciprocal 
of <r The transformation from cr to 2 is evidently a contact-transformation In this 
case Hamilton’s function V is linear with respect to (sc, y, z ) and also with respect to 


Proceeding now with Hamilton’s problem, equations (2) and (3) may be 
written 


dV 

doc 

dr 

da! 


= kI, 

II 

dV 

te =Kn ’ 

= \V, 

dV , 

dV w 


where k and \ are quantities not as yet determined They can however be 
readily found For the equations may be written 

d V = k ( Idx 4- mdy + n dz) 4- \ Q! do! 4- m!dy f 4- n'dz') , . . (o) 

Now by proceeding a small distance ds' along the ray at (x , y , z), we 
increase V by the time which light takes to travel along ds . But if the 
units are so chosen that the velocity of light in free aether is unity, then 
the velocity of light m the medium at ( x , y\ z ) is 1/p', where p denotes 
the refractive index at this point Thus the time taken by light to describe 
ds' is p'ds\ or p' (V* 4- m' 2 + n' 2 ) ds', or p (i Vda / 4- m'dy' 4- n'dz') Comparing 
this with equation (5), we see that \ = p Similarly * = -/*, where p 
denotes the refractive mdex at (oc, y, z) Thus Hamilton’s general formula 
becomes 

dV — p' (l' do! + m'dy' 4- n'dz') — p (l doc + mdy + ndz) 


If we write 

pi = £, pm = 77, pn — £, p'l' — p'm f = f , pr! = £ \ 
this takes the form 

dV= %dti + rj'dy' 4- fW -^dx-ndy-^dz (6) 

The quantities (f, % £), (£', V, £') were called by Hamilton the components 
of normal slowness of propagation of the wave at (x, y , z) and (x * y , z ) 
respectively 

Consider now the particular case m which the interval of time (f — t) 
between the two positions a and 5 of the same wave-front is very small ; 

19—2 
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denote it by At In this case the contact-transformation is said to be 
infinitesimal Write 

x' = x + aAt, f *= y + fiAt, / = #-!- 

f'-f + tiAt, rf-q+vAt, (7) 

7 = FA* J 

Then equation (6) becomes 

dW At = (f + mA *) (dx 4 - da At)^(7j + vAt)(dy + dj3 At) 

+ (£ 4- wAt) {dz 4- dy . At) - %dx -rjdy- £dz 
= uAtdx + yA*dy 4- wAtdz -1- %Atda 4- rjAtd/3 4- f A £ dy, 
or dF = udx + ydy + wd#4- fda4- ^dy9 4- fdy, 

or d (fa 4- 4* ?y — F) = adf 4- y8d*? 4* yd? — wd# — ydy — wdz 

Thus if we denote the function f a 4- tj/5 + ?y — F by H, and suppose I? 
expressed as a function of x, y } z, ?, rj, ?, we have 

dE=adl; +fidr) + yd£—udx—vdy — wdz (8) 

dP dw 

Now evidently, from (7), in the limit u becomes a becomes , etc 
Thus we have 

so the rates of mcrease of the six variables (x, y, f, i ?) are given by the 
equations 


dx 

dH 

dy _ 

dH 

dz 

dH) 

dt = 

sr 

dt 

dy ’ 

dt ~ 

3? 

1 

^3 1 

dH 

dy 

dH 

d£ = 

_dH 

dt 

dx’ 

dt~ 

dy’ 

dt 

dz j 


and is a Hamiltonian system of equations , swcA as occurs in dynamics 
Our investigation shews that it may he regarded as representing an in- 
finitesimal contact-transformation, that is to say, the motion of a wave-front 
from one position to a position indefinitely near it The integrals of this 
Hamiltonian system are the equations (1), (2), (3), (4) above : they represent 
a finite contact-transformation, that is to say, the motion of a wave-front 
from one position to the position which it acquires after a finite interval of 
time Thus we see how by using the ideas of the undulatory theory of light 
Hamilton was able to obtain an integrated form for the differential equations 
of dynamics, depending on a single unknown function 

126 Contact-transformations in space of any number of dimensions 

The rest of the present chapter will be concerned with the application of 
Hamilton's ideas, described m the preceding article, to the general case of a 
dynamical system with any number of degrees of freedom, and the connexion 
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of the results with certain theorems due to Lagrange, Poisson, Pfaff, and 
Jacobi 

We shall first define a contact-transformation in n-dimensional space, 
using for this purpose a generalisation of equation (6) of the last article 
Let (q u q 2i , q ni p u p %) . f p n ) be a set of 2 n variables, and let 

(Qu Qif 9 Qn* Pu P* f 9 Pn) 

be 2 n other variables which are defined m terms of them by 2 n equations 
If the equations connecting the two sets of variables are such that the 
differential form 

PidQj 4- P 9 dQ 2 + 4- P n dQ n - Pi dq x - p 2 dq 2 - - p n dq n 

is, when expressed m terms of ( q u q 2> , q n , p x , p 2) , p n ) and their differ- 

entials, the perfect differential of a function of (q u q 2) . . , q n , p lt p 2i p n )> 
then the change from the set of variables (q lf q 2 , , q n >Pi> p*y - , Pn) to the 

other set (Q u Q 9t Q n , P l9 P 2 , P n ) is called a contact-transformation 

It may be observed that this is different in form from the definition which is mo^t 
convenient when contact-transformations are studied with a view to their applications in 
geometry and m the theory of partial differential equations the latter definition may be 
stated thus a contact-transformation is a transformation from a set of ( 2 w+l) variables 
(tfuSto ,q»9Pi9p2, 9 p*9*) to another set (Q u m Qn, Pi, P2, •« , Pn, %), for 

which the equation 

dZ-PxdQL-Pi&Qt- . -PndQn^pidz-pidqi-psdq*- -p n dq n ) 
is Satisfied, where p denotes some function of (q x , , q n9 p u p 2 , p n , z) 

If the n vanables (Q lf Q 2t . Q n ) are functions of (q l9 q 2 , q n ) only, 

the contact-transformation from the vanables (q lf q 2 , . , q n , Pu p n ) to the 
variables (Q u Q 2y , Q n , P l9 . , P n ) is called an extended point-transformation, 
the equations which connect (q l7 q 2 , , q n ) with (Q lr Q 2 , . *, Q«) being m this 
case said to define a point-transformation 

From the definition it is clear that the result of performing two contact- 
transformations m succession is to obtain a change of variables which is itself 
a contact-transformation. It is also evident that if the transformation from 
,p») to (Q lt Q 2) f Qn 7 P\ 9 ", Pn) is a contact-trans- 

formation, then the transformation from (Q lf Q 2l . , Q n> P u P a , . , P n ) to 
(q u q 2 9 ->Pn) is also a contact-transformation, this is generally 

expressed by saying that the inverse of a contact-transformation is a contact- 
transformation. This, together with the foregoing, shews that contact-trans- 
formations possess the group-property 

Example 1 Shew that the transformation defined by the equations 

|P-*( 2 #)^ e~* sm p, 


is a contact-transformation 
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In this ease we have 

P dQ -p dq = (2g)i sin p {(2q) " * cos p dq - (2?) 4 ton p dp} -p dq 
=zd(q sm p cosjo - qp), 
which is a perfect differential 

Example 2 Shew that the transformation 

(§-logQsm ? ), 

(p = 2COtjt?, 

is a contact-transformation 

Example 3 Shew that the transformation 

r$=iog(i+?*cosp), 

|i>=2 ( 1 + 5 ^ cos p) sm p, 

is a contact-transformation 

We shall now obtain the explicit analytical expression of a contact- 
transformation 

Let the transformation from variables ( q 1} q 2> , ?n> Pi, > Pn ) to variables 

(Qj, Q 2 , , Q n , P lf , P n ) be a contact-transformation, so that 

2 (P r dQr-prdq r ) = dW, 

r=l 

where dW is a complete differential 

From the equations which define (Q lf Q 2) , Qn, Pi, • > Pn) * n terms of 

(q u q 2) >q n >Pi> ,p n ) it may be possible to eliminate (P a ,P a » .,-Pn,Pi> >Pn) 
completely, so as to obtain one or more relations between the variables 

(.Qn Qif * , Qn> qi) •••> ?w) > 

let the number of such relations be Jc , and let them be denoted by 

Or (?i, ft, , in, Qi, - , Qn) - 0 (r = 1, 2, , fc) (A) 

The meaning of these relations may be illustrated by reverting to the geometrical 
theory of contact-transformations in ordinary three-dimensional space, when there are 
three cases to consider 

(a) There may be only a single relation between the new and old coordinates, say 

When (x, y, z) are given, this equation, regarded as the locus of a point {of, y^ zf), 
represents a surface , so that each point (#, y, z) is transformed mto a surface, which we 
may call an Q-surface and any arbitrary surface <r is transformed into a surface 2 which 
is the envelope of the Q-surfaces corresponding to the individual points of cr This is the 
general case, and is the only one we considered in § 125 

(0) There may be two relations of this kind, say 

Qi (Xf y, z> y', zO-O, O a te V, z , y', 

If (x, y, z) are given, these two equations m y 7 , /) represent a curve so eaoh point 
(#> V, z ) 18 transformed into a curve , which we may call a ff-curve , and any arbitrary 
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surface <r is transformed into a surface 2 which is the envelope of the ^-curves corre- 
sponding to the individual points of <r 

( y ) There may be three relations of this kind, say 

(#, y, z, sd y y’y d) =0, &2 (#» y\ <0 = (#> x 'i V** ^ ~ 

m which case each point (#, y, 2 ?) is transformed into a point ( 3 d , y', d\ and any aibitrary 
surface cr is transformed into a surface 2 which is the locus of the points corresponding to 
the individual points of cr 

Since the variations (dq u dq 2i dq n , dQ lf ...» dQ n ) m the equation 


2 (PrdQr-prdqr) - dW 

r=l 


are conditioned only by the relations 


3fl r 


• + 3£«>- 0 


0X1, 


0x1 >• 


0 x 1 , 


3?! 3?* 

we must have 


3?n 


3Qi 


3Qn 


0 _9Z +X ?£*+ 

r_ 0Q r + Xl 0& + 

dW an, 

Pr 0g r 1 0? r 



ii 

fcO 

,*), 

» % 3X1* \ 

+ Xk Wr 

dSljc 

oq r j 

II 

I— * 

to 

i 

(B), 


where (X^X,, X*) are undetermined multipliers and where W is a function 

of (qu ? 2 , • . q n , Qu Qi> . Qn) The equations (A) and (B) are (2n + k) 
equations to determine the (2 n -f k ) quantities 


(Qu > Qn> Pit «> Pn> ^i» • > 

m terms of (q lt , g„, p„ , p„) TAese equations may therefore be regarded 
as explicitly formulating the contact-transformation, m terms of the functions 
(W, n,. XI s , , XI*) which characterise the transformation 

Conversely, if (TV, XI, , Xl s , . , XI*) are any (k + 1) functions of the variables 

(qu q>, , qn, Qi, , Qn), "here and if 

(Qu Qi, > Qn, Pi, •> Pn> ^i> • > h-k) 
are defined m terms of (q lt q 2 , q n , Pu , p„) by the equations* 


Xlr(?i> ?2> •> 2 n > Qi> Q 2 ’ ’ Qn) ® 

(r- 1, 2, 

,k), 

t> 0F^- 9X1,, ,.0X1* 

| Pr = 0^ + Xl 3^ + " + k w 

11 

M 

fc© 

, n), 

0 F - an, - sn* 

\^ = -d^~ Xl Wr~ ' 

(r-1, 2, . 

, n), 


* These equations were first given in Jacobi’s Vorletungen ilher Dynamik (1886), p 470, where 
their utility in the transformation of partial differential equations of the first order (to whioh 
dynamical problems can be reduced) was indicated Their place m the theory of oontact trans- 
formations was pointed out by Lie 
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then the transformation from (qu q 2) , q n , Pu •> Pn) to (Q lf Q 2 , Qn, 

P x , , P n ) is a contact-transformation , for the expression 


2 {PrdQr- P rdqr) 

r-1 

becomes, in virtue of these equations, d W, and so is a perfect differential 
Example If § = (2^)^"^cosp, P=(2^^smp, 


shew that 


P- 


dW 
S Q> 


dW 

8*’ 


where Tf =«| Q (2 qk - - q arccos Ql (2#)^}, 

so that the transformation from (q> p) to (Q, P) is a contact-transformation 


127 The bilinear covariant of a general differential form 

Now let (Xu®*, a n )be any set of n variables, and consider a differential 
form 

Xydxy + X 2 dx 2 • • "1" X^dx n ) 

where (X lt X 2 , , X») denote any functions of (x l} x 2 , , x n ) ; a form of this 

kind is called a P faff's expression * in the variables (xy, x 2 , , x n ) Let this 

expression be denoted by da, and write 

6s = ZjSd?! - 4 - X 2 8 r 2 4- ... 4- X n Sx nj 

where 8 is the symbol of an independent set of increments Then we have 
80 d — d9s = 8 (Xydxy + X 2 dx 2 + . . + Xndx n ) — d (XySxy 4- X 2 Sx 2 4- . 4- X n 8 a?») 
= BXydxy + 4 “ $X n dx n 4h XySdx j 4^ • 4~ X n Bdx n 

- dXySx\ — . . - dX n Sx n - STid&ri — — X n dSx n . 

Using the relations hdx r = dlx ry which exist since the variations d and 8 
are independent, and replacing dX r> 8 X r by 

dX r 7 dXr j dX r js . . dX r ~ i. i 

g^-<^i4- 4- 3 - dx n , g^-8^4-. 4- g^- 8 « n respectively, 

n n 

we have 8 ^ — = 2 2 ayda^hx}, 

1=1 ;=1 

where a v - denotes the quantity dX t Jdxj — dXj/dx x . 

Let (y 1} y 2 > • > y n ) be a new set of variables derived from (x lt x 2 , . a? n ) 

by some transformation , let the differential form when expressed in terms of 
these variables be 

F 1 dy 1 4-r,dy 2 4-.. +T n dy n 

* Pfafl’s celebrated memoir on these expressions was presented to the Berlin Academy m 1815 
Abhandl Akad der Ww. 1814-15, p 76 
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and let the quantity d Yi/dyj — d 7j/dy x be denoted by i tJ Then since the 
expression B0 d — dd$ has obviously the same value whatever be the variables 
m terms of which it is expressed, we have 

n n n it 

* 2 2 dijdx % S(Cj =22 b^dyxSyj 

3=1 i-1 j=l 

The expression 'Za t jdxi&Xj is, on account of this equation, called the 
bilmear covariant of the form 2 X r dx r . 

r=l 


128 The conditions for a cmtaot-transformation expressed by means of 
ihe bilinear covariant 

Let (Q u Q a , . Q nj P u , P n ) be variables connected with (q u q 2 , 

n 

?n»Pi) ..,p n ) by a contact transformation, so that 2 P r dQ r differs from 

r=*l 

n 

2 p r dq r by an exact differential, 

r- 1 

It is clear from the last article that the bilmear covanant of a differential 
form is not affected by the addition of an exact differential to the form, since 
it depends only on the quantities dXJdxj — dXjjdx %i which are all zero when 
the form is an exact differential: and we have shewn that the hilinear 
covariant of a form is transformed hy any transformation into the hilinear 
oovariant of the transformed form It follows that the bilinear covanants of 

n » 

the forms 2 P r dQ r and 2 p r dg r are equal, 1 e that 

r*l r« 1 

2 ( SPfdQr — dP r 8 Q r ) — 2 (Bp r dq r dq r bpr) y 

r»* r**l 

so that if ihe transformation from 

(.ilt ?*> '”>Qn>Pl> >“>Pn) (Qi> Qst •••» Qni Pi> • •> Pn) 
is a contact-transformation, the expression 

ft 

2 ($Prdq r dq r bp r ) 

rm l 

is invariant under the transformation 


EtxmpU. 
■we have 


For the transformation defined by the equations 

Qm(2q)lk~lcoap, F-(2y)i^ sin p, 

dP-{Sj ) “ * fc* sin pdq + (2jO* J* ooepdp, 

<x>ap&q- (2y)i h ~ * siny>$p, 

dQ " (8?) “ * k " * co* P d P ~ (8?)* * - * « npdp 
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By multiplication we have 

dP8Q - hPdQ « - sin 2 p ( dq dp - dq dp) + cos 2 p (dp dq - dp dq ) 
=dpdq-dpdq , 

and consequently the transformation is a contact-transformation 


129 The conditions for a contact-transformation m terms of Lagrange' $ 
bracket-expressions 

We shall now give another form to the conditions that a transformation 
from variables ( q u q 2i , q n , p l9 , p n ) to variables (Q lf Q a , , Q n > -Pi , , Pn) 

may be a contact-transformation 

If (?i, q*> . ->qn,Pu > p n ) are any functions of two variables (u, v) (and 
possibly of any number of other variables), the expression 

| fdqrd pr_dprdqf\ 
rL i V 3 u dv 3 u dv ) 

is called a Lagrange's bracJcet-eocpression* and is usually denoted by the 
symbol [u, v~\ 

If now (q lf q 2 > , q n , p u . , p n ) are any functions of 2 n variables 

(Qi, Q*, , Q n , Pi, > Pn), then m the expression 


2 (dp r bq r ~hp r dq r ) 

r<= 1 


we can replace dp r by 


+ k dQ " + k dP ' + 


+ 3P n 


and similarly for the other quantities , we thus obtain, on collecting terms, 


2 (dp r dq r — Bp r dq r ) = 2 [w*, ttj (du^Uk — Suidujc), 

r= 1 k, l 

where the summation on the nght-hand side is taken over all pairs of 
variables (u k , u z ) m the set (Q u Q 2 , , Q n , Pi, > , Pn) 

But if the transformation from the variables (q lf q 2 , • , q n , Pi, * •, Pn) 
to the variables (Q u Q 2) , Q n} P 1} , P n ) is a contact-transformation, we 

have 

2 (dp r hq r — Sprdq,) = 2 (dP r 8Q r - SP r dQ r ), 

r=l j*«l 


and this holds for all types of variation B and d of the quantities , comparing 
with the above equation, we have therefore 

'[Pi.PJ-0, [Q«, Q*] = 0 M = l, 2, , n), 

[Qu-Pfc]=0 (i, Ar= 1, 2, ,n,iik), 
k [Q», -P»] — 1 (t = 1, 2, . , »). 


Lagrange, Vlmtitut de France , annde 1808 reprinted Oeuvres , vi p 718 
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These may be regarded as partial differential equations which must be 
satisfied by {q ly q 2 , , q n> p ly , p n ), considered as functions of 

( Qi> Qi) t Qm Pd > Tfi) 

in, order that the transformation from one set of variables to the other may be 
a contact-transformation These equations represent m an explicit form the 
conditions implied in the invanance of the expression 

w 

2 (dp r Sq r — Bp r dq r ) 

r=l 


130 Poisson's bracket-expressions 

We shall next introduce another class of bracket-expressions which are 
intimately connected with those of Lagrange 

If u and v are any two functions of a set of variables (eft, q 
Pd ) Pn)) the expression 

/ du dv du \ 

dpr dqr' 

is called the Poisson's bracket-expression * of the functions a and v, and is 
denoted by the symbol ( u , v ) 

Suppose now that (wj, i i*, , u*n) are 2 n independent functions of the 
variables (q u q, 2 , , q n , Pd • , 2>n), so that conversely (q l9 q 2 , . , q n , Pd > Pn) 
are functions of (wx, u 2 , u^). There will evidently be some connexion 

between the Poisson-brackets (u r , u 8 ) and the Lagrange-brackets [u rf u 8 ]* 
this connexion we shall now investigate. 


We have 

5?/ \ r i % v 5 (du t dUr^dUt duf\ (tyj dpj 

£ ( “ 4 ’ Mr) [wt ' V 9 ?t 3 2 J Wt 3 u, ' 

Now multiply out the right-hand side, remembering that 

x p p »d 5 p p 

*“i tyt 3wt (=x dp, 9ut 

are each zero if i tj and unity if t =j , and that 

X md 

«-l 9g, 3tlf t-1 OPi Oltt 

are each zero , the equation becomes 




and consequently 




. 2 (u t , it,; [tit, w»] = 0 when r?«, 

2 (U*, <1 = 1 




_j=fc?2A 

9-iit du,) 


* Poisson, Journal de l’ £ cole poly tech vm (Cahier 15), (1809), p 266 


while 
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But these are the conditions which must be satisfied in order that the 
two determinants 


[■“l. “l] [«I, [Ui, Ugn] 

[“a. “J [“a, Mg] [u t , Usn] 


and 

(Ml) ^l) C^12» ^l) • 0^8»» 

(l«i, t/j) (^, 

* • • • . 

* * * • ... • 

[“an, th] • . [Man, Uj*] 


■ ••• • • W 

(“i. “sn) • . (Man, %) 


11 any element m fche one sh ould he equal to the 
Zll ^e corresponding element in the other, divided by this latter 
inant, the product of the two determinants being unity , and thus the 

bTZfaJTTl th ° ? a r an 9 e - h ™ ket * ** PouxJ.br Jets is expressed 
y the fact that the determinants formed, from them are reciprocal 

Emmple 1 a** any three functions of (j u ^ Pl , shew that 

((/, <t>), ^) +((<£, VO, /)+((f, f), 0)= o 

* <AA ** - <— ■ 

^ (v,vrw.&) </ ”® > 

where the summation is taken over all combinations f r , f, 

/w. * •*****-*' i •»— »* 

/ ^ OW let ^ 1 ’ ® a ’ > Q«> -Pi. • , -Pn) denote 2n functions of 2re variables 

saJl^yJ’P’.l I#’ W6 ShaU BhQW that oondtfoon* which must be 
t sJM m order that the transformation from one set of variables to the other 
may be a contact-transformation may be written m the form 

[(A, Pj) = 0, (Q u (i, j = l, 2, . , n ), 

(Q*> Pi) = 0 <?,J = 1,2, . ,n ;i$j), 

(Q>, P<) = 1 (i = l, 2, . n), 

» the ”■*““ for a 

f[P fc PJ-0, Efc«]-0 = l, 2, 

[Q„ P,] = 0 (t, j - 1, 2, », * g j), 

[&. Pf]=l * (t = 1, 2, . , n) 


Hence the relations 


2n 

2 («*, Ur) [«(, U,] = 0 


(rs a) 
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of the last article become 


(Qx, Q#)= 0 (P„P,)= 0 (»,; = 1,2,. ,«), 

(Pj, Qt) = 0 = 2, . 

while the relations 

2» 

2 (Mj, M r ) [«{, «r] = l 
C=1 


give (Q», P t ) = l 0 = 1,2, . , n), 

the theorem is thus established 


flqcample 1 If (ft, P„ , P„) are connected with {q u ,q«,Pi, , Pn) 

by a contaot-transformation, shew that 

* /00 3^- d<f> |9f\_ * /0<£ dxff d<j> dxjr\ 
r-l Wr SPr 0Pr 0 W ~ r=X 3pr ” *Pr ’ 
so that the Poisson-brackets of any two functions <£ and yjr with respect to the two sets of 
variables are equal 

Example 2 If (ft, ft, . , ft) are given functions of (q Xl q 2 , >> Pu « >Pn\ and 
satisfy the partial differential equations 

(ft, ft)=0 2, ,7l), 

shew that n other functions (P x , P 2 , , P n ) can be found such that the transformation 

from (q u q 2> . , , p n ) to (ft, ft, , , ft, P x> . , Pn) is a contact-trans- 
formation. (Lie ) 


132 The sub-groups of Mathieu transformations and extended point- 
transformations. 

If within a group of transformations there exists a set of transformations 
such that the result of performing in succession two transformations of the 
set is always equivalent to a transformation which also belongs to the set, this 
set of transformations is said to form a sub-group of the group. 

A sub-group of the general group of contact-transformations is evidently 
constituted by those transformations for which the equation 

X PfdQr** 2 Pr&q[r 

r-l r-l 

is satisfied. These transformations have been studied by Mathieu*. 


They are essentially the same as the transformations called “ homogeneous contact- 
transformations m (g t , q n , pi t jp n )” by Lie 

In this case, we see from § 126 that (Q X) Q if . , Q n > P\> ** , Pn) are to be 
obtained by eliminating (X*, X*, X*) from the (2 n + k) equations 


^r(?i> ?*> '*•»?*> Qn) ; 


- v 4 , ^ 4 

‘ ^dqr dq r 


, -V 0Olr 

• +, *55r 


(r«l, 2, Jb), 

(r=l, 2, 

(r- 1, 2, n). 


* Journal de Math sue (1874), p 265 
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From the form of these equations it is evident that if (p u p t , . .,p n ) are 
each multiplied by any quantity p, the effect is to multiply (P 1( P a , , p n ) 
each by p , and therefore (P lf P„ , P„) must be homogeneous of the’firet 
degree (though not necessanly mtegral) m (p u p*, . ,p n ) 


A sub-group within the group of Mathieu transformations is constituted 
by those transformations for which (P, , P a , , P n ) are not only homogeneous 

of the first degree in (p lt p a , , p n ) but also integral, 1 e linear, m them , so 
that we have equations of the form 


Pr ?a» • > ?») (r = 1, 2, , w) 

Substituting m the equation 

* n 

X J? r d,Q r — 

r*l r=l 

and equating to zero the coefficient ofp*, we have 

n 

r-i ^ 5 ® 2 ’ ’ 2”) = dqk (k= 1,2, , m), 

so (ft, . , g„) are functions of (&, Q a , , Q„) only, and 

frk = dqic/dQr (r, k = 1,2, , n) 

It follows that transformations of this kind are obtained by assigning 
n arbitrary relations connecting the variables fe, ?a , , ?n ) ** ^ variables 

Wu Vs> , Q„), and then determining (P„ P a , .,P n )from the equations 


These transformations 
Example If 

shew that 


P,= 2 


&*=i 


Pk 


dQr 


(r= 1, 2, 


are extended point-transformations (§ 126) 

2 P r dQ r = 2 p r dq 

r=i 21 

M ’ k=i Pk dp t 


, n). 


133. Infinitesimal contact-transformations 

We shall now consider transformations in which the new variables 
Wi,%, ,P») differ from the original vanables (m, . o„ 

*■' ,'fi b ? «“““■« wtapk «te btalml Lrt then be 

denoted by (A ?1 , A 2a , .. , A q n , Ap„ . , Ap n ), where 

<t>r (ft, ? 3 , . .qn.p^ . ,p„)Af| , 

Ap r -y{r r (q u q it . , q n , p lf At J W lj 2 ’ -’ w )> 

and At is an arbitrary mfimtesimal constant, so that 


Qr=q r + Aq r =q r + </> r Af| 
P, — Pr + A p r = jp r + i/r r Afj 


(r=l, 2, ...,w), 
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and the transformation is specified by the functions 

($i> ^ 2 > * t y l r 2 > f ' x l r n) 

Now suppose that the transformation is a contact-transformation Then 
we have 

2 ( P r dQr-p r dqr)=*dW , 
r=l 

where W is some function of (g^i, ? 2 » ■ > pi» > Pn) > or 

2 {(p r + ir r to)(dqr + d<f>r At)-p r dq r }=dW t 

r=l 


or 


A£ 2 (i^rdq r +Prd<f) r ) =dW 


r=l 


It is evident that the function TT must contain At as a factor writing 
F= £7At, where £7 is some function of (q lt q t , . , q n . Pi, , Pn), the equation 
becomes 


n 

2 ( yfr r dqr + JPr dtyr) — dU 


r=l 


Hence we have 


2 Wrdqr-<i>rdpr) = d(U- X p r <f>r) 
r=l N rssl 7 

= — (ju •••>P») sa y> 


and therefore 


<t>r~ 


dK 

dp r ’ 


fr = ~ 


dK 

dq r 


(r = 1, 2, , n) 


Thus tAe most general infinitesimal cmtaet-transformation is defined by the 
equations 

wAere K is am arbitrary function of (q lt qt, • , qn, Pi, • > ;P»)> a51 ^ an 

arbitrary infinitesimal quantity independent of (q u qt, • > Pi, *• > Pn) 

The mcrement in any function f (q x , qt, , 9n, Pi, • , Pn) when its argu- 

ments (qi, qt, ■ ,qn,Pi, , Pn) are subjected to this transformation is 

If *5W 

rtMrdpr tyrtyr) ’ 
or (/. At j 

dn this account the Poisson-bracket (/, #) is said to be the symbol of the 
most general infinitesimal transformation of the infinite group which consists 
of all contact-transformations of the 2 n variables (q x , qt , ... , qn, Pi, > Pn) 
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134. The resulting new view of dynamics. 

The theorem established in the last article enables us to extend to all 
conservative holonomic dynamical systems, whatever be the number of degrees 
of freedom, the conception which was formulated at the end of § 125 for 
certain simple systems For the motion is expressed (§ 109) by equations of 
the type 

dq_rJS (r = 1, 2, . , n), 

dt dp r dt dq r 

and from the last article it follows that we can interpret these equations as 
implying that the transformation from the values of the variables at time t 
to their values at time t + dt is an infinitesimal contact- transformation The 
whole course of a dynamical system can thus be regarded as the gradual self- 
unfolding of a contact-transformation. This result is really a generalisation 
of the statement that the paths of the rays in a pencil of light can be specified 
by the gradual propagation of a wavefront Taken m conjunction with 
the group-property of contact-transformations, it is the foundation of the 
transformation-theory of dynamical systems 


From this it is evident that if (q u q*, . , q ny p l9 . . , p n ) are the variables 
in a dynamical system, and (a u a*, a*, A, , An) are their respective 

values at some selected epoch t = t 0 , the equations which express (q x q n > 

p li , p n ) m terms of (a u c^, , a n , 0 lt , A», t) (and which constitute the 

solution of the differential equations of motion) express a contact-transforma- 
tion from («!, cr 2 , . , er», A, , AO to {q x q 2 , , q ni p u , p n ) ; in this t is 

regarded merely as a parameter occurring in the equations which define the 
transformation. 


136. Helmholtz 9 8 reciprocal theorem 

Since the values of the variables (q u >qn>Pi> , Pn) of a dynamical 
system at time t are derivable by a contact-transformation from their values 
(«i, * 2 , • , «n, A> «, A) at time t 0) we have (§ 128) 

2 (Api^-SpiAqi)*: 2 (AASffi- bfti&oti), 

»=i »«=! 

where the symbols A and 8 refer to increments arrived at by passages from 
a given orbit to two different adjacent orbits respectively 

Now suppose that 8 refers to the increments obtained in passing to that 
orbit which is defined by the values 

(®i> y A> A> • > A— 1 > A+ 8A» Ar+i, An) 

at time to ; and let A refer to the increment obtained in passing to that orbit 
which is defined by the values 

(?i> •• > P\i t pi—i) P% + Apst P*+it • " pn) * 
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at time j then the above equation becomes 

so the increment m q 8 due to an increment in $ r (when <x lt ct 2i , a n , 
ft, . > @r-u &+i» • » ft* are not varied) is equal to the increment (with sign 
reversed) in ct r corresponding to an increment m p g (when qi,q 2 , , q n , P \ , , 

Pi<—it jp*+i, , p n are not vaned) equal to the previous increment in /3 r 

This result can for many systems be physically interpreted, as was 
observed by Helmholtz* , for a smaU impulse applied to a system can be 
conveniently measured by the resulting change m one ot the momenta 
(Pn - > Pn)* and the change in a r due to a change in p g can be realised m the 
reversed motion , 1 e the motion which starts from some given position with 
ea£h of the velocities corresponding to that position changed in sign, so that 
the subsequent history of the system is the same as its previous history, but 
performed in reverse order We can therefore state the theorem broadly 
thus the change p? oduced m any interval by a small initial impulse of any 
type m the coordinate of any other (or of the same ) type , m the direct motion „ 
1 8 equal to the change produced m the same interval of the reversed motion in 
the coordinate of the first type by an equal small initial impulse of the 
second type f 

Example In elliptic motion under a centre of force in the centre, if & small velocity 
Sv in the direction of the normal be communicated to the particle as it is passing through 
either extremity of the major axis, shew that the tangential deviation produced after 
a quarter-penod is dv, where p is the constant of force Shew also that a tangential 
velocity dr, communicated at the extremity of the minor axis, produces after a quarter- 
penod an equal normal deviation p ^ dv (Lamb ) 


136 Jacobi's theorem on the transformation of a given dynamical system 
into another dynamical system 

It appears from § 11« that if a Hamiltonian system of differential 


(r — 1, 2, . , w) 


dt=d Pr ’ dt dq r 

is transformed by change of variables, the system ot differential equations so 
obtained will still have the Hamiltonian torm 

dQ r dPr _d K 

HF * dPr ’ dt = dQr 

provided the new variables (Q u Q», •» Qn. Pu , P n ) are such that 

[Pi$Qi + + P n&Qn 


(r — 1, 2, • *i ?i). 


is an ii 


integral-invariant (relative oi absolute) of the system 


* Journal fftr Math. 0. (18861 

f Ot. Lamb, Proc. Loud Math Soe. xti (1898), p. 144 


*• 


W. D 


20 
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A transformation of this kind is, in general, special to the problem 
considered, le it transforms the given Hamiltonian system into another 
Hamiltonian system, but it will not necessarily transform any other arbitrarily 
chosen Hamiltonian system into a Hamiltonian system Among these 
tiansformations however are included transformations which have tho pro- 
perty of conserving the Hamiltonian form of any dynamical system to which 
they may be applied these may be obtained m the following way 

We have seen (§ 115) that 

r n 

2 Prhr 

Jr = 1 

is a relative integral-invariant of any Hamiltonian system Let (Qi, Q*> > Qm 

P u , P n ) be a set of 2 n variables obtained from (q u } a , , ?n> Pi> •••» JP») 

by a contact-transformation, so that 

2 P r dQ r — 2 p r dq r = d W, 

r - 1 r - 1 

where dW denotes an exact differential The equations which define the 
transformation may involve the time, so that (Q lf Q a , , Q nf Pd • • > Pn) 
functions of (q l9 q 2 , , q n , p l9 , p n , *) , but in the variation denoted by d 

in this equation the time is not supposed to be varied if t is supposed to 
vary, the equation becomes 

2 PrdQr- s Prdq r = dW 4 Udt , 

r = 1 r=l 

where U denotes some function of the variables 

Now the variation denoted by 8 in the integral-invariant is a variation 
from a point of one orbit to the contemporaneous point of an adjacent orbit; 
if therefore we regard the variables as functions of (a l9 a*, , . > t ), where 

(ai, Oa, , « 2 n) are the constants of integration which occur in the solution of 
the equations of motion, the variation S is one m which (a 1} a St , » , a**) are 
varied but t is not varied we have consequently, as a special case of the last 
equation, 

2 P r 8Q r — 2p r S ?r =8TT, 

r=l r=l 

and therefoie [ 2 P r 8Q * 

J 7 =1 

is a relative integral-invariant , so the transformed system of differential 
equations, m which (Q lt Q if , Q n> P 1} , P n ) are taken as dependent 

variables, will have the Hamiltonian form and can be written 

dQr = d_K_ dP r __3tf 

dt dP r ’ dt ~ 3 Q r 

where K is some function of (Q l9 Q 2 , Q n , Pu . Pn, t) 


(r « 1, 2, n), 
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Hence a contact-transformation of the variables (q ly q 2 > , q n > Pi> > Pn) 

of any dynamical system conserves the Hamiltonian form of the equations of 
the system * In the case of an ordinary “change of variables ” in the dynamical 
system, in which (Q,, Q 2i . , Q n ) are functions of (q ly q 2 , , q n ) only, the 

contact-transformation is merely an extended pomt-transformation 
Example Shew that the contact-transformation defined by the equations 
£-(2$)^ k~b oos P, p= $ sin J P, 


changes the system 

dq_ZH dp dJS 

dt dp ’ dt ~ dq ’ 

where 

H~i(p*+Jey), 

into the system 

dQ dK dP S K 
dt~dP' dt~ dQ 1 

where 

K=kQ 


137 Representation of a dynamical problem by a differential form 

The reason for the importance of contact-transformations in connexion 
with dynamical problems is more clearly seen by the introduction of a certain 
differential form which is mvanantively related to the problem 

Let any differential form with (2 n ■+• 1) independent variables (x u , 
^2n+i) he 

X\dX\ + X^dx^ + • “f* J^2W+1^^2»+l 9 

we have seen (§ 127) that its bilinear co variant 

8n+l 2n+l 

2 S a>jdw % S&j, 

where a y denotes the quantity (dXi/dxj — dXj/dx % ) } is mvanantively related to 
the form If we equate to zero the coefficients of Bat l9 S# 2 , , 

obtain the system of (2?i-f 1) equations 

2n+l 2»+l 1 

2 <Zii dcc x = 0, 2 a^dxi^ 0, , 2 a it un+id^^O. 

im 1 l-l <» 1 

Since the determinant of the quantities tty is skew-symmetric and of odd 
order, it is zero, and these equations are therefore mutually compatible 
They are known as the first P faff's system of equations corresponding to the 

2»+l 

differential form 2 X r d>x ri and from the mode of their formation are m- 

r-l 

vanantively connected with it , that is to say, if any change of variables is 
made, the new variables (y x , y„ , , y<m+i) being given functions of (x lt tr a , , 
^ 2 n+i)» a ^d if the differential form be changed by this transformation to 

2»+l 

t Y r dy r , 

r* 1 

# This important theorem was first given by Jacobi, .Comptes Rendus, n (1887), p. 61, 

20—2 



308 


The Transformation-Theory of Dynamics [oh. xi 


• and if 2 b n dy % ~ 0, 2 b %2 dy % = 0 } >, 2 b liZ nridyi — 0 

i=i i=i 

be the first Pfaff’s system denved from the differential form 

2n+l 

2 Y r dy r , 

r=l 

then this system is equivalent to the system 

2n+l 2»+l 2n+l 

2 cbndxi = 0 ? 2 cixzdxi = 0 , 9 2 1 / 

t =i 1=1 * =1 


Consider now the special differential form 

pidqi Hh p^dq 2 + + p n dq n -Hdt 

m the (2 « + 1) vanables (g„ g 2 , . , g„, , jp», <), where H is any function 

of (q lt q 2 , ■ ,q»,Pi, ,p n , t). Forming the corresponding quantities a#, we 
finfl that the first Pfaff’s system of differential equations of this differential 
form is 

-dp r ~dt = 0 (r = 1, 2, . . , »), 

cq r 

dq r ~dt = 0 (r = 1, 2, .. , n), 

Opr 

d.H~dt= 0 


Of these the last equation is a consequence of the others and therefore the 
system of equations can be written 


dq r _ dH dpr 3# 

dt ~~ dp r ’ dt — dq r 


(r»l, 2, .. ,n); 


but these are the equations of motion of a dynamical system in which the 
Hamiltonian ftinction is H It follows that the dynamical system whose 
Hamiltonian function is H is mvartantively connected mth the differential 
form 

Pidq^p^dq^ . + p n dq n - Hdt, 


inasmuch as the equations of motion cf the dynamical system t in terms of any 
variables (x lf x 2> .. , x m , t) whatever, are the first P faff's system of the 
differential form 

do>i + X. 2 dx 2 + * Hh -^mdxsn *4* Tdr 
which is derived from the form 


Pidqi +p*dq 2 + ... +p n dq n - Hdt 

by the transformation from the variables (q lt q t , . q n ,pi, . .,p n , t) to the 
vanables fa, (c 3 , . , t ) 
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138 The Hamiltonian function of the transformed equations 

The result of the last article furnishes another proof of the theorem, that 
the equations of dynamics 

dqr_dH dp,_ 3H 

dt dp/ dt 3 q, ( lj 2 ’ ,ri) 

conserve the Hamiltonian form under all contact-transformations of (y l( q 2 , , 

Qn>Pu > Pn), and moreover it enables us to find the Hamiltonian function 
K of the system thus obtained, 

dQr_dK dPr__d_K 

dt 3P r ’ dt ~ dQr 0 — A* A • 

For let the contact-transformation be defined by the equations 

/n p = 0 (r = 1, 2, 

sn* 


n) 


, Mil , . mv 

r ~dQr 1 BQ r + M dQ r + 
, dW 3Ili 3fi 2 


+ X* 


dQr 


(r-1, 2, 


* 

. n), 




. »), 


9n» 


3?r 1 3?r <VS 3?, 

where (il„ fl 2 , . , il*, W) are any functions of the variables (q u q t , 

Ql, Qi> • ) Qni t) 

From these equations we have identically 

* . * D & (dW , l 3 w * 4 /3H,- 3n., n \ 

and hence (the symbol d denoting a variation m which all the variables, 
including £, are changed) 

SW" 7 TIT . ^ 

r«=l 


r»l 


S p r dq r = 2 P r dQ r + dt - dW+ i ^ dt, 


or I Prdqr - Hdt = £ P r dQ, - (h- - £ X, A - dF 

The perfect differential if on the right-hand side can be neglected, 
since it does not affect the first Pfaff’s system of the differential form and 
hence the contact-transformation transforms t]>e system of equations 


to the system 


where 


dq r _ 3 H 
dt ~ dpr ’ 

dpr _ _ dH 
dt dq r 

(r- 1,2, 

,n) 

11 

Ctxicw 

dP r d K 

• dt 3 Q r 

(’' = 1. 2, . 

,n), 

k=h- 

3 w 4 sn s 

' dt ft ! * dt ’ 



ed m terms of (Q l$ Q 2 , , Q n, Pi, 

• , P»> 0 




(r = 1, 2, .,») 


dP r dK / o 
TT = ~dQr ’ n) ' 
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139 Transformations in which the independent variable is changed. 

The result of § 137 also enables us to determine those transformations of 
the whole set of (2 n + 1) variables (g 1} q„ , q n , Pi, • , Pn> <) to new variables 
(Qi,Q 2 , ,Qn,P 1 . • , Pn, T) by which any Hamiltonian system 

dq r _ dH dpr 9-£T 

~dt " dp r ’ dt “ 3g r 

is transformed into a system of the Hamiltonian form 

dQr_ d K 
dT~dP"r f 

For this is the same thing as finding the transformations which change the 
differential form 

pidcjh + p 2 dq 2 4- . 4- p n dq n 4- hdt, 

where the variables (q 1} q 2 , , q n . Pi, > Pn> t, h) are connected by the 

equation 

H ( q 1 , q 2) , q n , Pit > Pn> 0 + h = 0 , 

into the differential form 

PidQj + P 2 dQ 2 + + P n dQn + kdT + a perfect differential, 

where the variables (Q lf Q 2 , , Q n , P lt P 2 , , Pm T , k) are connected by 

the relation 

H (Qit Q 2 , t Qnt Pit t Prij P) 4- k * 0, 

But any contact-transformations of the (2n - 1 - 2) variables (q u ...» q nt t, 
Pu , P> u h) to new variables ( Q u Q 2i , , Q n > T, P u P 2> . , P ni k ) will satisfy 
this condition , when the transformation has been assigned, the function K is 
obtained by substituting m the equation 

H{q u < 1 *, .,q n >Pu- t Pnt t) + h*=*0 

the values of (q u q 2 , , q }l) t , p x , , p n , h) as functions of (Q u T, 

Pi, . , P n , k), and then solving this equation for k, so that it takes the form 

K (Qi, Qn> tQn,Pit *> Pnt k 

the requued transformations are thereby completely determined 

140 New formulation ofthk integration-problem 

We have seen (§ 137) that if any change of variables is made m the 
dynamical system 

dq, _dH dp r dH 

dt~dp H ~dq> w) - 

the new differential equations will be the first Pfaff’s system of the fohn 
which is derived fiom 

Pidq l +p 2 dq Q 4- ... + p n dq n — Hdt 


by the transformation 
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Supposing that a transformation is found, defined by a set of equations 
3V“ <f>r (Qi» Qz, , Qit) -Pi> > T n , £)) / _ -I ft \ 

Pr~1r r (Q lf Q 2> ,Q nt P u ,?„«) f 

which is such that the above differential form, when expressed in terms of 
the new variables, becomes 

P 1 dQ 1 + PodQ 2 +- +P n dQ n -dT, 


where dT is the perfect differential of some function of the variables 
(Qi, Q a , - , Qn, P\y . , P n , t ) ; the corresponding first Pfatf’s system of 
equations is 


<ZQ r = 0, 

dP, 

= 0 


(r = 

1.2. 

«). 

and the integrals of these equations 

are 






Q r = Constant, 

P r 

= Constant 


(r = 

1, 2, 

, »), 

so the equations 







q r =* (f> r (Q x , Q 9) 

y Qm 

-Pi> . P nj 

*>) 

0 - 

= 1, 2, 

, n ) 

Pr^'f'riQi* Qa, 

9 Qn> 

P i j * « i Pn ? 

«)J 

V 


> / 


constitute the solution of the dynamical system , when the quantities (Q ly Q , 
Q n , P lr .. , P n ) are regarded as 2n arbitrary constants of integration 


The integration-problem is thus reduced to the determination of a tjans- 
formatxon for which the last term of the differential form becomes a perfect 
differential . 


Miscellaneous Examples 

L Shew that the transformation defined by the equations 

SXP^a rotan J - wctau (^Q , A=X arc tan , 

is a oontaot-traugformation, and that it reduces the dynamical system whose Hamiltonian 
fraction is i(Pi*+f > » J + x ~V+ x ''V) 1x1 th< * dynamical system whose Hamiltonian 

{Unction is 

2. If •% .. » # 2 ») denote any functions of (q u aad 

If moreover «*, denotes dXJd*„-M n fdx m , L denotes the determinant formed of the 
quantities a„«. -d* denotes the mmoi of «« m D, divided by D, and u and v denote 
arbitrary functions of the variables, shew that 

2 (hi to cu to\ * * 4 J±<JL 

r*l Wr tyr ®Pr fyr) t=l fc=l ^ 


(Clebsch ) 
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3 Shew that for any Hamiltonian system the integral -invariants 

jjj ffylfys tynfyl fyn 

and Jjf . jsQlMl 9 QntPl 9P n , 

extended over corresponding domains, are equal if (^ 1} # 2 , j 2n> Pi> 
(Q u Q 2) , Q n , P l9 , P n ) are connected by a contact-transformation 

4 Prove that the contact-transformation defined by the equations 

21 =^ 1 ^ (2§i)* cos ,Pi+X 2 “ ^ (2$ 2 )* cos P 2 , 

<£ 2 =— Xj ^ (2§i)^ cos P\ -f’X 2 ^ (2^)^ cos / > 2 , 

(2Xi§ 1 )^ sin P x + i (2X a &)* sin P 2 , 

\jp 2 — ( 2 X^ 1 )^ sm i?i+^ (2X 2 § 2 )^ sm P 2 , 


changes the system 

where 

into the system 

where 


dq r _ 9# dp r _ 3 E 
dt —tyr dt ~ dq r 

H=Pi +P2 2 + JX x 2 (q 1 - q^Y + J X 2 2 (^1 + q^f, 

dQr = dJ£ dPr^JK_ 
dt dP r ' dt dQ r 


^=Xi§i + X2§2 

Integrate this system, and hence integrate the original system 


[CH. XI 


1 P») and 


(T-h 2). 


(r=l, 2), 
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PROPERTIES OF THE INTEGRALS OF DYNAMICAL SYSTEMS 


141 Reduction of the order of a Hamiltonian system by use of the integral 
of energy 

We have shewn in § 42 how the Lagrangian equations of motion of a 
conservative holonomic system can be reduced in order by use of the integral 
of energy of the system We shall require the corresponding theorem for 
the equations of motion m their Hamiltonian form , this may be obtained as 
follows 

Consider a dynamical system with n degrees of freedom for which the 
Hamiltonian function H does not involve the time explicitly, so that 

H+ h = 0, 

where A is a constant, is the integral of energy of the system. 

Let this equation be solved for the variable^, so that it can be written 
K{p<i,p», >Pn, 2i> ,q n ,h)+pi = 0 


The differential form associated with the system is 
Pidqj + Pidfc + . + p n dq n + hdt, 

where the variables (<ji, <ii, ■ • > qn,PuPt> > Pn, h, t) are connected by the 
last equation the differential form can therefore be written 

Pvdq a +ptdq t + . +p n dqn + hdt — K{p t , p s , . pm 2i> >qn>h)dqi, 

where we oan regard {q u q 2 , ... , Pt, > Pn> K t) as the (2 n+ 1) variables. 

But the differential equations corresponding to this form are (§ 137) 

dq r dK dp r dK 0 = 2 3 n) 

d(fi dpr Gtji 

dt _ dK dh _ q 

dq-i ~ dh ’ dq l 

The last pair of equations can be separated from the rest of the system, 
since the first (2a - 2) equations do not involve t, and A is a constant 
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Ihe original differential equations can therefore be replaced by the reduced 
system 


dq r _ dJK dp r _ dK 
dq x 0 p r 9 3 q r 

which has only (n — 1) degrees of freedom 

This result is equivalent to that obtained in § 
direct transformation 


(r * 2, 3, , n), 

42, as can be shewn by 


Example 


where 


Consider the system 

dqrf^R 
dt ""{jp,. 5 


dt 


dff 

~dq r 


(r-1, 2 ), 


/* being a constant , these are easily seen to be the equations of motion of a particle 
which is attracted to a fixed point with a force varying as the inverse cube of the distance * 
q 2 and q x are respectively the radius vector and vectorial angle of the particle referred to 
the centre of force. 


Writing -h } and applying the theorem given abov^ the equations reduce to the 
system 


where 


dq 2 __ diT 

<kr*P * 9 dqf 


£=-(?- gfpt-nqtf 

Since K does not^ involve q u the equation JT- Constant is an integral of this last 
system, and we can therefore perform the same process again writing K= —k, we havo 

~ L 

and the system reduces to the single equation 


the integral of which 


dqi _ dL _ k /p-JP 
dq 2 ok \ q 2 * 

(supposing p<k 2 ) is 


\ “4 

, 


(-»)-*•» {(i-jgj)* (*+•)}, 

wheie € is an arbitrary constant This is the equation, m polar coordinates, of the orbit 
described by the particle 


142 Hamilton's partial differential equation 

If follows from § 138 that if a contact-transformation defined by the 
equations 

p dW 3 W , 

V ’~H, .»>. 

where W denotes a given function of 0,„ j„ , 5 „, ft, , , Q„, t ), is 
performed on the variables of a dynamical system defined by the equations 
dq r _ dH dp r _ dH 

dt 3 p r 9 dt 3 q r 2, , w), 
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the resulting system is 


where 


dQ r _dK dP , ^ dK 
dt ~~ dP r 9 dt dQr 

K = H + dW/dt 


(r = l, 2, , n). 


If the function K is zero, the system will be said to be transformed into 
the equilibrium-problem Now the function K will be zero, provided W is a 
function such that 


dt 


W (q lt Ja, 


, 9 n> Qi> •••> Qn> ? 2 ’ 


> Pi> » 


x.e provided W, considered as a function of the vanables (91 > ? 2 > 
satisfies the partial differential equation 




dW dW 
’ dq x ’ dq, ’ 



0 


, ?n> <). 


This is called Hamilton’s partial differential equation associated with the 
given dynamical system It was published by Hamilton m 1884*, being the 
extension to dynamics of the partial differential equation which he had 
discovered ten years previously in connexion with optics 


Suppose that a “ complete integral ” of this equation, i e a solution con- 
taining n arbitrary constants in addition to the additive constant, is known 
Let (a,, a t , , a n ) be these arbitrary constants, so that the solution can be 
written W (q u q 2 , q n , «i, « 8 , . «»> 0 > and perform on the original 
dynamical system the contact-transformation from the variables (q u <&, _ , 

Pn , P«) to variables («„ a 2 , . , A. A, - defined by the equations 


f>r = 


dW 

dq r’ 



(»•-!, 2, ,n). 


Since W satisfies Hamilton’s equation, the Hamiltonian function of the 
new system is zero, and consequently the equations of the system are 

0, d 4r = 0 (r=l, 2, «), 

dt at 


so that (a,, ««, ■ , «*, A, • . A) are constant throughout the motion It 
follows that if W denotes a complete integral of Hamilton’s partial differential 
equation, containing n arbitrary constants (a l , a,, . , x»), then the equations 




{r = 1, 2, . , n) 


constitute the solution of the dynamical problem, since they express the variables 

P\, ■■ ,p n ) in terms of t and 2 n ai bitrary constants (a lt a t , .,«»> 


* Phil Tram 1884, p 247 , ibid. 1885, p 80 
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&ij • , A»)* Ik this way the solution of any dynamical system with n degrees 
of freedom is made to depend on the solution of a single partial differential 
equation of the first order m (?i + 1) independent variables 

It should however be observed that the converse of this theorem — namely the theorem 
that the solution of a partial differential equation such as Hamilton’s depends on the 
solution of a set of ordinary differential equations (the differential equations of the 
characteristics), which m this case are of the Hamiltonian form, had been discovered by 
Pfaff and Cauchy (completing the earlier work of Lagrange and Monge) before Hamilton 
and Jacobi approached the subject from the dynamical side 

On the use that can be made of an incomplete integral of Hamilton’s partial differential 
equation (1 e one containing less than n arbitrary constants besides the additive constant), 
cf Lehmann-Filhes, Astr Mach clxv (1904), col 209 

It may be noted that Hamilton’s partial differential equation is not applicable as it 
stands to non-holonomic systems for an extension to such systems, cf Quaniel, Palermo 
Rendiconti, xxn (1906), p 263 

The integration of Hamilton’s equation by separation of variables is discussed by 
F A Dall’Acqua, Math Ann lxvi (1908), p 398 

'le. Consider the system 

dqjff dp^ JE 
dt dp 9 dt ~ dq ’ 

and (i is a constant The Hamilton’s equation corresponding to this system is 

tt +i \dq) q‘ 

a complete integral of this equation may be found in the following way Assume 

W =/(«)+ <£(?), 

where/and <f> are functions of their respective arguments then we have 

0 =/' (*)+${<£' 

This equation can be satisfied by writing 

where a is a constant , which gives 

f(t)=pt/a, <f> (?)=(2^a)i arcsm (q/aft + {Zjxq (a - q)/a}\ 

W “ /*</« + (2/ta)* arcsm (q/afi + {2/i q (o - })/«}* 

The solution of the original problem is therefore given by the equations j9= -3 Wfda, 
p—c WJbq, where a and /3 are the two constants of integration 

143. Hamilton’s integral us a solution of Hamilton’s partial differential 
equation 

There are an infinite number of complete integrals of Hamilton’s partial 
differential equation s and each one of them furnishes a contact-tr ansf or mation 

* This theorem is due to Jacobi, Crelle't J. xxvn (1837), p 97 and LiouvtlU’s J m (1837), 

pp 60, 161. ' 
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from the variables (g u q t , . , q n , Pi, , *>») of the dynamical system to 
variables (a,, « s , , ft, , ft), (the transformation involving t\ such 

that the equations of motion of the system when expressed in terms of 
(«„ ctj, , a n , Si, , fin) become the equations of the equilibnum-problem, 
le the quantities (a It Oj, , a n , Si, , fin) are constants 

Among this infinite number of transformations there is one of special 
interest, namely that in which the quantities (a u or a > • > a n. Si, • , fin) are 
the initial mines of (q lt q t , , q n , Pi, , Pn) respectively, l e their values at 
a time which is taken as an epoch from which the motion is estimated. In 
this case we can find in an explicit form the corresponding complete integral 
of Hamil ton's partial differential equation 

For consider Hamilton’s integral (§ 99) 



where L denotes the kinetic potential of the system. Suppose that 8 denotes 
a variation due to small changes (8*i, Sot,,, , 8ft, • , hfin) in the initial 
conditions 


Then (§ 99) we have 

Sf Ldt— 2 ( Pr&qr ~~ Sr& a r) 

J U r=1 

It follows that if the quantity J Ldt, when the integration is performed, 

be expressed in terms of < ?1 , q *, . ,?«,«„ • ,«», <)> ( we suppose this possible 
ie we assume that it is not possible to eliminate (&, • > Pn, Pu • » Pn) 

from the relations connecting (a lt ft> , fin, 9i, , in, Pi, ..!>»). so 

as to obtain relations between (<&, ., ?», «i. •» “»)) aQ d if the function thus 

obtamed (which Hamilton called the Principal Function) be denoted by 
W(qi, q* qn, oh, -.«»> «)• ^en we shall have 

dW_ dw 

ddr Pr ’ 


fir 


(r = l, 2, .. , n), 


and therefore* the transformation from 

(q„ q t , . , q n ,Pu • ’P«) t0 (“i> “*> ’ “»> ^ 

is a contact-transformation, and the integral of the kinetic potential is the 
determining function of the transformation 


* Hamilton Phil Tram 1884, p. 807, Md 1885, p 95 In his earliest dynamical investiga- 
tions, Hamilton need a •‘characteristic function” strictly analogous to the [“““‘“j 1 

. hnA emuloved with sudi suocess m optics this function being the Action integral, 

r»£s^ L te^f ofthe fill and mit.al coordinates. He found however that this functmn 
when employed in dynamics, involved the constant of energy, and so substituted tor it the 
“principal function” described above 
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Also we have 


dW_dW 

dt ~~ dt r=l 39r dt 


r= 

n 


or 


or 


r dW , * 

L = + S 

dt r =l 

°-T + * 


and therefore the integral of the kinetic potential satisfies the equation 

g w / d W 3^ Z\_n 

-W + B ( • s "8S'’ ’IS’ V 0 ' 

toAtci ts Hamilton s partial differential equation 

Some interesting developments in connexion with Hamilton’s Principal Function aic 
given by C'onway and M°Oonnell, Pi oc It Irish Ac XU (1932), p 

„ n. a, 9.) be the initial values (at time <*) of 

„,T^. ’ S £ * *• 

equations 


dqr tyl-JS. 

dt “dpr’ di“* tyr 


(r=l, 2, . ,») 


Suppose that from the relations connecting (oi, <*s> • » °»> * * A») Wl 11 

(? ?» ?», Pi, • , Pn) ^ is possible to eliminate (0 1( A, , A, Pi, • >P») entirely, so 

that a* number (say m) of distinct relations exist between (<?i, Jj, , ?», “l, , “») , et 

these be solved for (»„ a„ . , O, «> as to take the form 

^r-Zr (2l, • , 8»> «*» + l» » •»» *) -«r-0 ( r * 1 » *> * > W '> 

and let V denote Hamilton’s integral 


/: 


Ldt 


for the system, expressed in terms of (# x , q* y .. , £», 
equations 

dV. m . dF k 

**“ 


«*). Establish the 




dv ^ N w* 




where (X x , X 2 , , X**) are arbitrary , -and shew that the function 


W - F+ S X*/ fc 
fc«i 


is an integral of the partial differential equation 

dw t „ dW dW \ 

141 . The connexion of integrals with infinitesimal transformations 
admitted by ike system. $ 


da. dH dpr 


dH 
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be the equations of any dynamical system, and let 

<f> (g», g 2 . , 2n, Pi, • • > Pn,t)~ Constant 

denote any integral of the system , we shall shew that the knowledge of this 
integral enables us to find a particular solution of the variational equations 

(i 112) 

For the variational equation for Bq r is 




but we have 
5 a ff 

dqrfpr dp x 


d*H d<f> _ &H_ W _ _ a<#> 

dq n dp r dp n dpjpr dpn'dpr 9?n 


0 / » dp* 0<#> * dq h d±\_ ZdH_ , £ H J*!g- 

= dp r V j.x dt dp k t~i dt dqj k—i dq k dp k dp r *=i dpt dq k dp r 

0 / d<f> df\ d (<ty\ _ <L / 

* 0p r \ dt + at / dt \dpj dt \dpj 

— ^ \ 
d£ V0Pr/ * 


and hence the variational equations for (Sfc, Sg 2 , . S?») are satisfied by the 

values . , 

$2 r-«5T» ^ = (r=l,2, , n). 


d ^= e 0^> — a 2r v ’ ’ ’ " 

where e is a small constant Similarly the variational equations for 

(Spi, Spa, •, Spn) 

can be shewn to be satisfied by these values, and hence the equations 

where e is a 'small constant and <f> is an integral of the original equations, 
constitute a solution of the variational equations 

This result can evidently be stated in the form. The infinitesimal contact- 
transformation of the variables (q u ? a , q n , Pi, •••>?»)> which is defin y 
the equations 


Sqr = e ; 




(r = 1,2, ., n), 


transforms any orbit into an adjacent orbit, and therefore transforms the 
whole family of orbits into itself Adopting the language of the group- 
theory, we say that the dynamical system admits this infinitesimal contact- 
transformation We have therefore the theorem that integrals of a dynamical 
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system, and contact-transformations which change the system into itself, are 
substantially the same thing, any integral 

? 2 . —» qn, Pi, —,Pn, 0 = Constant 

corresponds to an infinitesimal transformation whose symbol (§133) is the 
Poisson-bracket (<f>, f)- 

It will be observed that the lgnoration of coordinates arises from the particular 
case of this theorem in whioh the integral is p r = Constant, where q r is the ignorable 
coordinate, the corresponding transformation is that which changes q T without changmg 
any of the other variables 

145 Poisson’s theorem 

The last result leads to a theorem discovered by Poisson* in 1809, by 
means of which it is possible to construct from two known integrals of a 
dyna mical system a third expression which is constant along any trajectory of 
the system, and which therefore (when it proves to be independent of the 
integrals already known) furnishes a new integral of the system 

Let <f> (9i, q„, , 4»> Pu • > *) = Constant 

and ~'f r (q i , q>, 2»> Pi> • > P n ’ ^ = Constant 

denote the two integrals which are supposed known Consider the in- 
finitesimal contact-transformation whoso symbol is the Poisson-bracket 
(/, yjr), since * is an integral, this (§ 144) transforms every orbit into an 
adjacent orbit 

The increment of the function <f> under this transformation is e(<f>, yjr), 
where e is a small constant; but since <j) is an integral, <f> has constant values 
along the original orbit and along the adjacent orbit the value of (</>, ^r) 
must therefore be constant throughout the motion We thus have Poisson’s 
theorem, that if <f> and f are two integrals of the system, the Poisson-bracket 

< '| r ) i* 8 constant throughout the motion 

If (<£, ^/r), which is a function of the variables (q u q it , q n , Pu § > Pn, t)> 

does not reduce to merely zero or a constant, and if moreover it is not 
expressible m terms of </>, y/r and such other integrals as are already known, 
then the equation 

(<f>, yjr) = Constant 

constitutes a new integral of the system + 

The following example will shew how Poisson’s theorem can be applied to obtain new 
integrals of a dynamical system when two integrals are already known 

* Journal de V&colepolyt vin (1809), p. 266 

t A discussion of this theorem is given by Bertrand in Note VH to the third edition of 
Lagrange’s M4c Anal (1853) of Oeuvres de Lagrange , t xi p 484 

On the extension of Poisson’s theorem to non-holonomio systems, of DantheviUe, Bull, de la 
Soc math de France , xxxvn, (1909), p 120. 
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Consider the motion of a particle of unit mass, whose rectangular coordinates are 
(q ly q 3 ) and whose components of velocity are (pi, p 2y p z \ which is free to move 
in space under the influence of a centre of force at the origin The integrals of angular 
momentum about two of the axes are 


and 


p z q 2 - 9zPz = Constant, 
pi q 3 - = Constant 


Let these be taken as the two known integrals <j> and , the Poisson-bracket (<£, ^), 
which is 

3 /00 cty dyfr d(f> \ 

r=l Wfc fyr ” tyr) ’ 


becomes in this case 
and m fact, the equation 


2Mi-?2Pi , 


p 2 qi — q 2 pi — Constant 


is another integral of the motion, being the integral of angular momentum about the 
third axis 


146 The constancy of Lagrange’s bracket-expressions 

The theorem of Poisson has, as might be expected, an analogue in the 
theory of Lagrange’s bracket-expressions 

Let u r = a r (r= 1, 2, . , 2n) 

denote 2n integrals of a dynamical system with n degrees of freedom, con- 
stituting the complete solution of the problem the quantities u r being given 
functions of the variables (q lt q 2 , q n , Pi> *>Pn>t)> and the quantities a r 
being arbitrary constants By means of these equations we can express 
(q u q 2 , >Pn) as functions of (c^, Og, , a^, *)> and form the 

Lagrange’s bracket-expressions \a r > &*]> where a r and a 8 are any two of the 
quantities (a l} a 2 , . , a*n) 

Since the transformation from the variables (g u q 2t , pi > > pn) at 

time t to their values at time *4 -dt is a contact-transformation, we have (§128) 

■g 2 < *q r 8pr-SqAPr)=0, 

where the symbols A and 8 refer to independent displacements from one 
trajectory to an adjacent trajectory If now we take the symbol A to refer 
to a variation in which 0 { only is varied, the rest of the quantities 

(®i> > a *») 

re maining unchanged, and take 8 to refer to a variation in which a } only is 
varied, the last equation becomes 

d_ S fdq r dpr 

dt r m i\§o<3®j dajdax/ 


w n 


21 
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or ^ [“<> a /3 = 

which shews that the Lagrmge-bracket [a„ cq] has a constant value dwnng the 
motion along any trajectory , this theorem was given by Lagrange in 1808 

Lagrange’s result, unlike Poisson’s, does not enable us to find any new 
integrals, for we have to know all the integrals before we can form the 
Lagrange’s bracket-expressions 

147 Involution-systems 

Let («!,«», , Ur) denote r functions of 2a independent variables 

(?i> 2»» ••)?*> Pi> iP*)> 

if it is possible to express all the Poisson-brackets («„ u k ) as functions of 
, u r ), the functions are said to form a function-group*. 

Any function of (%, u>i, • > u r ) belongs to this group 

If the quantities (%, it*) are all zero, the functions (t*i, Ma, . u r ) are said 
to be m involution, or to form an involution-system. 

Now suppose that K, , *,) are functions in involution and let 
•0 = 0 and 10 = 0 be any two equations which are consequences of the 
equations ^ - 

1^ = 0, 5= 0, f u f — 0 j 

we shall shew that v and w satisfy the relation (v, w) = 0 

For since (« x , «*, . , u r ) are m involution, each of the equations 
u t = 0, tu, = -0, . .. , u r = 0 

admits each of the r infinitesimal transformations whose symbols are 

•>> 

and consequently the equation v =■ 0, being a consequence of these equations, 
must also admit these transformations , that is to say, we have 

(w*, u) = 0 (& = 1, 2, ., »)> 

and therefore each of the equations 

1^ = 0, WjS=0, Mr = 0 

admits the infinitesimal transformation whose symbol is (v,f) Since the 
equation w = 0 is a consequence of these equations, it follows that the 
equation w=»0 must also admit this transformation, and therefore we have 

(v, 10 ) = 0, 

which establishes the result 


* Lie, Math Ann vm (1875) p 215 
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Hence we see that if (u v?, , u r ) are in involution, and the equations 

= 0, v 2 = 0, , v r = 0 

are consequences of the equations 

Un=0, ^2 = 0 , , Ur —0j 

then the functions (fl a , v it , v r ) are m involution 


148 Solution of a dynamical problem when half the integrals are known . 

The result which was established for systems with two degrees of freedom 
in § 121 can now be extended to systems with any number of degrees of 
freedom The theorem may be thus stated* If n distinct integrals 

</> r (? 1 , , q n > Pi> . , Pn, t) —a r (r- 1, 2, - „ n), 

where (a u a 2 , .. , a n ) are arbitrary constants , are known for the dynamical 
system 

dq_ r _dH dfr. bE (r=1 2 *) 

dt dp/ dt 9 q r 1 ' ’ * 

iMere 7? is any given function of (q l7 q 3f , q n , jh, . yP^t\ and if the 
functions (<f>i , </> 2) , </> H ) are tn involution, then on solving these integrals for 

(pi,pu, • » • > jpn) $0 ofeton them in the form 

Vr =fr (? 1; ?9, . ®i> ®s. - » °»> <) ( r = !» 2 > > n ) 

a«d substituting (fuft, .,/«) respectively for (pi,p t , , p n ) *» the expression 
p 1 dq l +pidq t + + p n dq n - Hdt, 

the latter expression becomes a perfect differential, denoting it by 
dV (q lt q„ . , q n , a i, dz, • a n , t) f 
the remaining integrals of the system, are 

(r = l, 2, .. , a), 


dV_ 


where (b u b t b n ) are arbitrary constants 

For since the functions <f>i — Oi> <f>a~<h> , <f> n — a n are in involution, it 

follows by the last article that the functions Pi—fi> Pt~f. a> • > Vn—fn are 
in involution, and therefore 

(Pr-fr,P>-f) = ° (r, «= 1, 2 n), 

3/» _ Hz = o 

3 q r ciq, 


or 


(r, s * 1, 2, , ») 


* This theorem is essentially ths application to Hamilton’s partial differential eqnation of the 
well known method for finding a Complete Integral of a non-lmear partml difierentud egnahon 
of the first ords*. As a dynamical theorem it is due to lioanlle, Journal do Math « ( 1855 ), 

p. m. 
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Also 


and consequently 


9 H _ dp r _ dfr 
dq T ~ dt ~ dt 

= 9 fr | ^rdSf 

dt ,=i dq, dt 

_9/r , 2 9 Z* ?E 

dt ,-i dq r dp t ’ 
dfr_ dH | a Hdf, 


dt 


dq r 

' dq r ’ 


8 = 1 


dp* dq r 


where H x stands for the function H when expressed in terms of the arguments 

(?i) qz> j ?n» <hi ••■» 0 

The equations 

9£ = a/; dfr^JJL 

dq r dq* 9 dt ~ dq r 9 

shew that /i dq 1 +f 2 dq 2 + . +f n dq n ~ S x dt 

is the perfect differential of some function V (q x < q 2 , ">q n > a i> > a n> 0 ? 

which establishes the first part of the theorem 

If now the symbol d denote the total differential of the function V with 
respect to all its arguments, we have therefore 

dV 

d V —f l dq 1 + fidq 2 -f + fndqn ~~ H\dt + £ da r . 

In this equation replace the quantities a r by their values <j> r • we thuCs 
obtam an identity m (q J} q 2 , , q n > Pi> p*> , Pn, t), namely 

dV 

dV - 2 d$ r = p x dq x -f p 2 dq 2 + +p n dq n - Sdt, 
r Od r 

where on the left-hand side of the equation we suppose that in iF and 

dV 

the quantities (<h> <h> •> Un) are replaced by their values (<£i, <M* 

This equation shews that the differential form 

Pidq 1 +p 2 dq 2 + .. +p n dq n - Sdt, 

when expressed in terms of the variables (q lt q 2 , , q n , <f> i, <f> 2 , , <f>n> t), 

takes the form 

n 3T T 

- £ 0 JLd<t> t + dV } 

r=l ddr T 

and hence the differential equations of the original dynamical problem are 
equivalent to the first Pfaff’s system of this differential form, namely 

d (dV/da,) - 0, d<j> r - 0 (r - 1, 2, . , ») 
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The expressions dV/da r are therefore constant throughout the motion, le 
the equations 

3 V/da r — b r (r = 1,2,., n), 

where (6 X , b 2 , , b n ) are new arbitrary constants, are integrals of the system , 

this completes the proof of the theorem 

Example In the motion of a body under no forces with one point fixed, let (6, <f>, 
denote the three Eulenan angles which specify the position of the body relative to any 
fixed axes OXYZ at the fixed point, (A, B, C ) the principal moments of inertia of the 
body at the fixed point, a the constant of energy, a x the angular momentum about 
the fixed axis OZ, and a 2 the angular momentum about the normal to the invariable 
plane aud let (d 4 , <£i, \^ x ) denote dT/d$, dT/c$, dT/d^ respectively Obtain the 
equations 

6 « arctan {(a 2 2 - V - 0i 2 )fy&i} - arctan {(a 2 2 - fa 2 - 0i 2 )fy^i}, 

|-*=arotan{«, arctan 


Hence shew that 


6 dd x + ^ d^i + a>\ d(f> 


is the perfect 
system are 


differential of a funotion V, and that the remaining integrals of the 



dV h 
hu 


dV 

da 2 


=b 3 , 


where b y b u b 2 are arbitrary constants 


(Siacci ) 


149 Levi-Cimta/s theorem 

Levi-Civita* has established a connexion between the integrals of a 
dynamioal system and certain families of particular solutions of the equations 
of motion* 

Consider first a system in which some of the coordinates are ignorable 
Let (qi, q», ...,9m) be the ignorable and (gw,, ..,?«) the non-ignorable 
coordinates , and let jL denote the kinetic potential 

The integrals corresponding to the ignorable coordinates are 

3L/0g r = Constant (r= 1, 2, m), 

and corresponding to these integrals there exists a class of particular solutions 
of the system, namely those steady motions (§ 83) m which (g„ q t , , q m ) 

have constant values which can be chosen arbitrarily, while (q m + „ q m +i, •••> 9») 

have constant values which are determined by the equations 

3Z/3g r =0 (i + + 2, 

there are oo *"* of these particular solutions, since the m constant values of 
* tend, dell’ Ace de, Lincet, x (1901), p. 8 Of Surgatti, ibid xi (1902), p. 809 
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(q Oo Qm) and the m initial values of (q u q t , • , ?») can arbitrarily 
assigned. ’ The theorem of Levi-Cmta, to the consideration of which we 
shall now proceed, may be regarded as an extension of this result 

T , dq r dH dP? = _ d J[ (r = 1, 2, ,n) 

Let ~dt dp r ’ dt dq r V 

be the equations of motion of a dynamical system, the function H being 
supposed not to involve the time explicitly. 

Let F r (q u q a , .. -;Pn) = 0 (r-1,2, .,») (A) 

be a system of to relations, which when solved for (p u p», . ■, p m ) take 

p r = / r (g x , g s , ... , ?«, p m +i, ■•,?») ( r = 2 > • m ) * 

and which are invariant relations with respect to the Hamiltonian system, 
le. which are such that if we differentiate the relations (A,) with respect 
to t, we obtain relations which are satisfied identically m virtue of the 
Hamiltonian equations and of the equations (AO themselves These 
invariant relations mclude, as a particular case, integrals of the system 
m this case, they will involve arbitrary constants 

Since the relations (AO are invariant relations, we have 

_!?_§— I m (r-1,2, 


and writing 


this becomes 


< v mm $ vwjjvw\ 

{ ’ ^ i=m+lWj ty dpj) ’ 


d *L+{H,f r }+ = 0 (r = 1,2,. ., to) ...(1); 

*oq r 1 «-iqp» 0g* 

this equation becomes an identity when for each of the quantities 
(p l ,p t , .. , p m ) we substitute the corresponding function/,. 

Moreover, we shall suppose that the relations (A) or (AO are in involution 
among themselves This condition is expressed by the equations 

f i +[fr,f,]=0 2> ’” ,m) - (2) 

Let K denote the function obtained from JET on replacing (pi, p%, ... , Pm) 
by their values (/„/„ so that 


dpr^dpr ,»l8p.3j>r 
dH == cK_ » 

«-l 3p» 3?r J 

dJS = dK_ « 3H§£ 
3y, «-i 0p, 3?, 


(r=m + l, to + 2, .. ,«)... (3) 


(r-1, 2 to) ...(4). 


and 
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From (3) we have 

m p) XT 

{H,fr\ = {K, f r ) + x X— (r= 1, 2, , m), 

5 = 1 OPs 

and combining this with (4) we have 

if + <* ai -|+ 1*/-)* [-|+ (/»/•)' 

Substituting in (1) this value of dH/dq r + {#>/>•}> and using (2), we obtain 
the equations 

||+{jr,/ r }-0 (r-1,2, ,») (5> 

We shall now shew that the system of equations 

( JPf =/> ( Pin+i, i?»n+2, , Pn, ?i, , ?») (*=1,2, , m) 

~ = 0, 1^ = 0 (r = wi + 1, + 2, , n) . (B) 

V cp r oq r 

is invariant with respect to the Hamiltonian equations, 1 e that 

s© and a© <•—»+>.*+*■ .») 

are zero m virtue of equations (A), (B), (1), (2), (3), (4), (5) 

We have from the Hamiltonian equations 

d fdK\ ( Tr din . s 3 *K dH\ 


d fdK\ f „ am $ a*g ag\ 

d<\0pj 1 ’ 9prj »=i9i>r33»3p 4 (r-m + 1, . , n) (6), 

d /3iT\ _ f „ 3T) 2 W£_ dH 

dt \dq r ) = { ’ 3gyj + ««i dq r dq» dp, , 


and (5) gives on differentiation, using (B), 


M + M fUo 

dp r dq, + \dp r ’*‘\ 

&L.M A m o 

dqrdq, |agv ’ *j 


s = 1, 2, , m, r = m + 1, m + 2, , n) (7), 


now taking account of (B), we have from (3) 

aar = _ | anaA 

3 j)r i=iap, 3 |)r[ ( r = m + l, m+ 2 , , b) 

3 H = _ | an 3 /, 

S^r = »=iSi), 3g,, 

and hence equations (6) become 

d(dj£\ B dH\ &K_ . idK .V|\ 

,-idp, [dprdq, Wr J J [ (r^m + 1, m+2, . n), 


d (dK\ S dH\ djK fa K X 
TtWr) " ,-x3p7 b<lrdq, + la 3 r ’ "I J 
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oi by (7), 

1 ftA] = 0 4 (l—) = 0 (r = m + l,m + 2, ,n), 

dt\dpj dt\dq r J 

which proves that the system of equations (A) and (B) is invariant with 
iespect to the Hamiltonian equations 

Now from the equations (A) and (B), let the variables 
(Pll Pt< • > P n > ?«*+!> » 3 ») 

be determined in terms of (q lt q» , q m ) from the invariant character of 
(A) and (B) it follows that on substituting these values m the Hamiltonian 
equations, we shall obtam m independent equations, namely those which 
express (dqjdt, dq a /dt, . , dqjdt) m terms of (fc, q*, , qm), the others being 

identically satisfied and the general solution of this system, which will 
contain m arbitrary constants, will give oo m particular solutions of the 
Hamiltonian equations. The solution of this system can, by making use 
of the integral of energy, be reduced to that of a system of order (m - 1) 
and thus we obtam Levi-Civita’s theorem, which can be thus stated To any 
set of m invariant relations of a Hamiltonian system, which are w involution, 
there corresponds a family of <x> m particular solutions of the Hamiltonian 
system, whose determination depends on the integration of a system of order 
0-1) 

If the invariant relations (A) are integrals of the system, they will contain 
another set of m arbitrary constants and hence to a set of m integrals of a 
Hamiltonian system, which are m involution, there corresponds in general 
a family of 00 “* particular solutions of the system, which are obtained by 
integrating a system of order (m — 1), 

Example For the dynamical system defined by the Hamiltonian funotion 
#= q\ pi - qm - + W* 

shew that the Levi-Civita particular solutions corresponding to the integral 

( p 2 - bq 2 )/q 1 = Constant 

are given by the equations 

q 1= 0, qi=e- t+ ’, pi=ae~ t+ ', 

where € is an arbitrary constant. 


150 Systems which possess 'integrals linear in the momenta, 


We shall now proceed to the consideration of systems which possess 
integrals of certain special kinds 


Suppose that a dynamical system, expressed by the equations 


dq r _ dH dpr 

dt dp r ’ dt dq, 


(r-1, 2 , 


n), 
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has an integral which is linear and homogeneous m (p u p a , , p n ), say 

fiPi +/ 2 P 2 ■+ ■ +f n p n = Constant, 
where (/»,/„ . ,/„) are given functions of (q u qu ■ ,?»). 

Consider the system of equations 

dq 1 _dq 1 _ dq n 

fi fi fn 

which is of order (n — 1) , suppose that the (n — 1) integrals which constitute 
its solution are 

Qr{qi,qa, , q n ) = Constant (r=l, 2, . ,n-l): 
and let. Q n be a function defined by the equation 




where m the integrand the variables (q 2) q s , ?n) are supposed replaced 

by their values m terms of (q l9 Q l} Q z , , 1 ) before the integration 
is earned out. 

Then if the variables change in such a way that (Q u Q 2 , , Qn-i) remain 

constant and Q n vanes, it follows from the above equation that 

= =^ = dQ n , 

J I J 2 jn 

so that if (Q u Q, Q«) axe regarded as a set of new variables in terms of 

which (qu q t , .. , q n ) can be expressed, we shall have 

dqkfiQn—fk (fc = 1, 2, n) 

Suppose then that we consider the contact-transformation which is the 
extension of the point-transformation from the variables (q lt q 2 , , q n ) to the 

variables (Q„ Q a , Qn), so that the new variables (P„ P a , •• , -?») are 
defined (§ 132) by the equations 


Pr "*V*9Qr 


(r = l, 2, . , n) 


By this transformation the differential equations of the dynamical system 
are changed into a new set of Hamiltonian equations 

0=1,2,..,..), 

dt a Pr dt dQr 

and the known integral becomes 

P n = Constant 

Since dPJdt~ 0, we have 8 2T/8Q„ = 0, so the function K does not involve 
Q„ explicitly and thus we obtain the result that when a dynamical system 
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possesses an integral which is linear and homogeneous m (jh, Pi, , Pn)> there 
exists a point-transformation from the variables (q u q 2 , , q n ) to new variables 

(Qi, Q2, , Qn), which is such that the transformed Hamiltonian function 

does not involve Q * The system as transformed possesses therefore an 
ignorable coordinate, and we have the theorem that the only dynamical 
systems which possess integrals linear m the momenta are those which possess 
ignorable coordinates , or which can be transformed by an extended point- 
transformation into systems which possess ignorable coordinates 

The conveise of this theorem is evidently true 

This result might have been foreseen from the theorem (§ 144) that if 
4> (qi , f?2, > qn, Pi, , Pn> 0 = Constant 

is an integral of the system, then the differential equations* of motion admit the 
infinitesimal transformation whose symbol is (<£,/) For when (f> is linear and homogeneous 
m (pi, p%, , p»), this transformation is (§ 132) an extended point-transfoi mation if 

this point-transformation is transformed by change of variables so as to have the symbol 
df/dQm it is clear that the Hamiltonian function of the equations after transformation 
cannot involve Q n explicitly 

Considering now m particular systems whose kinetic potential consists 
of a kinetic energy T(q 1} q 2 , , q n > 2i> • > qn) which is quadratic m the 

velocities (g 1# q 2y . , q n ) and a potential energy V (q u q 2 , , q n ) which is 
independent of the velocities, we see that m order that an integral linear m 
the velocities may exist the system must possess an ignorable coordinate, 
or must be transformable by a point- transfer mation into a system which 
possesses an ignorable coordinate But in either case the functions f £ and V 
evidently admit the same infinitesimal transformation, namely the trans- 
formation which, when the coordinates are so chosen that one of them is the 
ignorable coordinate, consists m increasing the ignorable coordinate by a 
small quantity and leaving the other coordinates and the velocities unaltered , 
and conversely, if T and V admit the same infinitesimal transformation, then 
there exists an integral linear in the velocities This result is known as 
Livy's theorem , having been published by L4vy* in 1878 

Example 1 Shew that if the differential equations of motion of a particle admit an 
integral linear m the components of momentum, the line of action of the force must 
belong to a linear complex, 

(Cerruti, Collect math xn mem D Chehm cf P Grossi, Palermo Rend xxiv (1907), 
p 25) 


Example 2 Tf the equations 


d 

dt 



(r=l, 2, , 


Comptes Rendu8 t lxxxvi 
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whore and where (<&, Q t) , Q n> a n , a 12 . , On») are given functions 

°f (?i, Js, ?„), possess an integral of the form 

£i£i-H? 2 < 72 + + ^n?n+ C= Constant, 

where (6\, C 2 , , (7 n , C) are functions of (j 1} q 2 > , # n ), shew that it is possible to 

displace an invariable system m one direction from any one of its positions m the space S n 
defined by the form 

n w 

ds 2 — S 2 a ik dq i dq k 
i=i fc=i 


Bhew that for this a necessary and sufficient condition is that the ds 2 can be trans- 
formed in such a way that one of the variables becomes absent from the coefficients 

(Cerruti and L^vy ) 


151 Determination of the forces acting on a system for which an 
integral is known 

Before proceeding to discuss systems which possess integrals quadratic 
m the velocities, we shall obtain a result due to Bertrand*, namely that 
in the motion of a dynamical system of given constitution, for which however 
the acting forces are unknown (it being supposed that the forces depend 
solely on the coordinates of their points of application, and not on the 
velocities of these points), we can discover the unknown forces provided one 
integral is known Moreover, this integral cannot be chosen at random, but 
must satisfy certain conditions 


Let ( q u q u q n ) be the n independent coordinates of the system, T the 
kinetic energy, and (Q u Q 2 , . , Qn) the unknown forces, which are supposed 
to depend only on (q u ? a , .. , q n ) , so the equations of motion are 


d(dT\dT 
dt \dqj dq r 


= Qr 


(r-1,2, . ,n) 


Let ?»> *•> 0- Constant 


be an integral of the system ; 

* d± 

rmldq f 


>n differentiating it, we have 

?r + r?i^ ?, + ^ = 0 


Substituting in this equation for (q„ £, . , q n ) their values as given by 
the equations of motion, we have a relation involving (Qi, Qt, •> Qn) linearly. 
This relation, as it contains only the quantities (q u q s , •• , 3«» ?i» ••»?»» *)» 
all of which we can assign arbitrary independent values, must be an identity- 
we can therefore differentiate it with respect to (q v q t , - , qn), and so form 
n new equations which, likewise containing (Qi, Qs, *• » Qn) linearly, will 
suffice in general to determine these unknown quantities. The integral will 


* Journal de Math (i)xvn (1852), p.121 
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relate to an actual system only when these values of (Q u Q», 
the equation 

r~l 

the cases in which the equations for the determination of (Q lf Q a , Qn) are 
not independent, so that (Q lf Q a , . Q n ) are mdetermmate, are those in 
which the integral is common to several distinct dynamical problems 

Example If an integral of the equations of motion of a point in a plane is common 
to two different problems, shew that it is of the form 

x, y, t) *= Constant, 

where (x, y) are rectangular coordinates and <£' is the denvate with respect to t of 
a function <f>(x, y) which, equated to a constant, represents the equations of a set 
of straight lines (Bertrand.) 


3 3r r*l32r 3 1 


152 Application to the case of a particle whose equations of motion 
possess an integral quadratic m the velocities 

As an application of Bertrands method, let it be required to find the 
nature of the potential energy function V m order that the equations of 
motion of a particle which is free to move in a plane under the action of 
conservative forces, 

37 .. 37 

x ~~dx' y ~ dy '• 

may possess an integral (other than the integral of energy) of the form 
Ex 1 •+* Qxy 4* Ry* Hh Sy + lx + iT = Constant, 
where P, Q, R, S, T, K are functions of x and y. 


Differentiating the last equation, and substituting for x and y from the 
equations of motion, we have 



Equating to zero the terms of the third degree in x and y, we have 


5 -®- 


BR 




,0 0 

' By + dx U ’ 


from which it is readily deduced that the terms of the second degree in the 
integral must have the form 

(oy* + 6y+c)i* + (<ws , + &'a?+c')# , + (— iaxy — b'y — bx + c^xy, 
where (a, b, c, b', o', c t ) are constants 
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Equating to zero the terms of the second degree in x and y in equation 
(A), we have 

9y — dx U ’ dx + d y ’ 

from these equations we deduce 

8 = mx + p, T — — my + q, 
where (m, p, q) are constants 

Equating to zero the terms mdependent of x and y m (A), we have 


or 


d J( mx +p)- d ^(my-q) = 0 


This equation shews that if (m, p, q) are different from zero, the force is 
directed to a fixed centre of force, whose coordinates are - p/m and q/m-, we 
shall exclude this simple particular case, and hence it follows that the con- 
stants (m, p, q) must each be zero, so that the integral contains no terms of 
the first degree in x, y 

Equating to zero the terms linear in x and y in (A), we have 

_2P 0 -r_o 3 JV-£=o, 

3 a; cy dx 

k dy dx dy 

Differentiating the former of these equations with respect to y, and the 
latter with respect to x, and equating the two values of thus obtained, 
we have 

2P dxdy + 2 dx dy + ®dy i + dy dy 2R dxdy + dx dy dx dx da? 

and replacing P, Q, R by their values as found above, we have 

(?? - g) (- »*>»■ - vr - + <o- + 2 Is* w- - + *»- ~ v - + 


+ + 31) + (- 6a« - 34') m 0 


Darboux* has shewn that this partial differential equation for the function 
V can be integrated in the following way 

* Archive* NierloLvdaxtet^ (h) vi p 371 (1001)* 
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Excluding the particular case m which the constant a is zero, we can 
always by change of axes reduce the given integral to the simpler form 
i (py " y®f + + c'y 2 4- K = Constant, 


which amounts to supposing that 

a = ^, 6 = 0, V = 0, Cj. = Q, 

if moreover we replace c — d by -J- c 2 , the partial differential equation for V 


becomes 


xy 


/9^F_ 

\d a? 


fd * v +<*■-*+«■> 


9 s 7 _ 97 _ 07_ ft 
x~* r r~" + 3 y ^ ~ 3*r — « 0 
dxdy * dx 3 y 


To integrate this equation, we form the differential equation of the 
characteristics 

xy ( dy s — da?) 4- (x* — y i — <?) dxdy = 0 


If in this equation we take a? and y* as new variables, it becomes a 
Clairaut’s equation we thus find that its integral is 

(m + 1) (ma? — y*) — me 2 ~ 0, 


where m denotes the arbitrary constant. By a simple change ot notation, we 
can write this integral in the form 


a 2 ^ 


1, 


where the arbitrary constant is now <l This form puts in evidence the 
interesting fact that the characteristic curves of the partial differential 
equation are two families of confocal conics. 

Taking then as new variables a and /3 the parameters of the confocal 
ellipses and hyperbolas, so that 

0 c 


it is known from the general theory that the partial differential equation will 
take the form > 


a a F 
9a 9/3 


+a^+b 

da 



where A and B are functions of a and >3, in fact, on performing the change of 
variables we find 


a*r dv dv 

, -*>J^ +2 ^- 2 “|s= 0 ’ 


which can be immediately integrated, giving 

(«“-£*) 7 =/(«)-<*> 09), 

where /and </> are arbitrary functions of their arguments It follows that the 
only cases of the motion oj a particle m a plane, under the action of conservative 
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forces, which possess an integral quadratic m the velocities other than the 
integral of energy, are those for which the potential energy has the form 

rr /(g) ~ ± (ft) 

a 3 — /3 s ’ 

where a and & are the parameters of confocal ellipses and hyperbolas 
Since by differentiation we have 

* + y 3 = (a 3 - /9 3 ) , 

the kinetic energy is 

and an inspection of the forms of T and V shews that these problems are of 
L%ouville’s class (§ 43), and are then efore mtegrable by quadratures , 


153 General dynamical systems possessing integrals quadratic in the velocities 

The complete determination of the explicit form of the most general dynamical system 
whose equations of motion possess an integral quadratic m the velocities (m addition 
to the integral of energy) has not yet been effected. It is obvious from § 43 that all 
dynamical systems which are of Liouville’s type, or which, are reducible to this type by a 
point- transformation, possess such integrals , and several more extended types have been 
determined*. 


Example 1 Let <£«(#*) (£, 1=1, 2, , n) 

be functions depending solely on the arguments indicated, and let 


2 4>ki®ki 

kmi 


(1=1, 2, . n) 


denote the determinant formed by these functions Shew that if the kinetic energy of a 
dynamical system is reducible to the form 

n a 

is— qk\ 

Aj-1 

and the potential energy is zero, there exists not only the integral of energy, 

» $ m a 

but also (n— 1) other integrals, homogeneous and of the second degree in the velocities, 
namely 

2 S'* 2 * 5 ***! (^“*2, 3, n), 

km l 

where (a t , a®, * , a*) are arbitrary constants: and that the problem is soluble by 
quadratures (Stacked ) 

Example 2 Let the equations of motion of a dynamical system with two degrees of 
freedom be _ 

(r " 1 ’ 2)) 

where (aji s + 2 Ay l 6 j 2 3 }, 


* Cf G (li Pirro, Armali di Mat. xxiv (1896), p, 8X5. 
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and (a, A, 6) are any functions of the coordinates (&, q») and let this system possess an 
integral + Mqtfi + Vqi = Constant, 

quadratic in the velocities and distinct from the equation of energy, where (a', A', 6') are 
Junctions of the coordinates. If A and A' denote (ab-h>) and (a'b'-h’*) respectively, 
and if 2 

T‘=\ (a'gi' i! +2A'g 1 V+ 6 V)> 

where q r ' stands for dq r l<bt!, shew that the equations 


£ (ct\ a r 
<M \bq’) ~ cqf 


(r=l, 2) 


define the same relations between the coordinates (# 1 , q%) as the original equations 
of motion, and that one set of equations can be transformed to the other by the trans- 
formation , , _ , 

Adt=>A f dtf 


Miscellaneous Ex amples 
1 A dynamical system is defined by its kinetic energy 


(2l 



w 

*si 

$«1 

<#>11 

4> 12 

fan 

<£21 

<#>22 - 

fan 

fal 

fa% * 

fan 


in which the elements of the £th line are functions of q k only, and denotes the minor of 
<f> w ), and by its potential energy 

¥ 

5 

where * — *nfa+ $>21 fa+ +$»i<#'»> 

and the quantity fa denotes a function of q k only Shew that a complete integral of the 
Hamilton-Jacobi equation 
dW 


dt 




is W= - CL\t + 2 + 

i=i J 

where (a u a 2 , , , a*) are arbitrary constants (Goursat ) 

2 If <#>(? i,$ 2 > >9n,Pu >P n ,*)= Constant 

is an integral of a dynamical system which possesses an integral of energy, shew that 

Constant, = Constant, etc , are also integrals 
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3 A system of equations 
dq, 


A r (q 1 , q% 7 > ?n> Pu > pni &) 

^£s.^B r {q\, q2, * j Stm.Pi> > JP«> 0 
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(r=l, 2, ,w) 


is such that if cf> and yjr are any two integrals whatever, the P oisson-braoket (<p } yjp) is also 
an integral Shew that the equations must have the Hamiltonian form 


dq r dJT dp T _ dfl 
~dt ~ dp r 5 dt dq T 


(r* 1,2, ,n) 

(Korkme.; 

a x = Constant, a 2 — Constant, , a* = Constant, 

fii = Constant, /S 2 — Constant, , 0 fc = Constant, 

aa*e any 2ife integrals of a Hamiltonian system of differential equations, the variables being 
(qu £ 2 , - > fi'nj Pu > P*)> shew that 


4 If 


2 , ± ®2L|a |f Constant 

x t . ,x* 9^ 9px* 


is also an integral 

5 Let the expression 


(Laurent ) 


f T? TT tts 5 9 (R lf H 2 , » &n) 

(E X ,R 2 , *,0 (*„,**, ,*»<)’ 

-where £T U E t , , H % are functions ot the n» variables x J( (j=l, 2, 2, 

be called a Powton-braeJket of the nth order If ti'j, <?a, , <?*■- Me hv fhnctidns of 

Vn, fa, .,910. *u. > «i, «*• > “*•” where ( A+ * =n) ’ and lf 

P t ((? n ) (t=1.2, -.(*)) 

denotes all the Poisson-brackets formed from every » functions <?, shew that 

P,(<?")=0 (t-1, 2, • . (**)) 

represents the necessary and sufficient conditions that the functions 

(#n> #ia> > a i> « 2 ) > <0 ( a=1 > 2 > 1,2,. , v) 

arising from the equations e< _ 0 ( g. lf 2 , fe) 

shall satisfy the simultaneous partial differential equations of the first order 

p<<jf>F)= o, (»->.*» > C;)) 

where jP,(y\ P) denotes the expression which is obtained when we replace h of the 


functions F in P { (F n ) by as many y’s 


(Albeggianl ) 


6 A particle of unit mass whose coordinates referred to fixed rectangular axes are 
{x, y) is free to move in a plane under forces derivable from a potential-energy funotion 
f[x, y), the total energy being h Shew that if the orthogonal trajectories of the curves 

(£ + &) 


W D 
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are orbits, the differential equations of motion of the particle possess an integral linear and 
homogeneous m the velocities (#, y) 

7 The equations of motion of a free system of m particles are 

^=X, (»=1, 2, ,3m) 

If an integral exists of the form 

3>H 

2 /^r 8 - (7* = Constant, 

8=1 

where /,, / 2 , , fs m are functions of x 2i , # 3 mi an< ^ G is & constant, shew that this 

integral can be written 

2* k a x 8 + 3 2 «ra Oa^r - x r^s) -Ct= Constant, 

8=1 1 , 8=1 

where the quantities k 9 and a J8 aie constants (Pennacchietti ) 

8 Two particles move on a surface under the action of different forces depending 
only on their respective positions if their differential equations of motion have in 
common an integral independent of the time, shew that the surface is applicable on 
a surface of revolution (Bertrand ) 
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154 Introduction 


The most celebrated of all dynamical problems is known as the Problem 
of Three Bodies , and may be enunciated as follows 

Three particles attract each other according to the Newtonian law , so that 
between each pair of particles there is an attractive force which is propoHional 
to the product of the masses of the particles and the inverse square of their 
distance apart they are free to move m space , and are initially supposed to be 
moving m any given manner , to determine their subsequent motion . 

The practical importance of this problem arises from its applications to 
Celestial Mechanics the bodies which constitute the solar system attract 
each other according to the Newtonian law, and (as they have approximately 
the form of spheres, whose dimensions are very small compared with the 
distances which separate them) it is usual to consider the problem of deter- 
mining their motion in an ideal form, m which the bodies are replaced by 
particles of masses equal to the masses of the respective bodies and occupying 
the positions of their centres of gravity* 

The problem of three bodies cannot be solved m finite terms by means 
of any of the functions at present known to analysis This difficulty has 
stimulated research to such an extent, that since the year 1750 over 800 
memoirs, many of them bearing the names of the greatest mathematicians, 
have been published on the subjectf In the present chapter, we shall discuss 
the known integrals of the system and their application to the reduction of 
the problem to a dynamical problem with a lesser number of degrees of 
freedom 


* The motions of the bodies relative to their centres of gravity (in the consideration of which 
their sizes and shapes of course cannot be neglected) are discussed separately, e g in the Theory 
of Precession and Nutation In some cases however (e g. in the Theory of the Satellites of the 
Major Planets) the oblateness of one of the bodies exercises so great an effect, that the problem 

cannot be divided in tbis way „ _ 7 

+ For the history of the Problem of Three Bodies, cf A. Gautier, Asa* hutonqu* mr U 
wobltKU dit troU com (Pans, 1817) B Grant, Hutory of Phyiieal Aitrommy from the earhat 

C!7,Z a—. «W a l **«. - »• 

progress of the solution of the Problem of Three Bodies (Brit. Ass Bep 1899, p 121) and 
E. o. Lovett, Quart Journ Math, xux (1911), P 252, who disoueeee the memoirs of the period 

1898-1908 22 _ 2 


340 


The Reduction of the 


[oh xiii 


155 The differential equations of the problem 

Let P, Q, It denote the three particles, (mi, m 2> m 3 ) their masses, and 
Oa, Hi, Hi) their mutual distances Take any fixed rectangular axes Omjs, 
and let (q u q*. q 3 ), (q t , q>, q>), (q?, q», ?*), be the coordmates of P, Q, R, respec 
lively The kinetic energy of the system is 

T=\m, (?! a + qi + q 3 ) + (q* + ?« a + g, a ) + (? 7 a +? s a + q» a ) , 

the force of attraction between wii and is a , where k* is the 

cons tan t of attraction we shall suppose the units so chosen that is unity, 
so that this attraction becomes and the corresponding term in 

the potential energy is — mim 2 r 12 -1 The potential energy of the system 
is therefore 

y m 2 m 3 _ rrhmi _ rrhm ? 

~ r si r M 

= -to 2 »i 3 {( 2 i- q 7 y + (q s - q *) 1 + (?e - ?»)’} * 

- m t m l {{q 7 - qf + (q a - q^f + (?» - 2a) a } _ * 

- m x m 2 {(?i -?4) 4 + (?a - qs) 1 + (qt - ?«)*} “ * 


The equations of motion of the system are 

m k q r = — 3 VJdq r (r = 1, 2, , 9), 

where k denotes the integer part of £(r + 2) This system cpnsists of 
9 diff erential equations, each of the 2nd order, and the system is therefore 
of order 18 


Writing 

and 


m k q r = p r 


v m * 

2 + V, 

r» 1 2m* 


(r^X, 2, ,9), 


the equations take the Hamiltonian form 


dq r _ 3ff dp r _ dH 
dt — 3 dt 3 q r 


(r«l, 2, .,9), 


and these are a set ot 18 differential equations, each of the 1st order, for the 
determination of the variables (q l% q 2} . , 9»,.Pi, Ps> >P*)* 


It was shewn by Lagrange * that this system can be reduced to a system 
which is only of the 6th order That a reduction of this kind must be possible 
may be seen from the following considerations 

In the first place, since no forces act except the mutual attractions of the 


* Recueil dee pi&ces qm out remjpoiti let pnx de VAcad de Pans , ix (1772), Lagrange of 
course did not reduce tbe system to the Hamiltonian form. Of Boblin, Kongl. Sv Vet - Bandl , 
xlii (1007), No. '9, for an improved Lagrangian reduction 
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particles, the centre of gravity of the system moves m a straight line with 
uniform velocity This fact is expressed by the 6 integrals 

Pi + }h+P7 * a i> 

■ p2 + Pt +^8 ” y 
Pi+Po+P»=* a s> 

I ni + Mtty “* (Pi + P* + P ?) ^ ** a s> 
m x q 2 +■ ni 2 q 8 + — (p* + +^ 8 ) ^ ^ 4 j 

m 1 ^3-i-^2?6 + W 329— (Ps+^G+Pfl)^ *=^6* 

where a*, , a 8 are constants It may be expected that the use of these 

integrals will enable us to depress the equations of motion fiom the 18th to 
the 12 th order 

In the second place, the angular momentum of the three bodies round 
each of the coordinate axes is constant throughout the motion This fact 
is analytically expressed by the equations 

p s - <hPi + q* P* ~ 9‘P* + ftP* ~ foP 7 = " 7 ’ 

• q&s - ?J?>2 + <hpe - q«P» + ?sP» ~ 9oP* — rt 8> 

& Pi - <hPi + qtpi - q t pe + q*p? — qiPo = (t », 

where ar> are constants By use of these thiee integrals we may 

expect to be able to depress further the equations of motion from the 
12th to the 9th order But when one of the coordinates which define the 
position of the system is taken to be the azimuth of one of the bodies 
with respect to some fixed axis (say the axis of z), and the other coordinates 
define the position of the system relative to the plane having this azimuth, 
the coordinate $ is an ignorable coordinate, and consequently the cone- 
sponding integral (which is one of the integrals of angular momentum 
above-mentioned) can be used to depress the order of the system by two 
units , the equations of motion can therefore, as a mattei of fact, be reduced 
in this way to the 8th order This fact (though contained implicity m 
Lagrange’s memoir already cited) was first explicitly noticed by Jacobi* in 
1843, and is generally referred to as the elimination of the nodes 

Lastly, it is possible again to depress the ordei of the equations bj 
two units as m § 42, by using the integral of energy and eliminating the 
time So finally the equations of motion may be reduced to a system oj the 

6th order 

• Journ tllr Math xxvi p 115 From the point of view of the theoi) of Paitial Differential 
Equations, we may express the matter by saying that the integrals of angulai momentum give 
rise to an involution-system, consisting of two functions which are m involution with each other 
and with H and hence the Hamilton-Jacobi partial differential equation with 6 independent 
variables can be reduced to a partial differential equation with 6-2 oi 4 independent i enables 
this will be the Hamilton-Jaoobl partial diffeiential equation for the reduced system ( 
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156 Jacobis equation 

Jacobi* m considering the motion of any number of free particles m space, which 
attract each other according to the Newtonian law, has introduced the function 




where »i< and m, are the masses of two typical particles of the system, r ti is the distance 
between them at time t, M is the total mass of the particles, and the summation is extended 
o\ 0 r all pairs of particles in the system This function, which has been used m researches 
concerning the stability of the system, will be called Jacobi t function and denoted by the 
symbol $ 

We shall suppose the centre of gravity of the system to be at rest , let (#*, y^ s<) be the 
coordinates of the particle wq referred to fixed rectangular axes with the centre of gravity 
as ongin The kinetic energy of the system is 


and consequently we have 


T-iSmiW+tfW), 

{ 

2 MT= (2m,-) x 2m< (at? 4-y t ' 2 +^ 2 ) 


But 


(2m,) x 2? niixf - (2m* x x ) 2 = 2 ^^^ (#< - Xj)\ 

i i i i,J 


wheie the sum mat ion on the right-hand side is extended over every pair of particles in the 
system and we have 2m 1 a; i = 0, in virtue of the properties of the centie of gravity 


Thus we have 


'Mu 
1 


2 {(£< - x/) 2 + (y* - yj ) 2 + (*i - «i) 2 } 




where v t j denotes the velocity of the particle relative to m 
In the same way we can shew that 

i (tf< 2 +y?+z?) =< *> 

If now V denotes the potential energy of the system, the arbitrary constant id V being 
determined by the condition that V is to be zero when the particles are at infinitely great 
distances from each other, we have 

v= _ 2 m 1 m l 
w r u 

The equations of motion of the particle wi* are 

3F 0F dV 

"‘**"“85* 

Multiply these equations by x t , y,, Z(, respectively, add them, and sum for all the 
particles of the system since V is homogeneous of degree - 1 in the variables, we thus 
obtain 

2m, (#i + y { yi 4* ZiZi) » F, 

i 

J 2m* (*v*+ V? F, 


This is called Jacobi? s equation 


dP 


-2T+V 


Vorlmmgen iiber Dyn , p 22 
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157 Reduction to the 12 th order, by use of the integrals of motion of the 
centre of gravity 

We shall now proceed to carry out the reductions which have been 
described* It will appear that it is possible to retain the Hamiltonian form 
of the equations throughout all the transformations 

Taking the equations of motion of the Problem of Three Bodies in the 
form obtained m § 155, 

dqr = d_H ( r -l,2,. ,9), 

dt dpr dt dq r 

we have first to reduce this system from the 18th to the 12th order, by use 
of the integrals of motion of the centre of gravity For this purpose we 
perforin on the variables the contact-transformation defined by the equations 

0 W t 0 W / _ -1 9 Q\ 

tr ~W; <*-1.2-. ,9), 

where W = p 1 q l ' + M* + p»qi +P&i + + Me' + (j>i +Pi+Pi)ft' 

+ (p 2 +p s -t-p 8 ) + (p» + Pi +^ 9 ) 

Interpretmg these equations, it is easily seen that (qi, qi, qi) are the 
coordinates of m, relative to to,, {qi, qi, qi) are the coordinates of to* relative 
to to,, (qi, qi, qi) are th? coordinates of (pi, pi, pi) are the components 
of momentum of m*, (pi, pi, pi) are the components of momentum of m,, and 
(pi, pi>Pi) are the components of momentum of the system. 

The differ ential equations now become (§ 138) 

1? (r = 1, 2, . ,9), 

dt dp r dt 0gr 

where, on substitution of the new variables for the old, we have 


1 ( 2 m, 2ms 




+ ^ {p.V + pipi + P*'pi + \P7* + W + W ~P>' (K 

- pi (pi + pi) - Pi {pi +P« )} 

- to, to, {qi* + qi* + qi*) " J fa* + qi* + 2«' 8 ] " * 

— toito, {{q{ — qi)* + (qi - qif + (qi — (frO*} ^ 

. The contact transformation used m § 167 is due to Poincard, C ft am (1896) , that used 
in §168 ib due to the author, and was originally published in the first edition of this work (1904). 
It appears worthy of note from the fact that it is an extended point-transformation, which shews 
thattoe reduction could he performed on the equations in their Lagrangian (as opposed to their 
SiSSST form, by pure point transformations The second transformation in the alternative 
reduction (§ 160) ia not an extended point-transformation Another reduction of the Prob em 0 

te Mbm to *«*»«> « !■* **•*•< ’““‘"iTrr'w 

Distinguished Functions, of Lie, Hath Am vnx p 282. Of also Woronetz, Bull Vmv KUf, 
1907, and Levi Civita, AM del ft. f»t Vemto, lxh\ . (1915), p. 907 
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Since q 7 '> q a , q 9 are altogether absent from H, they are ignorable 
coordinates the corresponding integrals are 

p/ = Constant, pi = Constant, p Q ' = Constant 
We can without loss of generality suppose these constants of integration 
to be zero, as this only means that the centre of gravity of the system is 
taken to be at rest the reduced kinetic potential obtained by ignoration of 
coordinates will therefore be derived from the unreduced kinetic potential 
by replacing p 7 \ p 8 ', p 9 by zero, and the new Hamiltonian function will be 
derived from H m the same way The system of the 12 th order , to which the 
equations of motion of the problem, of three bodies have now been reduced , may 
therefore be written (suppressing the accents to the letters; 

dq r _ 9 H dpr _ _3£T 

dt dpf dt dq r 

where 


(r = 1, 2, . ,6), 


s - a + + »’> + (i + i) <* + * + »’> 


- {q/ + g B a + 3« a } * - (?i a + q» + 2* a | ~ * 


+ -(PiP< + frPi+P*Pe) 


- {(?i - q t y + (q, - g„) 2 + ( q » - g«) s } * 

This system possesses an integral of energy, 

H = Constant, 

and three integrals of angular momentum, namely 

( q 2P1 - qzp a + q&p* - q*p s = 

| Mb - 9ii>3 + q*p 4 - q^p& = -4a 
l?iPa ~ - JaJP* = ^3 

where A x , A 2 , A s are constants 


158. Reduction to the %th order i by use of the integrals of angular 
momentum and elimination of the nodes 

The system of the 12th order obtained m t)he last article must now be 
reduced to the 8th order, by using the three integrals of angular momentum 
and by eliminating the nodes This may be done in the following way 

Apply to the variables the contact-transformation defined by the 
equations 


where 




(r = 1, 2, . ,6), 


W=p! (q/ cos q/ - q 2 cos q,' am q s ') + (g/ sin q„' + q 3 cos g« cos qf) +p 3 q 2 ' am q„' 

+P* (q» cos q t ' - ql cos g/sin q c ‘) + p e (g, am q 3 + q* cos g/cos g/) +p,q i ' sin. q e ' 

It is readily seen that the new variables can be interpreted physically as 
follows 
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In addition to the fixed axes Oxyz 3 take a new set of moving axes Ox'fz ' , 
Ox' is to be the intersection or node of the plane Oxy with the plane of the 
three bodies, Of is to be a line perpendicular to this in the plane of the 
three bodies, and Oz' is to be normal to the plane of the three bodies Then 
9*) are the coordinates of m l relative to axes drawn through w 3 parallel 
to Ox', Of , (qi, qi) are the coordinates of m 1 relative to the same axes, qi 
is the angle between Ox' and Ox , if is the angle between Oz ' and Oz . pi 
and pi are the components of momentum of m 1 relative to the axes Ox , 0?/, 
pi and p^ are the components of momentum of m 2 relative to the same axes ; 
pi and pi are the angular momenta of the system relative to the axes Oz 
and Ox' respectively 

The equations of motion in terms of the new variables are (§ 138) 


dq£ = dH_ = 

dt dp r n dt 3 qi 


(r = 1 , 2 , , 6 ), 


where, on substitution in H of the new variables for the old, we have 


H 


+p a q/ cosec qi +p« <?»')“ 

+ (i + 2i) 

+piqi cosec qi +j»»vH 


?n 8 


pipi+pipi - 7 : 257 — T'i/y 


(qiqi — qiq* ) a 

{(piqi —piqi + p>qi - p^ ‘la) 1* cot +pii* cosec St’+Wff. i} 
{(piqi - piqi + piqi - piqi) qi cot qi + j piqi cosec ?« + P*V) 


- Warn, (q»* + ?/*)"* - m,™, (qi* + qi*)~* - |($' - qi)* + (qi - qi)*} * 

Now ql does not occur m H, and is therefore an ignorable coordinate , the 
corresponding integral is 

pi = k , where k is a constant 

The equation dqi/dt=* dHjdk can be integrated by a simple quadrature 
when the rest of the equations of motion have been integrated , the equations 
for qi and pi will therefore fall out of the system, which thus reduces to the 
system of the 10th order 

fy' = -$f - - 1? (r - 1, 2, 3, 4, 6), 

dt dp? dt dq r 


where pi is to be replaced by the constant k wherever it occurs in U 

We have now made use of one of the three integrals of angular momentum 
(namely pi « k) and the elimination of the nodes : when the other two 


M 
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integrals of angular momentum are expressed in terms of the new variables, 
they become 


( +piqa~p»qi)^q s ' oosec q,'-k am q s ' cot q,'+p e ' cos 3/ = A l3 

(p 2 'qi -piq* +P*q» -p»q*) cos ?«' cosec 3/ + k cos 3/ cot 3/ +p t ' sin q{ = A a 
The values of the constants A 1 and A z depend on the position of the fixed 
axes Oxyz , we shall choose the axis Oz to be the line of resultant angular 
momentum of the system, so that (cf § 69 ) the constants A x and A a are zero 
the special ary-plane thus introduced is called the invariable plane of the 
system The two last equations then give 

k cos q 6 ' =piqx-plqi Aplql -piqi, 

Pe = 0 

These equations determine 3/ and p«' in terms of the other variables, and 
so can be regarded as replacing the equations 

dq: _dH dp ; 3 H 


• dt 3 pe’ dt dqi’ 

in the system The system thus becomes 

dqf __ 32 f dp/ 3 fT 

dt dp r " dt 3 q r ' 


(r — 1, 2, 3 , 4 ), 


where 


H (.2^ + 2m) + P * + (qiq* -qiq 4 y 

{(PiV -Pa's/ + piqi - plqi) cot 3/ + k cosec g/}‘J 

+ (2^ + 2m,) [ Ps ' 2 +P: * + (q*q a '-q^q;y 

{(PiV -piqi Apiqi -p/3,') cot q,' + k cosec 

\(Pi'q» - Pi qi + piql -plq%) cot 3/ + k cosec 


- m,»ij (qf + q?) * - m,m, (?/> + 3/“) * - m,™, {(3/ - 3/)* + (3/ - 3/)*} "i , 
and where, after the denvates of H have been formed, 3/ is to be replaced by 
its value found from the equation 

k cos 3,' = p,V - p,V + piqi - piql 

Now let H‘ be the function obtamed when this value of 3/ is substituted 
in H , then if s denotes any one of the variables 3/, 3,', 3/, 3/, pf p z , p t \ pf 
we have 


ZH' dH dH dq,' 
3 s 3 * 03/ 3 8 ’ 
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But since p e ' = 0, we have dH/dqe — P« — 0> ® n( l therefore 

dJT = dH 
0S 0S ’ 

in other words, we can make the substitution for q^ m S before forming the 
denvates of H, and thus (suppressing the accents) the equations of motion of 
the Problem of Three Bodies are reduced to the system of the 8th order 

dq r _dH dp, = _dH 

dp r 9 dt dfy 


dt 


(r = 1, 2, 3, 4*), 


where 






+ (?s?3 “ {( 2 m! + 2m s ) V* + ( 2 m, + 2m 3 ) m, . 

{fc 5 — (i>a?i -f>l ?2 + Pl?3-l>3?4)*} 

- m, m, ( ff ,* + g 4 a ) " * - *m«h (<h 3 + 9* s ) ~ * - *H «• KSi “ 9») a + (9* “ 9<) a } " * 
Many of the quantities occurring m E have simple physical interpretations 
thus (q t q -Si9i) is twice the area of the triangle, formed by the bodies and 


2m 1 TO a m a (/ JL + 1 \ + 

wij (\2 to, 2mJ 


( 2 ms + 2772.;/ 


i-V.-I 


m 8 


9294 


is the moment of inertia of the three bodies about the line in which the 
plane of the bodies meets the invariable plane through their centre 0 

gravity 

It » also to -be noted that this value of H differs from the value of R when * is zero by 
terms which do not involve the variables p u p» Pi, Pi ^ese terms in k ^ themfwe be 
regarded as part of the potential energy, and we can say that the system differs from > the 
Corresponding system for which k is zero only by certain modifications m the potential 
energy It may easily be shewn that when k is zero the motion takes place in a plane 


159 Reduction to the 6th order 

The equations of motion can now be reduced further from the 8th to the 
6th order, by making use of the integral of energy 

H = Constant, 

and eliminating the time The theorem of § 141 shews that in performing 
this reduction the Hamiltonian form of the differential equations can be 
conserved As the actual reduction is not required subsequently, it will not 
be given heie m detail 

The Hamiltonian system of the 6th order thus obtained is, m the present 
state of our knowledge, the ultimate reduced form of the equations of motion of 
the general Problem of Three Bodies* 
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160 Alternative redvchon of the problem from the 18 th to the 6th order 

We shall now give another reduction* of the general problem of three 
bodies to a Hamiltonian system of the 6th order 

Let the original Hamiltonian system of equations of motion (§ 156) 
be transformed by the contact-transformation 

z 3 W dW / -J9 q\ 

*"§£?■ Pr = ~%’ 

where 

W = Pi (?4 - 2i) + Pi (?« - + pi (?« -,?*) 

mi + m* / v 8 + m 2 ) 

+ P«' (ft + Pr ("hft + + ™«ft) 

+ p 8 ' (w»i?a + + ™sft) + pi ( m ift + + W*?#) 

The integrals of motion of the centre of gravity, when expressed m terms 
of the new variables, can be written 

qi = ft' = qi =pi = pi = pi - 0, 

and consequently the transformed system is only of the 12th order* sup- 
pressing the accents m the new variables, it is 

^r = — , ™ <r-l,S, ,6), 

dt dp r dt dq r 


where 


and 


H (pS + pi + pi) + (P4 a +p» 3 +K) - Wh^(ft a +qi + qi) i 

- m l m i 1 ?4 »+ q B * + 2 » 8 (ftft + ftft + ftft) 

+ {if+^) ^ 8 + ^ + ? 3 ‘>} 

— m a m s |g 4 s + ft 2 + ft* — ^-^-^(ftft + ftft + ftft) 

+ (^T^) (?l2+3 ‘ a+98!l 

wi* (m, + m s ) 


n ■ 


~ V ~ „ » 
Wl 4* Tlljj 


m, + 4- m 3 

The new vanables may be interpreted physically in the following way 
Let O be the centre of gravity of and m* Then (q u q t , q a ) are the 


Due to Badau, Annates dt VEc Norm Sup v (1868), p, 811 
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projections of on the fixed axes, and (<£ 4 , qs, qi) are the projections 

of Ghn a on the axes Further 



(r = 1, 2, 3), 


and 



Pr 


(» - 4, 5, 6 ) 


The new Hamiltonian system clearly represents the equations of motion 
of two particles, one of mass /a at a point whose coordinates are (q u qt, ql), 
and the other of mass f at a point whose coordinates are (q t , q„ qi) , these 
particles bemg supposed to move freely m space under the action of forces 
derivable from a potential energy represented by the terms in H which 
are independent of the p’s We have therefore replaced the Problem of 
Three Bodies by the problem of two bodies moving under this system of 
forces This reduction, though substantially contained in Jacobi’s* paper of 
1843, was first explicitly stated by Bertrand x in 1852. 

We shall suppose the axes so chosen that the plane of xy is the invariable 
plane for the motion of the particles, p and p, le so that the angular 
momentum of these particles about any line m the plane Oxy is zero 

Let the Hamiltonian system of the 12th order be transformed by the 
contact-transformation which is defined by the equations 


? r" 


dW 

dp r’ 


, 3 W 


(r = l, 2, .,6)', 


where 

W = (p t sin qi + p 1 cos },') q { cos qi + q! sin ql {(j p a cos qi - p x sin ql)* +*>»’}* 

+ (p t sin qi + Pi cos qi) qi cos ql + qi sin ql {(p» cos qi - p< sin qif + pifi 

The new variables are easily seen to have the following physical inter- 
pretations qi is the length of the radius vector from the origin to the 
particle p, qi is the radius from the origin to p, qi is the angle between ql 
and the intersection (or node) of the invariable plane with the plane through 
two consecutive positions of ql (which we shall call the plane of instantaneous 
motion of p), ql is the angle between qi and the node of the invariable plane 
on the plane of instantaneous motion of p', qi is the angle between Ox 
and the former of these nodes, qi is the angle between Ox and the latter of 
these nodes, pi is pH, pi is fqi.pi » the angular momentum of p round 
the origin, pi is the angular momentum of p round the origin, p t is the 
angular momentum of p round the normal at the origin to the invariable 
plane, and pi is the angular momentum of p round the same line 

The equations of motion in their new form are (§ 138) 

dqj dH dp r f dH 

dt dpr 9 & tykf 


(r- 1,2, ,6), 


* Journal fUr Math xxvi p 115 


f Jov/mal do math . xvn p 39& 
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where H is supposed expressed in terms of the new variables Let this 
system be transformed by the contact-transformation 


where 


Pr = 


dW 

dq>"' 



(r — 1 , 2 , , 6 ), 


W = q B " (pf - Pe) + ?«" (p/ + Pe) + q”p! + q*"p*‘+ + ?/>/ 

The equations of motion now become 

dq r "_dH dp” dH , 

dt ~dp; f> dt “ a?/' v ’ 


, 6 ) 


But H does not involve q e ", as may be seen either by expressing H 
m terms of the new variables, or by observing that q B depends on the 
arbitrarily chosen position of the axis Ow 9 while none of the other coordinates 
depend on this quantity We have therefore 

p 6 " = - dH/dqJ' = 0, so p 9 "=lc, 


where k is a constant , this is really one of the three integrals of angular 
momentum Substitutmg k for p Q " in the equation 

q"=dffldk 


can be integrated by a quadrature when the rest of the equations have been 
solved so the equations for p 6 " and g 6 " can be separated from the system, 
which reduces to the 10th order system 


dq£^dH ^ 8 H 

dt dp/ 9 dt dq r " 


(r = 1, 2, . ,5) 


We have still to use the two remaining integrals of angular momentum , 
these, when expressed m terms of the new variables, are readily found to be 
represented by 

q B = 90 kp'' = pJ'*- V :\ 


no arbitrary constants of integration enter, owing to the fact that the plane of 
xy is the invaiiable plane 

The system may therefore be replaced by these two equations and the 
equations 


dq r " dH dpr"__dH 
dt dp r "’ dt dq r " 


(r = 1, 2, % 4), 


where, in this last set, q B can be replaced by 90° before the denvates of H 
have been formed, and p” is to be replaced by (p$ * —p"*)/k after the 
denvates of H have been formed Let H' denote the function denved from 
H by making this substitution for p 5 ", and let s denote any one of the 
variables q", qi', q s ", q 4 ", p", p 2 ", p*", p ” , then we have 

ar_8 H dHdpl^dH M 

ds 9a dpi' ds d* ds ds * 
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and it is therefore allowable to substitute for pf in H before the derivates of 
H have been formed The equations of motion are thus reduced to a system 
of the 8th order, which (suppressing the accents) may be written m the form 

dq r _ 3H dfr dH 


dt dp r 


dq r 


(r-1, 2, 3, 4), 

where, effecting in H the transformations which have been indicated, we have 

B ~h + §) + h (*+ !■) - 


The equations of motion may further be reduced to a system of the 
6th order by the method of § 141, using the integral of energy 

H = Constant 

and eliminating the time As the reduction is not required subsequently, it 
will not be given in detail here 

161. The problem of three bodies m a plane 

The motion of the three particles may be supposed to take place in a 
plane, ins tead of in three-dimensional space , this will obviously happen if the 
diiections of the initial velocities of the bodies are m the plane of the bodies 
This case is known as the problem of three bodies in a plane we shall 
now proceed to reduce the equations of motion to a Hamiltonian system of 
the lowest possible order 

Let (q x , 9*) be the coordinates of m x , (q a , q*) the coordinates of m a , and 
g a ) the coordinates of m a , referred to any fixed axes Ox, Oy m the plane 
of the motion, and let p r = m k q r , where k denotes the greatest integer m 
^ (V + 1) The equations of motion are (as m § 165) 

dq r ?H dpr _ 3 H 


where 


dt dpr 


dt 


dq r 


(t-1,2, 


H = i-0 >, 5 + P») + ^ ?«)’+(?<-?, )*} * 

- mw [(q, - qf + (?, - fc) s ) “* - K?i + <9* ~ ^ ” * 
These equations will now be reduced from the 12th to the 8th order, by 
using the four integrals of motion of the centre of gravity Perform on the 
variables the contact-transformation defined by the equations 


3 W 

' 0 p r 


P»'“ 


dW 

dqr' 


(r = 1, 2, , 6), 
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where 

w -Piqi +p t q* +p»q» + p*q* + (pi +p* +Ps) qi + (p* +Pi +p») ql 

It is easily seen that {qi, qi) are the coordinates of relative to axes 
through Ws parallel to the fixed axes, {qi, qi) are the coordinates of m* 
relative to the same axes, {qi, qi) are the coordmates of m 8 relative to the 
original axes, {pi, pi) are the components of momentum of m l9 {pi, pi) are 
the components of momentum of ra 2 , and {pi, pi) are the components of 
momentum of the system 

As in § 157, the equations for qi , qi, pi, pi disappear from the system , 
and (suppressing the accents m the new variables) the equations of motion 
reduce to the system of the 8th order, 

aff dpr = _a H (r=l 2 3 4) 

dt dp r ’ dt dq r { ’ ’ ’ h 

where 

H = (i ■ + H) + + (§k ■ + 2 »t3 (p > + P‘ 2) + h p 'p> + 

- nJaWij (q 3 ‘ +qf)~$-m s rn 1 (qf +• qf ) ” 4 + {(& - q a )* + (q a - g- 4 )*} “ 4 

Next, we shall shew .that this system possesses an ignorable coordmate, 
which will make possible a further reduction through two units 

Perform on the system the contact-transformation defined by the equa- 
tions 

dW , dW 




where 


dp r 


Pr = 


dqi 


(r=l, 2, 3, 4), 


W « p, qi cos qi + p,qi sm^'+ps {qi cos qi - qi sin qi) + p 4 (qi&m qi + ^'cos qi) 


The physical interpretation of this transformation is as follows * qi is the 
distance m 1 m 3 , qi and qi are the projections of on, and perpendicular to, 
m^Tris ; qi is the angle between and the axis of x, pi is the component 
of momentum of m x along , pi and pi are the components of momentum 
of m 2 parallel and perpendicular to m z m l , and pi is the angular momentum 
of the system 

The differential equations, when expressed m terms of the new variables, 
become 

where 

*-Gi + 

- mtithqi- 1 - rr^mt {(?/ - qff + ?> '») ~ 4 


dqi _ dH dpi dH . 

dt ~ dp T ' ’ dt~~dq? (r- 1,2, 3,4), 

2^3 + + is, + i) +*') 
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Since qi is not contained m E , it is an ignorable coordinate , the corre- 
sponding integral is p/ = k, where A; is a constant , this 'can be interpreted as 
the integral of angular momentum of the system The equation q^dH/dp^ 
can be integrated by a quadrature when the rest of the equations have been 
integrated , and thus the equations for p 4 ' and ql disappear from the system 
Suppressing the accents on the new variables, the equations can therefore 
be written 


where 


dq r _ 3iT dpr _ ___ dH 

dt dp r ’ dt 3 q r 


(r = l,2, 3), 



+ 



§k) {?.’ + (ft* -ft* - + (5 ; + id (ft ! + A’) 

(p»q*-P»q » - *)| - (qS + g 3 2 ) - * 


- m^qr 1 - rrhr>h {(g, - g 3 ) a + g» s ] 

This is a system of the 6th order , it can be reduced to the 4th order by 
the process of § 141, making use of the integral of energy and eliminating 
the time 


162, The restricted problem of three bodies 

Another special case of the problem of three bodies, which has occupied a 
prominent place m recent researches, is the restricted problem of three bodies , 
this may be enunciated as follows 

Two bodies S and J revolve round their centre of gravity, 0, in circular 
orbits, under the influence of their mutual attraction A third body P, 
without mass (l e such that it is attracted by S and /, but does not influence 
their motion), moves m the same plane as S and J, the restricted problem 
of three bodies is to determine the motion of the body P, which is generally 
called the planetoid 

Let mi and be the masses of S and J , and write 

*=SP*JP 

Take any fixed rectangular axes 0X } OY, through 0, m the plane of the 
motion , let (A, Y) be the coordinates, and ( U, V) the components of velocity, 
of P, The equations of motion are 

d*X dF d*Y_dF 

dP ~dX’ dt* ”0F’ 

or m the Hamiltonian form, 

dX 3 H dY_dH dU aff <TV = _dH 

dt~dV’ dt~ ^X , dt 3F’ 

where # = i (0* +V*)-F 


W D 


23 
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Since F is a function not only of X and Y but also of t, the equation 

H = Constant is not an integral of the system 

Perform on the variables the contact-transformation which is defined by 

the equations , _ 

9 W „ dW dW d W 


v ff tt __ v rr 

— '577 ) X — ^ T-r 


W * ~W’ u ~ dx ’ V ~dy’ 


where W = U(x cos nt - y sm nt) + V(x sin nt + y cos nt), 

and n is the angular velocity of 8J The equations become 

dx _dK dy_3iT du__df d»__3if 
• ” dv ’ dt dx’ dt ~ dy ’ 

dW 


dt du ’ 


dt 

where (§ 138) K — H — 

= £ (i6 2 + + n (uy-vx) - F, 

it is at once seen that x and y are the coordinates of the planetoid leferred 
to the moving line OJ as axis of x, and a line perpendicular to this through 
0 as axis of y F is now a function of x and y only, so K does not involve t 
explicitly, and 

K = Constant 

is an integral of the system , it is called the Jacobian integral* of the restricted 
problem of three bodies 

Another form of the equations of motion is obtained by applying to the 
last system the contact-transformation 

dW dW dW _dW 

X ~~du’ V dv ’ Pl 3ft' ’ h 3ft ’ 

■where W = q l (u cos ft + u sin ft) 

The new variables may be defined directly by the equations 

ft -OP, ft = POJ, Pi = j t (OP), p s = OP»^(POZ), 

and the equations of motion become 

dq r _dH dpr _ dB . , 

dt ~dp r ’ dt~ dq r y ' h 

where S — £ (pS + ~ n P» ~ P* 

An other formf is obtained by applying to these equations the contact- 
transformation m 

dW . dW 


Pr = 


dq r 


q r = 


dp,' 


(r-1, 2), 


whei*e 


W=p*q*+j qi + du ’ 

* Jacobi, Comptes JR end\is > jii (18B6), ju 59 

t Adopted by Poincar6 in his Nouvclles mSthodes de la M€c Celeste. 
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where u denotes a current variable of integration These equations may be 
written 


Pl V qi ft pi*) ’ 


P*=P 2 , 


1-& 1 
- Pl 1 

[ ( Pi\ 2 ?1 ftft^ 

V pi'pi* pi*) ’ 

? 2 /=!S 22 — arc cos •< 

^ 

i—4 

1 

■S’ 1 - 

&I' 31 



^ piv > 



'A. p,v I 


ft = arc cos 


and it is easily seen that qi is the mean anomaly of the planetoid m the 
ellipse which it would describe about a fixed body of unit mass at 0, if 
projected from its instantaneous position with its instantaneous velocity , ft 7 

is the longitude of the apse of this ellipse, measured from OJ , pi is c$, and 
j p t ' is {a(l — e 8 )}^, where a is the semi-major axis and e is the eccentricity of 
this ellipse H does not mvolve t explicitly, so H = Constant is an integral 
of the equations of motion, which are now 

dg/^aff dp r ' 3 H 


dt dpi 


dt 


dqi 


(r=l, 2) 


If we take the sum of the masses of 8 and J to be the unit of mass, and 
denote these masses by 1 - p and p respectively, we have 


H * * if * + gf 8 ) npi ~ ~8P JP 


,11 
. nPi --=- 5 - 7 t -m 
*pi 


This is an analytic function of pi, pi, qi, qi, p, which is periodic in qi and qi, 
with the period 2 tt. Moreover, to find the term independent of p m E, we 
suppose p to be zeroj, since SP now becomes ft, we have 

Thus finally, discarding the accents, the equations of motion of the restricted 
problem of three bodies may be talcen m the form 

dq r _ dH dpr _ d H 

dt d Pr ’ dt dq r 

where H can be expanded as a power-senes in p m the form 

3 = H 0 + pH x + p t H x + , 


(r-1, 2), 


and 




while H u 3 t) are periodic m ft and ft, with the period 2tt 

The equations of this 4th order system may be reduced to a Hamiltonian 
system of the second order by use of the integral If = Constant and elimina- 
tion of the time, as in § 141, 


23—2 
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163 Extension to the problem of n bodies 

Many of the transformations which have been used in the present chapter 
m the 1 eduction of the problem of three bodies can be extended so as to 
apply to the general problem of n bodies which attract each other according 
to the Newtonian law In their original form, the equations of motion of 
the n bodies constitute a system of the 6nth order , this can be reduced to 
the (6n — 12)th order, by using the six integrals of motion of the centre of 
gravity, the three integrals of angular momentum, the integral of energy, the 
elimination of the time, and the elimination of the nodes 

The reduction has been performed by T L Bennett, Mess, of Math (2) xxxiv (1904), 
p 113 


Miscellaneous Examples. 


1 If in the problem of three bodies the units are so chosen that the energy integral is 

where r 12 is the distance between the bodies whose velocities are v x and v 2 , and if r is a 
positive constant, shew that the greatest possible value of the angular momentum of the 

system about its centre of gravity is -§ 

(Carnb Math Tripos, Part I, 1893 ) 


2 In the problem of three bodies, let $ be Jacobi’s function, let Q be the angle 
between any fixed line in the invariable plane and the node of the plane of the three bodies 
on the invariable plane, let i be the inclination of the plane of the three bodies to the in- 
variable plane, and let rj be the area of the tnangle formed by the three bodies Shew that 

C?£J 1c 

dt = i’ 

1 di L [ M _ 1_\ i 
sint dt ’ 

where h is the angular momentum of the system round the normal to the invariable 
plane* ( De Gas P ans ) 


3 Let the problem of three bodies be replaced by the problem of two bodies /a and 
as in § 160 let q\ and q 2 be the distances of ft and /*' from the origin let q$ and 
the angles made by and q 2 respectively with the intersection of the plane through the 
bodies and the invariable plane let pi and p 2 denote fxq\ and p!q 2 respectively , and let p$ 
and pi be the components of angular momentum of ft and /*' respectively, m the plane 
through the bodies and the origin Shew that the equations of motion may be written 


dg r __ dH dpr 

dt * St 'bpr dt dq r 


(r-1, % 3, 4), 


where H- Constant is the integral of energy 


(Bour ) 


gx 
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4 Apply the contact-transformation defined by the equations 

“ {(& - qif + (? 5 - g'g) 2 + - S'o) 2 }^ 
ft'= {(ft - ft ) 2 + (ft - ft ) 2 + (ft - ft) 2 } 4 , 
ft'= {(ft ~ ft) 2 + (ft ~ ft) 2 + (ft - ft) 2 } 4 , 
ft' = h (ft + 4ft) + 6 a (ft + 4ft) + 63 (ft ■ + 4ft), 
ft'=Cift+Caft+csft, 
ft'=«4ift +»n 2 ft + m 3 ft, 

ft'=»i ift+«4 2 ft+m 3 ft, 
ft'=«iift+Waft+msft, 

, ft (ft+4ft)4-ft(ft + t ft ) + «3 (ft + 4ft) 

*>i (ft+4ft)+6a(ft+ift)+6 s (ft+4ft)’ . 

p r = 2 pi Sf- (» =0, 1, 2, .. , 8), 

fc=0 

(where i stands for V -1 and a u a 2 , as, &i, 6 2 , & 3 , c ls c 2 , c 3 are any nine constants which 
satisfy the equations 

+ &i 4-&2+&3=0> Ci+06+<fc"O, — a^b^V), 


to the Hamiltonian system of the 18th order which (§ 155) determines the motion of the 
three bodies 

Shew that the integrals of motion of the centre of gravity aie 
26 - 97 - 9s =P6=P: =Ph=0 

Shew further that when the invariable plane is taken as plane of ay, the variable p 5 ' is 
zero, and that the integral of angular momentum round the normal to the invariable plane 
1H 

j> 4 'gr 4 'a=jl, where l is a constant 

Hence shew that the equations reduce to the 8th ordei system 

dq,'__dE d£l_ {£ 
df-dp;' dt “fy/ 

where 

s ft • 2 ^ +S ft'ft'- 2% 


(, =0, 1, 2, 3), 


+S^{i5o'(«i- &ift')+&>i} {^'^“^^“ft' ( a -! _ ^2ft')} -2^p 
Reduce this to a system of the 6th order, by the theorem of § 141 (Bruns ) 



CHAPTER XIV 

THE THEOREMS OE BRUNS AND POINCAR^ 

164 Bruns' theorem 

( 1 ) Statement of the theorem 

We have seen (§ 155) that the problem of three bodies possesses 10 known 
integials namely the six integrals of motion of the centre of gravity, the 
three integrals of angular momentum, and the integral of energy , these are 
generally called the classical integrals of the problem Each of them is an 
algebraic integral, 1 e is of the form 

f(q u Pi> • > P^ *) = Constant, 

where / is an algebraic function of the coordinates (q l9 q 2 , , <fa,Pi, > p*) 

and of t 

Efforts have frequently been made to obtain other algebraic integrals of 
the problem of three bodies independent of these (i e not formed by combina- 
tions of them), but without success; and in 1887 Bruns* shewed that no 
such new algebraic integrals exist , in other words, the classical integrals are 
the only independent algebraic integrals of the problem of three bodies 

It may be remarked t that the non-existence of algebraic integrals does not necessarily 
imply great complexity in a system One of the simplest of differential equations, namely 
the linear differential equation with constant coefficients 

x - (m + fa) x + m fiQ, x o, 

has no algebraic integral except when m /^ 2 18 a rational number, in which case the first 
integral 

^-^2 -)- = Constant 

(x-wf 1 

can be transformed into an algebraic integral 

(n) Expression of an integral m terms of the essential coordinates of the 
problem 

We shall now proceed to a proof of Bruns’ result, considering first those 
integrals which do not involve t explicitly 

* Benchte der Kgl Shells Ges der Wm 1887, pp 1, 55, Acta Math xx p, 25, Of, also 
Forsyth, Theory of Diffeiential Equations, Vol. in. (1900), Ch. xvn 

t Cf K Bohlin, Astron Iakttagelsei ocli Vnders h Stockholm Ohserv xx (1908), N r 1 
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The equations of motion of the problem may (§ 160) be wntten in the 
form 

(r = 1,2, ,6) •>(!)> 

at 3 pi at oq r 

where 

H = T-U y 

T = ~ (p? + p? + pf) + (P< 2 + P> 2 + iV)> 


U = m !t?i 2 (gi* + 32 s + gj 2 )" - 


+ m 1 m^ 
+ m. 2 m 3 


|?4 2 +2a 2 +26 2 + 
|g4 3 +25 2 +2« 2 - 


2m a 

m x +??i 2 

2m x 


+ + (?l'+?2 2 + ga !! )j " 

2 \-\ 
(Mi+ m«+ 2>?«) + ( wti ^ J -) (?i a + 2^+2/)} • 


m^ia , _ Wi, (m t + m 3 ) 

mi + ma ’ ^ ~ m x + m 3 + vi t 


We shall write 
so that 


Mi = Ms = Ms = M> 

T= 


M-* = Ms = Ms = 
v 

1 =1 2 Mr 


/ 

/*> 


Let the coordinates of the three bodies be (g/, g 2 ', g»')> (ff/> (ft')* ?e > g/), 

and let m^g/ — pA where & denotes the greatest mtegei contained m { (? 4* 2) * 
the integrals whose existence we propose to discuss are of the foim 

(#1 ) ?2 9 9 Qi t Pi > • ) ) “ a > 

where a is an arbitrary constant and <f> is an algebraic function of its 
arguments The formulae of § 160 enable us to express the variables 
(g/, & , » <lt> Pi 9 • > Pi) as linear functions of (q u g 2 > , g fl , Pu * > £>b) we 
shall therefore, on making these substitutions m the integral, obtain an 
equation 

f(qu q* q*>Pu • ..!>«)-« • ( 2 ) 

If the integral <f> is compounded of the integrals of motion of the centre of 
gravity, f will evidently reduce to a constant , if not, / will be an algebraic 
function of the variables (g,, , q 6 , p x , , Ps)- We have to enquire into the 

existence of integrals, such as (2), of the equations (1), 


(in) An integral must involve the momenta 

We shall first shew that an integral such as (2) must involve some of the 
quantities p, l e it cannot be a function of (g„ q 2 , , g 6 ) only. 

For suppose, if possible, that the integral, say 

f (fll’ = 

does not involve (p u p it . , p n ) Differentiating with lespect to t> we hp,ve 

r«l 9 gr m\Oq> f*i 
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and therefore the equations 

dq r = 0 ( ri=1 > 2 > • * 6 > 

must be satisfied identically, that is, f does not involve (q u q 9 , , q t ), and 

so is a mere constant 

(iv) Only one irrationality can occur m the mtegial , 

As the mutual distances of the bodies are irrational functions of 
(qu q t , q t ), the function U will be an irrational function of these 
variables Denoting by 5 the sum of the three mutual distances, it is easily 
seen that the mutual distances can be expressed as rational functions of the 
seven quantities (q lt q s , , q 9 , s ) , in other words, the irrationalities involved 
m the mutual distances are all capable of being expressed by means of the 
irrationality of s , we may therefore suppose that U is expressed as a rational 
function of (q x , q a , , q„ s ) 

Now the function / is algebraic, but not necessarily rational, in the 
variables (q u , q„ p lt ,p e ), let the equation (2) be rationalised, and let 
the resultmg equation be arranged in powers of a, so that it becomes 
a m +a m - 1 <f> 1 (q 1 ,q i , ,q e ,p l , , p 9 ) + (q u , q e , p u ,p 9 ) + 

+ <pm (Qu , q e , Pi, ... , p t ) = 0 . .(3), 

where fa, fa, , <p m are rational functions of (q u , q 9 , p 1 , , p 9 ) If this 

equation is reducible in the variables (q lt , q e , p u , p e , s), ie if it can be 
decomposed into other equations, each of the form 

a l +a l ~ l fi(q u ,q e ,p u >p*,s)+ +'h(q 1 , . ,q„Pu .,p„s) = 0 (4), 

where ^1, fa, , \fr are rational functions of (q u , q s , p 1 , , p e , s), then one 

of these last equations will give the value of a which corresponds to equation 
(2), and we shall consider this equation instead of (3) As the type of 
equation represented by (4) includes the type represented by (3) as a 
particular case, we shall suppose a to be given by an equation of the form (4), 
irreducible in (q lt , q t , p u ,p e ,s ) 

Differentiating with respect to t, and using equations (1), we have 

a'" 1 (fa, H) + a 1 -* (fa, H) + . + (fa, £)=,() . (5), 

where (fa, S) denotes as usual the Poisson-bracket of fa and H 

We shall first suppose that the expressions (fa, H), which are rational 
functions of (q x , , q 9 , p 1: , p s , s), are not all zero. Then equations (4) 

and (5) have one or more common roots a, and consequently equation (4) is 
reducible in (q u q t , ,, q„ p u , , p t) s ) , but this equation is irreducible, and 
therefore this hypothesis is inadmissible, and the quantities (fa, E) are all 
zero This implies that all the coefficients (fa, fa, , fa) in equation (4) 
are integrals of the equations (1) and hence the integral f cun he com- 
pounded algebraically from other integrals, which are rational functions of 
(qu , qu Pu ,p<»s ) 
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(v) Expression of the integral as a quotient of two real polynomials 
We need therefore henceforth only consider integrals of the type 

/(31,3a, ,&,*) = & (6), 

where/ is a rational function of the arguments indicated The form of f can 
be further restricted by the following observation If m the equations of 
motion we replace q r , p r , t by q r l<?, p r k~ l , and tk? y respectively, where k is any 
constant, the equations are unaltered If therefore these substitutions are 
made in equation (6), this equation must still be an integral of the system, 
whatever k may be 

Now / is a rational function of its arguments it can therefore be ex- 
pressed as the quotient of two functions, each of which is a polynomial m 
(?»> 3«> •> 3 <j> Pu - , s ) When m these polynomials we replace q r> p r , s 
by q r k* 9 p r k~ l , sk 2 , respectively, the function f will (on multiplying its 
numerator and denominator by an appropriate power of k) take the form 

/»_ A 0 kP 4 - A.ikP'"' 1 4 - . 4 " A.p 

B Q k* + B x kt-*+ . +b 9 ’ 

where (4 0 , A u ..., B q ) are polynomials m (q l9 q s , p u ,p 9 , s ) Smce 

df/dt is zero, we have 

(B^kA + BJc'*"' 1 + + B q ) (“^ 4 - * + 

-(A t h>+A l kr*+. .+A p )(^lfi+ + f) = o 


Now Jfc is arbitrary, so the coefhcients of successive powers of k m this 
equation must be zero, and therefore 


(0 = £ 0 


dA q 
dt 



JO 


dA o 
dt 




dBo 

dt 


dB_ 

0 dt 




These (g +p + 1) equations are equivalent to the system 

1 dA 0 1_ dA, _ 1 dA p ^ 1 dB a _ 1 dBg 

A,lT m A l dt A p dt if, dt " ~B q dt ’ 

from which it is evident' that each of the quantities 

A, At Ap Bq Bq 
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is an integral and thus we have the result that any integral such as f can be 
compounded from other integrals , which are of the form 


G 2 {q lt 


±P±\f} - Constant, 
>Pe,s) 


where each of the functions G u G 2 is a polynomial in its arguments , and is 
merely multiplied by a power of k when the variables q ri p rj s are replaced 
respectively by q r k*, p r k~ l , sic 1 We need therefore only consider integrals of 
this form 


It may further be observed that the functions G 1 and G 2 may, without loss 
of generality, be taken to be free from imagmaries For if P and iQ denote 
the real and imaginary parts of an integral 

P + iQ = Constant, 


we have 


^ + *^ = 0, identically 


Since the differential equations are free from imagmaries, it follows that 
dPjdt and dQ/dt are free from imagmaries and so dPjdt and dQ/dt must be 
zero separately Hence P and Q are themselves integrals, and every complex 
integral can be compounded from real integrals We shall therefore hence- 
forth assume that G 1 /G 2 is free from imagmaries 


(vi) Derivation of integrals from the numerator and denominator of the 
quotient 

It may be the case that the function G x is resoluble into a product of 
irresoluble polynomials in (p 1} p 2 , . ,p 6 ), the coefficients m these polynomials 
being rational functions of (q lt q 2 , , s) Let ^ be such a polynomial, and 

suppose that it is repeated X times in Gx and let % denote the remaining 
factors of Q u so that 

Gx = 

When Gx is irreducible, we shall of course have Gx ~ and y = 1 


The equation 

o 

II 

gives 

X dyfr 1 dx 1 dOt n 
f dt + x dt & dt = 

or 

d * = yir ( JL dG » 1 d A 
dt T \X(?2 dt Xx dt) 


Now dyfr/dt is polynomial m (p 1} , p 6 ), and yfr is also polynomial in 

(p u <)£«)> of order less by unity than the order of dtyjdt Also, ^ has no 
factor in common with G 2 or Hence we see that 

1 dG<> 1 dy 
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must be a polynomial in (p lf ,p t ), of order unity denote this polynomial 
by go then we have 


dty _ 


dt 


= coty 


It may be shewn in the same way that each of the other irreducible factors 
of G x satisfies an equation of this kind. Denote the various factors of ^ by 
ty\ ty" } , so that 

G 1 =>ty' fl ty" v 

and let the equations they satisfy be 

1 dty' _ , 1 dty" _ „ 

yjr' f" dt ® 

then we have 

f dQi _ /i_ dty' v_ dty" 

G, dt ~ty' dt ty" dt + 
where <a is a polynomial in (pi , . , p>), of order unity, and rational in 
(q u . 2«. *) Thus (?i satisfies the equation 


= poo' +■ v(o" +, =co say, 


dG x _ 


dt 


= mG 1 , 


and therefore (since Gi/Gt is an integral), G a also satisfies the equation 


dG 

dt 


- 2 = ccG,. 


As Gi and G 2 satisfy the same differential equation, we shall m future use 
<f> to denote either of them so tf> is a real polynomial in (p u , p e , q x > >q<s> s )> 
which satisfies the equation <j> = oo<p 

Now <f> is merely multiplied by a power of k when q r , p r , s aie replaced 
respectively by q r ti‘, p, k~ l , sic 3 : since 

_1 dty_ • 1 (d±Pr,2±W\ 

“ ty dt r tl ty \02r P tyr ’ 

we see that o> is multiplied by fc“® when this substitution is made. It follows 
that « cannot contain a term independent of (pi, since such a term 

would be multiplied by an even power of k, o> is therefore of the form 
ft> = (0\Pi 4* +■ • • + G>ep«f 

where each of the quantities o> r is homogeneous of degree -1 in the quantities 

(q ij * ■ j 2i» 

Further, let one of the terms in ty be of order m in (p„ ... ,p,) and of order 
n m (q u . , q„ s ), while another term is of order m' in (p x , . , f>«) and of 
order «' in (q u . ., q„, s) since these terms are multiplied by the same 
power of h when the above substitution is made, we have 

— m + 2 n = — ml + 2n', 

so m — m' is an even number Hence <f> can be arranged in the form 

<f> = <f>t + tyt + tyt + » 
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where <f> Q denotes the terms of highest order m (pi, . >pe)> $2 denotes terms 
of order less by two units m (pj, . , p$) than these, and so on and each of 
the quantities <j> r is a polynomial m (p 1} ,p 6 , q ly , q 6 , s), homogeneous in 
(pi , . - , p 6 ) and also in (q u , s) 

We shall now shew that when <f> 0 does not involve s, <f> can he made into an 
integral by multiplying it by an appropriate rational function of (jq ly , q$) 

For suppose that <f> 0 does not involve s the equation 



or 


+ + * ~ (®*Pi + "2^2 + • • + e>ep 6 ) (<f>o + <£2 + ) 


gives, on equating the terms of highest degree m (p l , . .,p*), 

2 — ^-°= ( 01 P 1 4- ... + a>„p t ) fa 

r= 1 A*r Oqr 

Now <j> 0 may contain p 9 as a factor in order to take account of this case, 
write $ 0 = p*<f>o, where <£ 0 ' does not contain p 6 as a factor, and where as a 
special case we may have k = 0, <f> 0 ' = cf> 0 Substitutmg pf<f> for <£ 0 m the 
differential equation, it becomes 

2 — = (®iPi 4- . 4- (o 6 p 6 ) <£c/ 

r=l P-r oqr 

Let <f> Q " denote those terms m <j>o which do not mvolve p 9 ; equating the 
terms which do not involve p 6 on the two sides of this equation, we have 

2 — = («iPi 4- ..4- cPjPb) * 0 " 

oq r 


It may be that <f>f 

is a mere function of q u q t , 

..., q„, say equal 

to 2J , in 

this case we have 

19 R 




- ^ = <o r R 
p*r oq r 

(r-1, 2, 

. 5) 

or 

1 dR 

^-Rtyr 

(r-1. 2, 

,5), 

and therefore 

eo 

3 

£ 

II 

3 

£ 

Hd 1 

(r, s = 1 , 2, 

,5) 


Supposing next that </> 0 " does involve some of the quantities (p lf 
it may involve p 5 as a factor to take account of this case, we write 
<f>f —p^f \ where <bf' does not involve p 5 as a factor. The equation now 
becomes 

2 — (®i Pi 4- • 4- <o*Ps) 

r=l OJr 
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Let <j> 0 lT denote the terms m which do not mvolve p B equating the 
terms which do not involve p s on the two sides of this equation, we have 

2 — + + ^Pi) fa™ 

r=l f*r Oq r 

Proceeding in this way, we ultimately arrive at the alternatives, that 


either 




or else a function yjr exists, which is polynomial m q 1} ,q*,pi,pi, homo- 
geneous m q x , , q$ and also in p Xi p 2} and is free from any factors which are 
mere powers of p x and p 2 , and which satisfies the differential equation 

» I* +»»*_(, ..j,. +»*)+ 

Pi oq x f*2 oq 2 

Now let y/r — dpi + bp 2 l + cpi~ l p* -+■ , 

equating coefficients of p x l+ 1 and p 2 l+1 on the two sides of the last equation, 
we have 

X da _ 1 db 

qd “'-ptbdqt 

The quantities a, b, c, are polynomials in (q u q lt , q a ) they may have 
a common polynomial factor Q, so that 

a = aQ, b = b'Q, etc. 

Let y/r' = a! pi + b'pi + c'pi~'p 2 + , 

so that ^ = Qty' 

Then 


II 

1 /pi difr t Pi djA 

yfr \pi 3?1 Pa d(2V 

1 Q \pi 3?i 

Pi 3Q' 
Pi 3<fct. 


( 1 dQ\ 

/ 1 dQ\ 

IPa 

— 


A" 2 QpidqJ 

= 

oil Pi + <0tPi, say, 




1 3a' , _ 

J_dV 


0) a ' = 

Pi a' 3(ft ’ 6,2 

l* 2 b' dq 2 * 


£, 3* + Pa = ^ Pi + Wl ^ a ) y 

Pi oqi Pi ocft 



where 


so 

The left-hand side of this equation is a polynomial m ((ft, ?». •> ?«. 

Pi> Pa) > but if a’ contains (ft, then a>i contains a', or some factor of it, as 
a denominator Hence must contam a', or some factor of it, as a factor 
But this is inconsistent with the supposition that a', b', . have no common 
factor Hence a' cannot involve (ft, and therefore a>{ is zeio Similarly 

w,' is zero 
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_ 1 dQ 1 dQ 

Thm 

0 0 

and therefore ^ (/^i "0 = 

which is the same as the alternative previously noted so this equation is 
true in any case 

Similarly we can shew m general that 

k M = 4 0 ‘ r " r) ' 

and hence we may write 

1 dR 
R 0 q r ’ 

where R is some rational function of (q l9 q 2) , q 6 ) 


Thus we have 


COlpi + co 2 p2 + 


+ 


MqPq = 


6 

2 


r=l 


p r 1 0jR 

p r R dq r 


or 

and therefore 


r=l * 


1^ = 1 dR 
<f> dt R dt 

= Constant 


Thus </> can 6c transformed into a constant , multiplying it by an 

appropriate rational function of q u q u , . , q 6 , namely l/R , which is the 
required result 

If therefore the terms <£ 0 in G x and G 2 do not involve 8, we can transform 
Gi and G 2 into integrals, by multiplying them by appropriate rational functions 
of (q x , 2a » > 9c) 5 and hence, if it can be shewn that the terms m G x and (?« 

do not involve s , we shall have the result that any algebraic integral of 
the problem of three bodies can be compounded from integrals which are 
polynomial in (pi, P 2 , > jPe) and rational m q l9 q 2 , , q&, & 


(vu) Proof that <f> Q does not involve the irrationality s 

The case in which <£ 0 involves $ is not included m the above investigation 
We shall however now proceed to shew that no real function </> 0 , which satisfies 
an equation 

2 = (o>i Pi + + 

can involve s , and hence that the functions <f> Q occurring in our problem do 
not mvolve s , so that the above result is quite general 
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Fur suppose that a function $ 0 ^exists, which involves $ and satisfies the 
above differential equation When the 8 values of s are substituted suc- 
cessively m <f> o, <£ 0 will take a number of distinct values, let these values he 
denoted by <p 0 \ 0 O ", , they satisfy equations of the form 

4 p* _ ,/jl f 4 P r ffj. t/ 

*?*=! fir oq r fi r dq r 


where oo\ w", are the values of &> when the values of s corresponding to 
<j>o\ <f> o"> respectively are substituted m it 


Let <J> = <f> 0 '<l>o"<l>r 

Then we have 


1 4 p r ( 1 h : 1 W \ 

O raa ^ fi r dq>r j*=x fir \(f > 0 $0 / 

— co f + + 

where £1 is a linear function of (pi,pz, , p*), the coefficients bemg rational 
functions of (q u q 2 , q Q ) 

Now 4>, from the manner of its formation, is a rational function of 
(q u q 2t . . . , #«), not involving s and it is clearly a polynomial in (p lt p 2 , , p 6 ) 

So we can apply to $ the results already obtained, which shew that (on 
multiplying by some rational function of q ly q 2j , q 6 ) is zero, and 
therefore that <I> satisfies the equation 

I 0 

r«l fir oq r 

This is a partial differential equation for 4> there are 6 independent 
variables, and 5 independent solutions can at once be found, namely the 

quantities (%£} - , , (&P- 1 - It follows that 4> is a function 

only of the quantities 

list!. m, ,(*&_* &),p,,p., , r . 

\/h thl \th !*/ 

Now the factors of 4> differ from each other only in that different roots s 
are used in their formation so when such a relation exists between 
(?i* Qt> .... ?«) ^at two of these 'roots s become equal to each other, then 
two factors of <£> will become equal to each other , hence if 4>= 0 be regarded 
as an equation m p u at least two roots will become equal to each other 

When this relation 

/(di,?*. •> ?9> = ° 

exists between (q u q» 2«). we shall therefore have d^/dp, = 0; and similarly 

34 >/0p„ , 3 4>/Sp, will each be zero 
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Since <E> is homogeneous m (_pj, p a , , p e ), the equation 


34 > a<& , 


^ 3«J> 

+Pi ^r 


is equivalent to <I> = 0 so <3? = 0 does not constitute an equation independent 
of the equations d^?jdp x = 0, , 3<E>/3jp e — 0 

If small variations are given to the variables which satisfy the equation 
4> = 0, their increments are connected by the equation 




but if (q u q<u , q Q , p u . , p e ) satisfy the equations d$/dp r = 0, this equation 
becomes 

e 0db 
r= 1 

and this relation between the increments Sq r must therefore be equivalent to 
the relation 

i %-lq r .O 


r= 1 


dq r 


Hence the equations 


8//9g i _ d//3g a = = d//dg « 

34 >/ 05' 1 0<J>/3^ d<t>/dq« 

6 /p 0<J> 

are consequences of the equations 3<t>/3 p r = 0 , and so, since 2 — * - is zero, 

rm\ pr oq T 

we have (for sets of values of q 1} q 2 , , q 6y p lt , p 6 which satisfy these 
equations) 

I &f £. 0 

The equations /= 0 and 2 ^ 0 are therefore algebraically derivable 

from the equations 30/3p r — 0 Now the actual values of (g lt .. , q e ) are 
of no importance in this algebraical elimination, so we can replace q r by 
(q r +p r t/fji r ) in all the equations and thus we see that the equations 




are algebraical consequences of the equations 

J; * (ft. ■ ft, i*> " ~ ^ * (ft. 


ft.JPi. ..Pe) = 0 

(r-1,2, ,6). 
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Hence the result of eliminating t between the equations 


1 

f\ 


sqe + ^t) 

= 0 . 



V Mi 

Ms / 


3 
3 1 

/( 

:*♦£* 

> q« + ~t) 

Ms / 

= 0 . 


must be an algebraic combination of the equations 

(r= 1, 2, ,6) 

Now one such algebraic combination of these equations is 

4>(?1. ,q«,Pi, , p 8 ) = o , 

for it can be derived by multiplying the equations by (p lt , p e ) m tum, and 
adding them. We shall shew that it is the ehminant which has just been 
mentioned 


For let the eliminant in question be denoted by "'P , then the equation 

& (Vft * d-V, \ „ 


must be a combination of the equations 

and I - f Sp r + £ X & Mz(k» + ^P* + z Bt ) = 0 

r- 1 Pr dq r r r-1 «=1 Pr tyr dq, \ Pt p» > 

Since the latter equation myolves St, we see that it cannot enter into the 
combination • and so we have 

W/a £j dV/dq* _ 9 V/dq, 3V.13? , r = 1 2 6) 

“ d fl d( i° ’ tor Prdq* ’ ’ 

The identity of these equations with those which have already been found 
for <D shews that the equations 4> = 0 and 0 are equivalent Hence <t>= 0 
is the ehminant of the equations 




Now the equations f(q j 2 > , ?«) 855 which are the conditions that the 

equation for s may have equal roots, can easily be written down and this 
result enables us then to find all possible polynomials and hence, by 
factorisation of 4>, to find all possible polynomials </> 0 


w* a 


24 
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The eight root# * are the eight value* of the expression ir.tf.f., 
where r 1( r„r, denote the mutual distances- so we may have two runt* * 
equal as a result of any one of the equations 

/*, - 0, r,-0, r,-0, r.-ir,, r,-±r„ r,- it,. t.tt'ir.-O, 

The equation r, - 0 gives 

9.’ + 9.' + 9i'" °« 

and the climmant of 


and 


in 


r,- ±r t ; 


an the value of 0 arising in this oonnexion is 

<p m /9'P* _ siEiV + _ M«y + (M - m*y , 
l /*, * / \ * ft, J \fh ft,/ 

this expression is not insoluble into real factors, and therefore no real poly- 
nomials <jh can arise from this source. 

A similar result can be deduced in oonnexion with the equations r,«0 
and r,m 0. 

Consider next the equation 
it can be written in the form 
It + 9.’ + 9.’ + <9.?< + 9*9* + 9.9.) + (*,> ej' (9 '’ + *' 4 

- <?«* + 9.* + 9.' - (9«9«+ 9.9. + 9.9.) + (**,*' *J' + *' 4 9.*) 

or 2 (9i9. + 9*9* + 9*9.) - ^ + (9»' + 9.' + 9»"> * °* 

Replacing q r by (f r + pd/ftr), and forming the discriminant with respect 
to t of the equation thus obtained, we find 

« - |2 (V,?. + 9.J.+M.) + 5 + £ W +«•*+ ?.l) 

» Is + ea+ mm + (r-; + &’ + aw 

1 \MtM* **•/ m* V/*,* *' m»/| 

_ J 9 . ft + SEift + + + + 9.* **. -J*. (f |J». 4 9ift q. WH\l* 

l 1 *i /**» «»i + «. \ M« *■ #•» /) 

This expansion oannot be factorised into polynomials 4*< linear in 
(p u p, jd»); so no functions oan arise from this source. 
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Similarly it may be shewn that Bo polynomials fa can arise m connexion 
with the equations r a = ± r , , r, = ± r. 

Lastly , the rationalised form of the equations 

*•1 ± r 3 + r t = 0 

ls W - »V + rfY - 4 r s V = 0 

When r, is zero, this case reduces to that which was last discussed and 
since the polynomial $ is not resoluble in this special case, it cannot be 
resoluble m the general case 

Thus finally, no real polynomials <f> 0) involving s, ca/n exist 

Summarising the results obtained hitherto, we have shewn that any 
algebraic integral of the differential equations, which does not involve t, is 
an algebraic function of integrals fa each of which can be written m the 
form 

#0+ fa + fa + . 

where fa is a homogeneous polynomial m the variables p, say of degree k, 
and a homogeneous algebraic function of the variables q, say of degree l - 
faisa homogeneous polynomial in the variables p, of degree (jk- !), and 
a homogeneous algebraic function of the variables q, of degree (l - 1) , ’fa 18 
a homogeneous polynomial m the variables p, of degree (*-4), and a 
homogeneous algebraic function of the variables q, of degree (1-2), and 
so on. 


(vui) Proof that fa is a funotion only of the momenta and the integrals 
of angular momentum. 


We shall now proceed to shew that an integral <f>, characterised by these 
properties, is an algebraic function of the classical integrals 

The equation 



gives on replacing <f> by fa + fa+ fa + .. 


£ Vfa£r 

r- 1 8j»* Pr ’ 


, and equating terms of equal degree, 


0 


4 dfaPr dfadU 
r-1 l*r + C&V dq r ' 


i 


0 .*&!£+?£*=!!£ 

rm% pr &pr * 

o-i£E. 

r-l OPr Oq r 


24 — 2 
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The first of these equations is a linear partial differential equation for <#>» 
which can at once be solved, and gives 

4> 0 =/ 0 (P 2j P 3 , ,P„Pi,P*, >P«)> 

, _£&_&& (r = 2, 3, ,6) 

ivheie jrr " m. 

Let the expression of </> a in terms of the variables q» P a , , -P«. Pi. - P* 
be Pa, P si , Pei Pit >P«)> 

§£■_?&+ I where 

3ji 3gi r=Z<Hlr P 1 /Xr ^ 1 

— dj?? MiPr 

3#i ys2 3<JV Mr Pi 

Pidfa _ y Pr<ty 5 = _ 2 — ^ 

* 3?i Mr 9?r r«l ^Pr 3 ?r 


we have 


01 


so 


Integrating we have _ ar - 

A~X (ft* Ps> » -^6> Pu > P«) I ^ r=1 3p r dq 9 19 

there can be no logarithmic terms m \xdq Xi where 

X = 2 — 1 * . expressed in terms of (ft, P 2 > » P«> Pi> 

r-i^fyr 

/3/ 0 4 3/o . 4 (A.~A ( k\ ~ 

\9p! + ,«23P* Ml/ 3?1 r-* V^Pr 9P r M 3?r 

d A d JL+i d A(& d JL-* d A) 

y=1 3p r 3<jy r =2 3Pr \Mi Mr 3?r/ 

If 7 denotes the expression of U in terms of the variables 
^ij Pa> * > Pfi> Jpi> > P 8 ’ 

sv.ail (r >i) »a |?_|T_||£& 

». ' Sji 0Ji r» 2^1 r Mr 


> P«> 


we have 


3?r Mi 3Pr 

The terms in Z which may give rise to logarithmic terms in jxdq x me 
now seen to be 

4 d/o (PrF p rgl « 37 & gxMx 111 

r »a 3Pr iMrPi MrPi i»2 3P # M* MrMl 3PrJ 
so the terms which may be logarithmic in j'xdqi are 

1 £. ft. fr^ + i 1 ft m .4 Lrij, 

r*2 Mrjpi 3Pr J r=2s=*2 3P r MrM«Pi 3P«J 

, y §/• _£j §_ f a 

r-2 3Pr MrMl 9A M* 
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Now V is a sum of three terms, each of the form (A + Bg 1 + Cqf)^ 

lakmg each of these terms separately, we have for the transcendental part 
of the last expression 

||i ‘ j&ti 

r=&dP r fi r p l V - G (B 3 -4AC)i 

_ 4 V s f PrPs 1 dB 2Coi + B 

— z z — - — t =_ — arcsin — — 

**~ 2 4=2 oPr 20v — O 0P 4 (P> - 44C)i 

JP L arosm 

r=8 0P r 20 V -CdP r (&-4A C)i 

Thus for each of the fractions ( A + Bq 1 + Gq^)~^, we must have 

C 2 P r - 2 2 — 1 _ 4 _§/»_ Jh_ , dJB n 

r-t dPr/lrPi r =2 j =2 3P r MrM«Pi 5 dP a r=2 9P r 4 0P r ~ U 

Now for the first of these fractions, namely (?i 2 + + j 3 s ) - ^, we have 

A~£(P* + PJ), = + 0=1 + ^’ + ^ 

V MV MsV pfpS P>W 

so the first of the three equations will be 

(l + V V + aV] 4 9 /» P r V 9/. i>r / /*!%* MiV \ 

V Mn*V M»“PlV r-a 9Pr MrPi r =2 3Pr MrPi WV + MsV/ 

/ ^/o Miffs , 9/o MjM_ n 

\0P 2 Ms*ffl 0 P s /^ffl/ 


or (smce /* 9 » /&g) 


4 9/o p r / 9/o Miffs 9/o Ml Pi 

r-2 0p r \0P 2 yus 2 0P, /x, 2 , 


4 „ 3/o ft 

2 .Pr~Tp=0 


') = »■ 


and on solving this equation we see that /„ is a function of 

Pi> Pt> •••> P*> P»> P»> (p*q 3 ~ p 3 qi)> and (ptq>— Peq*) 

Since the three expressions {A + Bq L + Cq?) are linear functions of the 
throe quantities (?i 2 + qj + q s s ), (qiq*+q t q s + q t q,), (?7 + ? s 2 + ?, J ), we can foi 
our present purpose replace them by these three quantities so the second 
expression (xi + Bq x + Cq , s ) may be taken to be {q^t + q^ + q,q e ), or 

(p p * + wa q \ + {£&+&&) + f^'+m) (ais+/m i\ 

1 \ p, ppiJ \ pi Vi)\pi m pi / \Px pJ\pi fpi r 

so for this expression we have 

n PP< , M^cffa . M’-Psff. , PP*P* , M 2 Psff 8 

JO ® I n T / A 'l ————— / T~ t 

Pi Pi Mffl Pi Mffl* 
o = PR* j _ 4. MP»P« ' 

fpi + mV + mV ’ 
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1 dG 
or — . — 

Pi dp, 

(UrSSffD (-M. i -Mx 3 +^g 1 g 3 +J>»g i g»)+(^-g; 

2 {(q,p, - q,p 2 y + (q„Pi - q,p s ) 3 + (q>P* - q*pf} 


The last fraction must therefore represent a polynomial m p lt p 2 , . , p 
so the denominator must be a factor of the numerator 


Now G is a polynomial in L,M, N, so —) and 

r f \dp a WidpJ \dp t fHPidpJ 

are polynomials in L, M, N and involve q„ q 2 , q s only by means of L, M, N , 

so either they contain no terms in q , , q 2 , q a — in which case the denominator 

cannot be a factor of the numerator — or else they contain some terms free 

from q u q t , q.\ — m which case also the denominator cannot be a factor of the 

numerator The condition can therefore only be satisfied by supposing that 

dG _ n, p a dG_Q d G_ Hip 3 dG _ 

dp 2 Htp, dp, ’ dpt mp, dp. 


As might be expected from considerations of symmetry, the conditions 
ansing from the other sets of values of A, B, C give 

dG Mr dG 


dp r HrPi dp. 


= 0 


(r-4, 6, 6) 


The function G therefore satisfies these five equations, which are evidently 
a complete system of five independent equations with six independent 
variables, and consequently possess only one independent solution, this 
solution is easily found to be 


4 Pi 

,-i 2/i/ 


or T 


The function G therefore involves (p , , , p e ) only by means of the etcpression T . 

and since G is polynomial in (p„ , p t ), it must also be polynomial m T 

Since <£„ is homogeneous in (q„ q s , , q t ), and also in (p„ p a , , p 8 ), and 
the expressions ( L , M, 2T) are each linear in (q„ , q e ), while T does not 

involve (q„ . , q e ) and is of degree 2 in (p„ ,p e ), it is clear that if T is 

involved in <f> 0 at all, it must be as a factor so we can write 

<f>o = h(L, M, N) T m , 

wheie A is a homogeneous polynomial in its arguments 


(x) Deduction of Bruns’ theorem, for integrals which do not involve t 
The equation which determines the function^ is 

/s=»X(P s , ,P«,Px, ,p t )- 


■sSi7 


Pi dp. 
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But we have 


fa dQ _ /Xi dQ dT_ 

Pi dp^fidT 9 fa 


= mh(L, M, N) T” v ~\ 


and therefore 

A = X (.Pi, ,P»,Pi, ■ , P») — mh (L,M, N ) T mr - 1 U 

Thus 

<=h(L, M, N)(T m -rnT m ^ l U) + x(Pi, ,P*,Pi, > j>«) + & + + 

The integral <f> can therefore be compounded from two other integrals, 
namely 

1° the integral h(L, M, N)(T — U) m , which is itself compounded from 
the classical integrals, 

and 2° the integral <j>', where \ 

<f> — <f>0 + $2 + + - . 

and fa' = % (Pi, >P*>Pi> ,P>)> 

M, N ) T”^ U\ 

j>; =4> a + h (i, M , N) T m ~* u\ 


But <f> is an integral of the same character as </>, except that its highest 
term, <£</> xs of order two degrees less in (p lf • , Pe) than the highest term, 
of <f>. Now we have shewn that <f> can be compounded from the classical 
integrals together with the integral <f>, Similarly <t>' can be compounded 
from the classical integrals together with an integral <f>" which has the same 
character as <f>, but is of order less by four units than </> in the variables p 
Proceeding m this way, we see that cf> can be compounded of the classical 
integrals together with an integral 4> (n) , whose order m (p lt . , p*) is either 
unity or zero. If <f> {n) is of order unity m (p lf * , p«), then m the equation 

<f>w = <f> Q w=h(L,M,N)T k 

we must evidently have = in this case, therefore, ^ is compounded of 
the classical integrals If <f> {n) is of order zero m (p lf . , j> 8 )> it is a function 
of (ff* * • • • » j«) only but we have already shewn that such integrals do not exist 
and so in any case </> can be compounded algebraically from the classical 
integrals Hence we have Bruns' theorem, that every algehatc integral of 
the differential equations of the problem of three bodies , which does not involve 
the time , can be compounded by purely algebraic processes from the classical 
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(xi) Extension of Brum 9 result to integrals which involve the time 
We now proceed to consider those algebraic integrals of the problem of 
three bodies which involve the time explicitly 

For this purpose we shall take the equations of motion as a system (§ 155) 
of the 18th order we have therefore to investigate integrals of the form 

,p*,t) = a, 

where /is an algebraic function of its arguments, and a is a constant 

The function / is not necessarily rational in its arguments Let the last 
equation be rationalised, so far as the variable t is concerned, so that it may be 
arranged in the form 

a m + a , q 9 >Pi> + ,p*,t) + 

+ . <l»Pi> • •> fl-O, 

where the functions 0 are rational functions of t and algebraic functions of 
their other arguments ( q l9 , q 9 , p u , p 9 ) This equation may be supposed 
irreducible mt,ie such that it cannot be factorised into other equations which 
are of lower degree m a and are rational m t* for if it is reducible, we can 
suppose it replaced by that one of its irreducible factors which corresponds to 
the original equation /= a 

Differentiating with respect to t, we have 

+ - + %-° 


Now the quantities dfa/dt, when expressed in terms of ( q u q iy . q 9y 
pit • , p*, t)> are rational functions of t • so that the previous equation would 
be reducible m t if this equation did not vanish identically It follows that 
this equation does vanish identically that is, 

d 4>r_ t 

dt 


r = 0 


(r« 1, 2, m). 


The expressions <f> r are therefore themselves integrals; and hence the 
integral f can be compounded from other integrals <f>, which are rational 
functions of t and algebraic functions of (q lt .. , q»,pi, .. ,p # ) 

Let such an integral <j> be resolved into factors linear in t so that it may 
be written 


where (P , ^ . . . , ,^r x , . . . are algebraic functions of (q u . 9 fy 9 pi, 

Smce this expression is an integral, we have 
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^ en W ’ ~3t ’ ‘ ’ ~dt ’ lit ’ ■ ’ ~df 8X6 re P lace< * t fe eir values (P, H), 

(^i> B), , (yjri, S'), this equation must become an identity but this can 

happen only if 

dp = 0, 1 — d ^l — 0 i_^=o l-^b-o 1-^-0 

’ dt u > • > 1 dt ’ ” U ’ •> 1 ^r~ u > 


dt 


i e if each of the expressions 


dt 


dt 


P, ^ — <b l9 t — <f ) 2 , . , £ “ <^>Jfc, t , t — 

is an integral Hence any algebraic integral of the problem of three bodies 
which involves t can be compounded (1) of algebraic integrals which do not involve 
t and (2) of integrals of the form 

v * 

t — (f>— Constant, 

where <j> is an algebraic function of (q lf q 2y , q 9 ,p u , p 9 ) 


Now it is known that 


= Constant 

p i+Pi+p? 

is an integral hence any algebraic integral of the problem, which involves t, 
can be compounded of 

(1) algebraic integrals which do not involve t , 

(2) integrals of the form 




witft + mgg 4 + 

pi+Pt + P? 


= Constant, 


where <f> is an algebraic function of (j„ . , q„pi, . , p») , and 


(3) the classical integral 

t -f ■+ w,g 7 

Pi+Pi + P? 

But the integrals in classes (1) and (2) are algebraic integrals which do 
not involve the time, and hence, by the result already obtained, they are 
combinations of the classical integrals. 


(Thus finally every algebraic integral of the differential equations of the 
problem of three bodies, whether it involves the time or not, cm be compounded 
from the classical integrals. 

Bruns’ theorem has been extended by Painlevd* who has shewn that every integral of 
the problem of » bodies whioh involves the velocities algebraically (whether the coordinates 
are involved algebraically or not) is a combination of the classical integrals. 


I 


* BuU Aitr xv (1898), p 81 
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165 Poincares theorem 

We shall next establish another theorem on the non-existence of a certain 
type of integrals in the problem of three bodies, which is m many lespects 
analogous to that of Bruns, and was discovered m 1889 by Pomcar4* 

(i) The equations of motion of the restricted problem of three bodies . 

In the restricted problem of three bodies, the equations of motion of the 
planetoid can (§ 162) be written in the form 

dq r dH dp T dB /* _ i fc >\ 

k dt dpr 9 dt dq r 

where H = jET 0 + pE x + fi*H 2 + , 


F 0 = - 



and B X} H 2 , are periodic m q l9 q 2t with period 2 t r 
The Hessian 


3*JET, 

&h l 

3j>i 2 

dpidpi 

aw. 

8 a H, 

tyidpi 

dpS 


is evidently zero . as this circumstance would prove mconvenient in the proof 
of Poincares theorem, we shall modify the form of the equations so as to obtain 
a system for which the corresponding Hessian is not zero 


Write H 2 = K ) and let H-h be the integral of energy, then we have 

c?2l - JL dK^ dpr dK ( 

dt " 2 h dp> * dt~ 2h dq r ' r " Z 


and therefore, taking a new function H equal to K/2h, we can write the 
differential equations of the restricted problem of three bodies m the form 


dq 2 _ d H dpr _ _ 9 B 
dt 3 p 9 9 dt ~ dq r 


<r-l. 2), 


where for sufficiently small values of /a, H can be expanded as a powei -senes 
m the parametei /x, 

H=H 0 + + /tx a ff 2 -f , 


ZhH.-^' + ^+nW, 

the Hessian of H 0 is not now zero, and ) are periodic in q u q t , with 

period 2w 


* Acta Math xm (1890), p 259, Now Mfth de la M6c Cel i (1892), p 283 
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(n) Statement of Poincare's theorem 

Let <J> denote a function of (q u q 2> p lt p 2 , n) which is one-valued and 
regular for all real values of q l and q 2 , for values of p which do not exceed 
a certain limit, and for values of p x and p 2 which form a domain D, which 
may be as small as we please , and suppose that <t> is periodic with respect to 
q x and q 2f having the period 2tt Under these conditions the function <3> can 
be expanded as a power-senes in fi, say 

where 4> 0 , <3> a , are one-valued analytic functions of (q lf q z> p u Pi)» periodic 

in q x and q % Poincares theorem is that no integral of the restricted problem 
of three bodies exists {except the Jacobian integral of energy and integrals 
equivalent to it), which is of the form 

<E> — Constant, 


where is a function of this character The proof which follows is applicable 
to any dynamical system whose equations of motion are of the same type as 
those of the restricted problem of three bodies 

The necessary and suthcient condition that O = Constant may be an 
integral is expressed by the vanishing of the Poisson- bracket ( H , <I>), so that 

(H 0l $ 0 ) + fx {(H u $,) + $01 + ^ K H t , $,) + (H u $0 + (H a , $0} + = 0, 

and therefore (-So. $o) = 0. 

(Hi, $o) + (-So. $0 = 0 


(lii) Proof that $„ is not a function of H 0 

We shall first shew that $ 0 cannot be a function of H 0 For suppose a 
relation of the form $„ = f (H„) to exist From the equation H 0 =H«(p 1 , p s ) 
we have on solving for p y an equation of the form Pi = Q (#o> p i), and 0 will 
be a one-valued function of its arguments unless dH 0 ldp 1 is zero m the 
domain D Replacing pi by its value 0 in the function $ 0 (q lt q t , pi, Pi), we 
have an equation of the form 

$o (?i> 2»> Pi‘ 1 Pa) = >K?i> -® 0 ’ ft ) 1 


and as $ 0 is a one-valued function of its arguments * will be a one-valued 
function of ( 2 „ q t , H, Pi), but by hypothesis, the function * depends only 
on Hi It follows that f is a one-valued function of H 0 , so long as the 
variables p lt p t remain in the domain D, and provided dH/dpi is not zero in D , 
or more generally provided one of the denvates dHojdp, and 3£f 0 /3p 2 is not 
zero in D, a condition which is evideotly satisfied in general Since f is 
a one-valued function, the equation f (H) = Constant will be a one-va u 
integral of the differential equations, and therefore $- f (H) - Constant 
will also be a one-valued integral, and will be expansible as a power-senes 
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in (i it will moreover be divisible by fi, since 4> 0 — ^ (H 0 ) is zero. If then 
we write 

$ - yjr (. E ) = 

the equation <£' = Constant will be a one-valued analytic integral writing 
<£' a <E> 0 ' 4* fl®! + ft*®* + , 

the function d> 0 ' will not m general be a function of H 0 if however it is a 
function of H 0 , we perform the same operation again, thus arriving at a third 
one- valued analytic integral, whose part independent of p will not m general 
be a function of B 09 and so on It is evident that in this way we shall 
ultimately obtain an integral which does not reduce to a function of ff Q when 
fx, is zero, unless $ is a function of H , in which case the two integrals H and <£ 
are not distinct 


If, therefore, there exists an integral <£> which is one- valued and analytic 
and distinct from H y but which is such that O 0 is a function of jET 0 , we can 
always derive from it another integral, of the same character but such that 
it does not reduce to a function of H 0 when ft vanishes. We can therefore 
always suppose that 3> 0 is notf a function of H 0 

(iv) Proof that <£> 0 cannot involve the variables q u q a 

If the function <E> 0 involves the variables q ly q 2) then since it is periodic m 
these variables we can write 


*•- 2 2 A t, 

77*1 * 77*a 77*1 1 77 *j 

where m x and m a are positive or negative integers, i denotes J the 
quantities A^^ are functions of_p x , p 2) and f represents the exponential 
co-factor of A m _ ^ Since H 0 does not involve q l9 q a , we have 




_ /it fK \ dH Q 9^ BSq M> 0 

' °' 3pi 3?i + 3p B oq» 


But we have 9<J> 0 /dq T — 2 inirA^^ f, so the equation (if*, 4> 0 ) & 0 
becomes 


7»i, 7»t 




32T 0 




m 1 - r -^ + 7n a ., , 

- tyi dpj 
and therefore (as this equation is an identity) 


?= 0, 




Hence we must hare either 


dH„ 


or rr^dH^dpi. + = 0 , 

but the latter alternative is possible only when m i and m, are both zero, or 
when the Hessian of H„ is zero, which is not the case. It follows that all 
the coefficients ^ are zero, except J*, 0 ; and consequently 4> 0 does not 
involve the variables q l and q % . 
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(v) Proof that the eooistence of a one-valued integral is inconsistent with 
the result of ( 111 ) m the general case 

Consider now the equation 

(H X) $o) + (flo, $i) = 0, 
or 

dp r dq r 1 dp r dq r 

As the functions H x and are periodic with respect to q x> q 2} they 
be expanded in senes of the form 


can 


S x 

mj , m 

*> = 2 0, 


S B eHwi+nw*)- 2 B K, say, 

TOl , Wtj 


I7lq I fHfl Wl I Wj 


where Wh and m t are positive or negative integers, and the coefficients B n ^ 
and ^ depend only on p 1( p a We have therefore 

nt u m a 1 ^ r 

.• 4 aOo&ff! 4 3F 0 9 <e>i A 

so the equation z — ^ - 2 — = 0 

r«l dp r oq r r=l $Pr 9 ?r 

becomes t (WJ*) - f (1 - 0, 

or (since this equation is an identity) 

D / 0<I> O , 3<t>o) n ( dH » dH °\ 

Bn h< % ( mi dp l + ^ dpj r 3pi ^ 3p 2 ) 

This equation is valid for all values of p lt p t and therefore for values of 
p, and p, which satisfy the equation 

3£T 0 dH a n 

m . ! - 5 - +m a -r— = 0 , 

opi 9Pa 

we must have either 

5 M]) « 0, or »»! 04>o/0pi + wia 04>o /0p 2 = 0 

We shall say that a coefficient becomes secular when p,,p, have 

values such that m^BBt/dpi + ffh 3JSi>/0pa — 0 

As JET is a given function, the coefficients B^^ are given. In the general 
mm of dynamical systems expressed by differential equations of the land we 
are considering, no one of these coefficients will vanish when it becomes 
secular, and we shall take this case first so that the equation 

mt 0<t> o /0pi + w* 33»o/9p« = 0 

is a consequence of the equation mj dBo/dpx + w* dH 0 /dp, = 0 

Now let k u h be two integers suppose that we give to p a and p, values 
such that the equation 

oHq ot ip 

k 1 0pi“A a 0p s 


i r 4 
vj if 
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is satisfied We can find an infinite number of pairs of integers m lt nit such 
that mA + wiA is zero and for each of these systems of integers the 
expression m, 1 dH^jop-i + m* dH 0 /dp 2 is zero, and consequently 

m l 0<J> o /0pi + m a d<$ 0 /dp 2 
is zero Comparing these two equations, we have 

dHg/dpi _ dHJdpa 

d&o/dpi 0^>o/dpa ' 

so the Jacobian d(H 0 , 3> 0 )/S (Pi, P&) is zero for all values of p lt p 2 for which 
dHo/dpi and dH 0 /dp 2 are commensurable with each other Thus in any domain, 
however small, there are an infinite number of systems of values of , p 2 for 
which this Jacobian is zero as the Jacobian is a contmuous function, it must 
therefore vanish identically, and consequently 4> 0 must be a function of 
But this is contrary to what was proved in (m), and therefore the funda- 
mental assumption as to the existence of the integral <f> must be erroneous , 
that is, the Hamiltonian equations possess no one-valued analytic integral 
other than H=h, provided no one of the coefficients B^ vanishes when it 
becomes secular 

(vi) Removal of the restrictions on the coefficients B^^ 

We have now to consider the case in which at least one of the coefficients 
B v anish es when it becomes secular We shall say that two pairs of 

fHq, Wig * * 

indices (m 1: nh) and (mf, m t ') belong to the same class when they satisfy the 
relation and that in this case the coefficients B mu and 

belong to the same class 

We shall first shew that the result obtained in (v) as to the non-existence 
of one- valued mtegrals is true provided that m each of the classes there is at 
least one coefficient B^ ^ which does not vanish on becoming secular For 
suppose that the coefficient B^^ is zeio, but the coefficient B^ ^ is not 
zero If Pi, pa have values such that m 1 dSJdp x + dH„/dp e is zero, we have 
mf dHo/dpx + mj' dH 0 jdpa = 0, and consequently 


J m 1 , m* 


( 3O 0 , 

l nh d£ +m *W>r 0, 


B, 






94> 0 , 3<E> 0 \ 


and although the relation m l d<b 0 /dp l -k m 2 3<t> 0 /5p 2 — 0 cannot be inferred from 
the former of these equations, it can be inferred from the latter the proof is 
m other respects the same as in (v) 

Now a class is completely defined by the ratio of the indices let 

X be any commensurable number, and let C be the class of indices lor which 
mj/wiassX We shall say for brevity that this class C belongs to a given 
domain, or is in this domain, if a set of values of p lf p* can be found m this 
domain such that 
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We shall shew that the theorem is still true if in every domain S, however 
small, which is contained in D, there are an infinite number of classes for 
which not all the coefficients of the class vanish when they become secular 

For take any set of values of px, p 2) such that for these values we have 


3flo aHo 

dp> dp 2 


=o 


Suppose that X is commensurable, and that for the class which corresponds 
to this value of X, all the coefficients of the class do not vanish when they 
become secular the preceding reasoning then applies to this set of values, 
and so for these values of p l and p 2 the Jacobian d(H 0i <E> 0 )/9 (p 1} p 2 ) is zero 
But, by hypothesis, there exists in every domain 8, however small, which is 
contained in D, an infinite number of such sets of values of p l9 p 2 The 
Jacobian consequently vanishes at all points of D, and therefore 4> 0 is a func- 
tion of H 0 J so, as before, there exists no one-valued integral distinct from H 


(vu) Deduction of Poincares theorem 

In the four preceding sections, we have considered equations of the type 

dqr dH dpr = _dH ( 1 ^ 

dt dp r ’ dt dq r 

in which H can be expanded in the form 

H = + /xffi 4- + > 


where the Hessian of H„ with respect to Pi and p 2 is not zero, does not 
involve q t and q t , and H x , £T a , . are periodic functions of q x , q*. and we have 
shewn that no integral of these equations exists, which is distinct from the 
equation of energy and is one-valued and regular for all real values of q l and 
q t , for values of p. which do not exceed a certain limit, and for values of p, and 
p,' which form a domain D, provided that m every domain, however small, 
in D, there are an infinite number of ratios nh/m, for which not all 
the corresponding coefficients B mutns vanish when they become secular 

This result can be applied at once to the restricted problem of three 
bodies: for we have seen in ( 1 ) that the equations of motion in this problem 
are of the character specified, and on determining the function H x by actual 
expansion we find that the last condition is satisfied Pmncari's theorem w 
thus established * 


Poincares theorem establishes the non-existence of integrals untfotm wihrupectto 
the KepUrxan wmMu, which implies uniformity in the neighbourhood of afl ^ the » 
iectorieswhdoh have the same osculating ellipse This however does not exclude the 
Stenoe of integrals which are uniform in domains of a different character Cf Levi- 

Civita, Aota Math xxx. (1906), p 306 , , , iV . , 

The theorem has been extended by Porncar 6 to the general problem of OMbote 
of. ious MAh de la Mic Oil I p 263 , it has also been extended by Painlev4, C R. cxxx 
(XdOO)t p. 1499* See also Cherry, Proe Camb Phil Soc xxii (1924), p 287 


W. D 


25 
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(so that the symbol 8 denotes an increment obtained m passing from O to O'), 
we have 


8/ = J ((day + (dyfl* 8{h- V(x, y)fi +j(h-V (x, y)J* 8 {(&) 2 + (dyf) 1 


But we have 


and 


8 (h - V(x, y)}* \{h-V(x, y)}“* 8x + ^ 8 y) 

i(A- V (a, 2 /)} -* cos 7 + sin 7 ) 8p, 

8 ((da) 2 + (dyffi = 8p dy = ^-((da) 2 + (dyffi, 


whore p is the radius of curvatuie of the curve G at the point (#, y) 
Thus we have 

( h-V(*,y) 


87 = J l(dxy+(dy)^{h-V(x,y)}^- 


. 37 , 37] 

i coa V 


8p. 


This equation shews that if the quantity 

h— V (x,y) , 37 , 37 

is negative at all points of C, then SJ is negative, and so the integral I has 
its value diminished when any curve surrounding G and adjacent to G is taken 
instead of G as the path of integration 

Now suppose that another simple closed curve D can he drawn enclosing 
0, and such that at all points of D the quantity 


A-F 


if dV ^ dV \ 

is positive Then, in the same way, it can be shewn that the integral I is 
diminished when any simple closed curve D f , enclosed by D and adjacent to 
D, is taken instead of D as the path of integration 


When, therefore, we consider the aggregate of all simple closed curves 
situated in the ring-shaped space bounded by G and D — which is assumed to 
contain no singularity of the function V (. cc, y ) — it is clear that the curve 
which furnishes the least value of / cannot be G or D, and cannot coincide 
with G or D for any part of its length There exist, therefore, among the 
simple closed curves of this aggregate, one or more curves K for which the 
value of I is less than for all other curves of the aggregate. Since K does 
not coincide with C or D along any part of its length, it follows that the 
curves adjacent to K are all members of the aggregate in question, and hence 
that the curve K furnishes a stationary value of I as compared with all the 
curves adjacont to it The curve K is therefore an orbit in the dynamical 
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system Wo have thus ai rived at the theorem 
enclosed by mother closed curve, a nd if the quantity 


If one closed curve be 


h- v 0 > y) 


_* C087 -_ iS)n7 - 


be negative at all points of the inner curve and positive at all points of the outei 
curve , then m the nng-shaped space between the two curves the) e exists ape) iodic 
orbit of the dynamical system , foi which the constant of eneigy is Ir . As the 
quantity 

h-V (a,?/) . dV - dV 

can bo calculated immediately for every point on the curves G and 7), de- 
pending as it does only on the potential-energy function and the cmves 
themselves, this lesult furnishes a means of detecting the piesence of periodic 
orbits 


169 Asymptotic solutions 

It sometimes happens in dynamical systems that motion in one orbit is 
asymptotic to motion in another, le, continually approaches nioie and moie 
closely to coincidence with it as the time increases, just as a paiticle describing 
the cuive whose equation in polar coordinates is 

6 

r - a o - 1 

continually approximates to motion in the circle r =a, as 0 increases indefinitely 
In particular, we may have orbits which arc asymptotic to periodic orbits, so 
that the motion, which originally bears no resemblance to periodic motion, 
approximates more and more nearly to periodic motion as the time tends to 
infinity* Such a motion is called an asymptotic solution * 

Wo can of course have also a second kind of asymptotic solution which 
differs widely from a periodic solution when t~> + oo , but approximates to it 
for t - oo in fact, if a periodic orbit is unstable, the path of a particle which 
is slightly disturbed from the periodic orbit will evidently be an asymptotic 
solution of this kind. # 

As we shall see m the next article, solutions also exist which belong at 
the same time to both of the classes of asymptotic solutions, \ e , they aie veiy 
nearly periodic when + oo and *■— oo , but differ widely from penodic 
orbits in the meantime These are called doubly -asymptotic solutions " (■ 

170. The orbits of planets m the relativity-theory 

Excellent illustrations of periodic and asymptotic oibits aiepiovided by 
the paths which small particles ("planets”) describe in the gravitational field 

* Of. Pomcar<$, MHh Nouv i Ch. vii Picard, Traitt iV Analyse, in Ch vii 
f Poincard, Acta Math xui, p 223 Meth Nouv hi Ch xxxm 
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due to a single attracting mass (the “sun”), when the Newtonian law of gravi- 
tation is replaced by the more accurate and philosophical laws belonging to 
the general relativity-theory 

A very full discussion of the&e orbits has been published by Y Hagihara, Jap Jonm 
of Ast and Geoph viii (1931), pp 67-176 

Take the origin of coordinates at the sun, and let the position of the planet 
in the plane of motion be specified by two coordinates (r, 6) which may be 
plotted as ordinary polar coordinates (though strictly speaking the distance 
of a point from the origin is represented not by r but by a certain function 
of r) Denote the time by t , and let d& be defined as equal to the quadratic 
differential form 

c 3 ( 

^ r 

where c denotes the velocity of light in free space and a is a constant de- 
pending on the mass of the sun. Let 




l-= 

r 


where accents denote derivatives with respect to s then it is shewn in 
treatises on Relativity that the equations which determine the orbit of the 
planet arc the Lagrangian equations 


( df dt 

T\ dT n 

ds \3i 


dfd' 

r\ st n 

' ds[dt 

r)~ dd ~ 0, 


r\ dT . 

' ds\dt 

?) dt~° 


The last two of these equations give at once Constant and ~ = Constant, 

or r* d A=±J 

ds v)8’ 

A _a\ dt _ k 
\ r) ds~ c* 

where k and /S are constants 

Substituting from these equations m the equation 

<te= c* (l dt'-AlL -r*dp, 


we have 


1 -“’ 


-ySr 4 + ■ 


c* 


1 -- 

r 

lfir* 

( l -9 


-r* 


dP, 
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bo writing u for Ijr, the differential equation of the orbit of the planet is 

(Sy = ?“ (i - au) ^ +w2) 

Since the expression on the right-hand side is a cubic polynomial m u , this 
differential equation may be integrated m terms of elliptic functions putting 


the equation becomes 


where 






4 ’ 


_ J_ cr/3 e?Jfi 
— 216 + 24 16c 2 


The integral is thciefore 

U=y(e + C) 

where 0 denotes a constant of integration, so the equation of the orbit m terms 
of the coordinates r and 6 is 


a 

4 r 




Among these orbits we shall consider specially the following 


(l) Quasi-elliptic orbits 

When g t and g t are real and the discriminant A = g,? - 27 gf is positive, 
the threo roots e lt e a , e t) arc all real lot them be arranged in the mdci 
e x >«,> e a . Then 

m f — — is purely real, 

J *(4 tf-gts-giF 

and a> s = i[ — , is purely lmagmaiy 

J. f , (4 *-g t s-g$ 

Under those circumstances, for the orbit whose equation is 




wo havo 


when 0 <= 0, ^ ^ + e,„ 


and when 6 = <ai, ^ ^ + e a , 


1_ 

12 

1 


= 0, 

d 2 /] 
dd 2 \i 

;)c°, 

= 0, 

d J /] 

d& \i 



so there is a pencentre at 9 = 0 and an apoccntre at $ = w, , provided r? + e, 
is positive, a condition which is readily found to be equivalent to d ! fi>k" 
For suoh orbits, the radius vector i oscillates between the two fixed finite 

va l ues 2 — and r—^j , so that the planet’s orbit is compiled between 

jr + 4esi ^ 
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two concentric circles whose centres are at the sun the motion of the planet 
in fact has a general resemblance to elliptic motion undei the Newtonian law, 



except that there is a progiessive motion of the apsides between the con- 
secutive pencentres or apocentres, the increment m the angle 6 is not 2 tt as 
it is under the Newtonian law, but which differs from 27 r In our actual 
planetary system, however, the difference 2^ - 2ir is too small to be observed 
except in the case of the planet Mercury 

Evidently these “ quasi-elliptic orbits ” as we may call them, are periodic 
whenever re x is commensurable withir, Thus we obtain a family of oo 2 periodic 
orbits which have a pencentre on the line 9 = 0, or taking account of tho fact 
that rotations round the origin transfer orbits into orbits, we have oo 8 penodic 
07 bits of this class 

(n) Oi bits doubly -asymptotic to circles 

Suppose now that the constants k and ft (which depend on tho initial 
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conditions) are such that the discriminant A is zero, so that two of the roots 
e i> arc equal Let e he the repeated root, so the other root is - 2e } when 
e is positive, putting 5e = we find readily that the differential equation is 
satisfied by 

a _ 1 n 2 _ n 2 
4r~12 + 3 cosh 2 n# 

There is an apocontre at 6 = 0 if this gives a positive value for r, that is, if 
3n a < 1, a condition which is readily found to be equivalent to a. 2 {}>i 

When 6 increases or decreases indefinitely , the orbit app) caches spirally to 
the asymptotic circle 

a _ 1 n 2 

i^“i2 + 3 

which is interior to the oibit As ?i 2 lies between 0 and 1 , the ladius of the 
asymptotic circle lies between 3a and 2a 

(lii) Circular periodic 01 bits 

If in the quasi-elliptic mbits wc suppose the aphelion distance to be equal 
to the porihehon distance, wc obtain a circulai orbit In this case 
whore e* and e 3 are the smaller roots of the cubic the discummant A is zero, 

a 1 

and the repeated root of the cubic is negative, so ^ , andtherefoio, the 

radios of the circular orbit, if it is a limiting case of a quasi- elliptic 01 bit, must 
be >8a. 

We can however have a different class of circular orbits, for which the 
radius is <3a, namely the cncles to which the asymptotic orbits discussed 
under (li) are asymptotic for these the repeated root of the cubic is positive 
These circular orbits for which r< 3a aie unstable, since oibits exist which aic 
spirally asymptotic to them 

171. The motion of a particle on am ellipsoid under no external forces 
As a second example illustrating the general theory of orbits, we shall 
consider the motion of a particle on the surface of an ellipsoid under no ex- 
ternal forces. As we have seen in §54, the particle describes a geodesic on 
tho surface, so the theory of the orbits is simply the theory of the geodesics 
on an ellipsoid, and the periodic solutions are simply those geodesics which 
aro closed curves Now foi a geodesic on an ellipsoid wo have Joachnnstal’s 

equation ^Constant, 

where p denotes the perpendicular from the centre of the ellipsoid on the 
tangent-plane at the point, and d is tho diametei parallel to the tangent to 
the geodesic at the point The same equation holds for the lines of curvature 
on the ellipsoid; so that every geodesic may he associated with a line of 
curvature, namely, that line of curvature for which pd has the same value as 
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it has for the geodesic. We shall speak of the geodesic as “ belonging to” 
the line of curvature There is only one line of curvature having a prescribed 
value for pd, but there is an infinite number of geodesics having this value 
for pd, so that an infinite number of geodesics “belong to” each line of cur- 
vature Now the lme of curvature consists of two closed curves on the ellipsoid 
(being in fact the intersection of the ellipsoid with a confocal quadnc) the 
region between these two portions of the line of curvature is a belt extending 
round the ellipsoid and all the geodesics which belong to this lme’bf curvature 
are comprised within this belt*, and touch the two portions of the line of 
curvature alternately The matter is represented schematically in the diagram, 
where ABCDEF and PQRSTU are the two portions of the line of curvature, 



and AJRKELPMCT is an arc of one of the geodesics belonging to it, touching 
one of the portions of the line of curvature at A, 0, E, and touching the other 
portion at R, P, T 

In order that the geodesic may be closed, it is necessary (as m all ponstic 
problems) that a certain parameter (depending m this case on the value of 
the constant pd of the lme of curvature) should be a rational number the 
geodesic is unclosed if this parameter is an irrational number If it is closed, 
then there are oo 1 other geodesics which belong to the same line of curvature 
and which are also closed, but if it is not closed, then no other geodesic 
belonging to this particular line of curvature can be a closed geodesic f 

Now consider the connection between the oo 1 members of the family of 
geodesics which belong to the same line of curvature It is known (§ 144) 
that if 

0 (?i> Pi, Ps) = Constant 

Ignoring the exceptional case of those geodesics ■which pass through an umbilicus* 
t This is obvious in the case when the ellipsoid is of revolution for then the two portions of 
the line of curvature are parallel circles on the surface, and the oo 1 geodesics which belong to 
this hue of curvature .are obtained from each other by mere rotation about the axis of 
symmetry. 
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t>1>3 € dq i 


is an integral of a dynamical system, then the infinitesimal contact-trans- 
formation which is defined by the equations 

* d<f> d(f) 3 (f> 

**>—#,■ 

(where e is a small constant) transforms any trajectory into an adjacent curve 
which is also a trajectory If we apply this theorem to the motion on the 
ellipsoid, we find without much difficulty that the infinitesimal transformation 
which corresponds to the integral 

pd * Constant 

transforms any geodesic into another geodesic which belongs to the same line 
of curvature. 

Summing up, we see that the oo 3 orbits of a particle moving on an ellipsoid 
under no external forces may be classified into oo 1 families , each family con- 
sisting of oo 1 orbits ; the members of any one family are either all closed or all 
unclosed, and a certain continuous group of transfoi motions, which is closely 
associated with the integral pd = Constant, transforms any orlnt into all the 
orbits which belong to the same family 

172. Ordinary ‘ and Singular periodic solutions 

Still considering the motion of a particle on an ellipsoid undoi no external 
forces, we now observe that besides the geodesics which can be arranged m 
families, there are on the ellipsoid three other closed geodesics, namely, t e 
three principal sections of the ellipsoid These have quite a different character 
they are solitary, instead of belonging to families and the mfinitesima rans- 
formation which has just been mentioned transforms them not into other 
geodesics but into themselves— that is, they are mvanan un er ® 
formation. This last property suggests a resemblance with t ry 

••singular solutions” of ordinary differential equations of the first onfe for ■* 
a differential equation of the first order admits a particular nfimtesim^ 
transformation, then this infinitesimal transformation changes the owlm ry 
Xrut-curves into each other, but it leaves invariant the singular mtegmb 
cuT On account of this resemblance a periodic solution >f a ^dynamical 
Bvstcm with two degrees of freedom) is called* ordinary i i g& 

continuous family of so ■ pmodic solution, for »hich the oonstot of one® 
hM the same value, and which are transformed mto each other by the m 

the condition *h the 
* txrviift.fLlrAi'. P)oc Ii S Edinburgh, xxxvu. (1916), p 95 


396 


The General Theory of Ch'bits 


[OH. XV 


constant of energy has the same value ” If we suppose the constant of energy 
to vary, an “ordinary” periodic solution of a dynamical system with two degrees 
of freedom is m geneial a member of a continuous family of oo 2 periodic 
solutions, over which the period varies continuously, being constant over 
smgly-mfimte sub- families A “singular” periodic solution is a member of a 
family of oo 1 periodic solutions*, over which the period varies continuously. 

In the pioblem of the motion of a planet about a single attracting mass 
m general relativity (§ 170), the periodic “quasi-elhptic” orbits are “ordinary” 
periodic orbits, while the circular periodic orbits are “singular” 

There are marked differences between the properties of “ordinary” and 
those of “singular” periodic solutions For instance, the “asymptotic solutions ” 
of § 109 can exist only m connection with singular periodic solutions, and 
not m connection with ordinary periodic solutions an illustration of this is 
again afforded by the theory of geodesics on quadrics, for the only asymptotic 
solutions among the geodesics of quadrics are those geodesics which wind 
round and round the hyperboloid of one sheet, becoming ultimately asymptotic 
to the principal elliptic section of the hyperboloid and this elliptic section is 
a singular periodic solution 

The words “ordinary” and “singular” suggest that the “ordinary” periodic 
orbits occur most frequently, while the “singular” orbits are exceptional, and 
indeed we find this to be true, so long as we confine ourselves to studying 
the soluble problems of dynamics It is therefore with some surprise that we 
learn— what was first shewn by T M. Cherry m 1927— that for Hamiltonian 
systems with two degrees of freedom vn general there are no “ordinary” 
periodic solutions all the periodic solutions are “singular” The explanation 
of the apparent paradox is that a Hamiltonian system is m genoral insoluble , 
and for insoluble systems the periodic orbits are of the “singular” type 

The paradox may be compared to a familiar one in the theory of partial differential 
equations If a partial differential equation of the first order 


f(*> z > py ?) = 0 

is given, the student is told that by eliminating p and q between the three equations 

at. o at. 


/~ 0 , 


- =0 


dp 3 q ' 

he will obtain m geneial an equation F (r, y, js)=0 which represents the singular solution 
of the partial differential equation and he finds that, for the particular partial differential 
equations which aro given in text-books, this statement is true Nevertheless, as was 
shewn m 1883 by Darboux, a partial differential equation of the first order m general does 
not possess a smgulai solution the equation F(x y y, z)=0 m general represents the locus 
of the cusps of the characteristics The apparent contradiction between the student’s ex- 
perience and Darboux’s theorem is explained by the circumstance that the equations given 
as examples m the text-books have mostly been manufactured by starting with a complete 

* The case of motion on a surface under no external forces is exceptional, as in it the value of 
the constant of energy is immaterial 
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integral which represents a family of surfaces, and eliminating the two arbitiary constants 
and a partial differential equation formed m this way does m general possess a singular 
solution, namely the envelope of the surfaces represented by the complete integral 

Cherry’s theorem on periodic orbits and Darboux’s theorem on partial differential 
equations alike warn us not to take the properties of the more familiar “soluble” systems 
as representative of the properties of systems in general 

173 Characteristic exponents 

The stability of types of motion of dynamical systems may be discussed 
by the aid of certain constants to which Poincar6 has given the name chat ac- 
teristic exponents* 

Consider any set of differential equations 


dx l 

dt 


= X,. 


(t = l, 2, ,n), 


where (X„ X s , , X„) are functions of (x ls x,, , *») and possibly also of t, 

having a period Tint, and suppose that a periodic solution of these equations 
is known, defined by the equations 

x % = <jb t (t) O' = 1> 2, , w), 

where + (* = 1,2, .,») 

In order to investigate solutions adjacent to this, we write 

x % = (t) + tj% 0 = 

whore (ft, ft, , ft,) aie supposed to be small, and are given by the variational 
equations (§ 112) 

f - £ &£» (-1.2. .») 

at k=i dxje 

As thoso are linear differential equations, with coefficients periodic in the 
independent variable t, it is known from the geneial theory of linear differential 
equations that each of the variables ft, will be of the form 

2 *“*%, 

/c=l 

where the quantities S# denote periodic functions of t with the, period T, and 
the n quantities a* *re constants, which are called the characteristic exponents 

of the periodic solution. 

If all the characteristic exponents arc purely imaginary, the functions 
(t. ft, .... ft,) can evidently be expressed as sums and products of purey 
Sriodic terms, while this is evidently not the case if the characteristic 
exponents are not all purely imaginary Hence a necessary condition for 
stability of the periodic orbit is that all the characteristic exponents must be 

'’T'LlTrTaw.p i, *» * -«•■ »!: 

bji'D * 

Toulouse (2), ix (1907), p 208 
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We shall now find the equation which determines the characteristic 
■exponents of a given solution 

In one of the orbits adjacent to the given periodic orbit, let (A> > AO 

denote the initial values of (f 1} , £ n ) and A + ^t value of & 

after the lapse of a period As the quantities (fa, , ^ n ) are one-valued 

functions of (/ 9 t , A, > A0» which are zero when (A, A, , Ai) are all zero, 
we have by Taylor's theorem (neglecting squares and products of A , A> . , AO 

+ w/ n (l=1, 2 ’ ” ’ n) ‘ 

If a* is one of the characteristic exponents, one of the adjacent orbits will 
be defined by equations of the form 

6- <■»*£», ■ » 

so that fi l + Tlr l = e a, ' T Stk(0) = e akT /3 t (i = 1, 2, . , »), 

and consequently a set of values of A> A> > A exists for which the equations 

w'^+wt* 32 * ‘ +/ (a|? + 1 ” e °* T ) /9l+ ‘ , ‘ + 9 

(t = l,2, , n) 

are satisfied- the quantity a* must therefore he a root of the equation in a 

= 0 


3& 

+ 1 - e aT 

dfi 

3ft 1 

3^i 

” 3ft 


3-^a 

3ft 

j-f + l-** 

Op 2 

• t • M * • 

d'fr, 

" " 3ft 


dfn 

• •• KM f *1 

3^n 

> • • 


3ft 

3ft 



The characteristic exponents are therefore the roots of this determmantal 
equation * 

174 Characteristic exponents when t does not occur explicitly. 

When t is not contained explicitly in the functions (X!, Xt, X n ), it is 
evident that if 

x % = </>, (t) (i=l, 2, 

is a solution of the equations, then 

®,= £,(* + e) (i = l, 2, 

is also a solution, where e is an arbitrary constant. The equations 

3 

&-**(* + «) (i=»l, 2, 


* CL H. F. Baker, Proc. Camb Phil Soc xx. (1920), p. 181. 
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therefore define a particular solution of the variational equations, but as 
(t + e)/3e is evidently a periodic function of t, it follows that the coefficient 
e a ** reduces m this case to unity and hence when t is not contained explicitly 
in the original differential equations , one of the characteristic exponents of every 
periodic solution is zero . 

175. The characteristic exponents of a system which possesses a one-valued 
integral , 

Suppose next that the system possesses an integral of the form 
F(x X) x 2 ^ , x n ) = Constant 

where F is a one- valued function of (# 1 , x 2) , x^) and does not involve t In 

the notation of the last article, we have 

where for brevity F (#$) is written in place of F (x\ y x 2) > x n ) Differentiating 

this equation with respect to we have 

0J9f 1+ aF02fr !+ + Wdfn = Q ‘ (* = 1,2,. 

8#! 3/3, 3*2 3/3, dvtin dfti 

where in dF/da dF/dx^, etc , the quantities fa, x», . , «») are to be replaced 

by <k(0),<M0), <f>n (0) From these equations it follows that either the 

Jacobian 13 zero ’ or else the quantltieS S' S’ ’ &U 

zero when 

Now if the latter alternative is correct, we see that (since the origin of 
time is arbitrary) the equations 

( 1 ) 


dF n 

aV,- 0 ' 


vt „ 
a 5 - 0 ' 


?-o 

OX n 


must be satisfied at all points of the periodic solution This actually happens, 
e « in the case of the circular periodic orbits of a planet round a single 
attracting mass in general relativity (§ 170 (in)) for the general differential 
equations connecting the radius r with the time t in motion round the attracting 

mass are readily seen from § 170 to be (writing p for j _( a / r )dt) 


$„2!_l5£ + 




dr ( , «\ 

\Tt mP \ r) 

and these equations possess the one-valued integral 

i 1 


£ 




+ ¥? z 


0 
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If this integral is written F (r, p) = Constant, it is easily verified that for a 

circular orbit we have _ „ _ 

BF - , BF . 

s’°- * nd 5 =0 

which shews that for these circular periodic orbits the conditions (1) aie 
satisfied 

However, it is evidently only in quite exceptional cases such as this that 
the conditions (1) are satisfied at all points of the periodic solution, and the 
other alternative, namely that the J acobian 3 (yfa ,ty 2) , yfr n ) / 3 (/3 1} /3 2 , , # n ) 
vanishes, must be m general the true one but when the Jacobian is zero, the 
determinantal equation for the characteristic exponents is evidently satisfied 
by the value e aT - 1, i e. by a = 0 • so that one of the characteristic exponents 
is zero Thus m general , if the differential equations possess a one-valued 
integral , one of the characteristic exponents is zero 

Another way of arriving at this theorem, in the case when the equations 
are those of a dynamical system, is as follows by § 144, if the system admits 
the integral 

>Vn>Pi, ,Pn>t) = Constant, 
then the variational equations are satisfied by 


£ d(f> rs dcj) 

Bp r erf 


(r=l, 2, ,n), 


■dp/ ^ r ~ "dqr 

where e is a small constant but these values of Bq, and Bp r are periodic when 
the orbit whose variations are studied is a periodic orbit, and therefore the 
correspondmg characteristic exponent is zero, which proves the theorem The 
only exception is when the periodic orbit is transformed into itself by the 
infinitesimal transformation corresponding to the integral, — which again gives 
us the exceptional case of “ singular” periodic orbits These are, in fact, the 
Levi-Civita particular solutions (§ 149) belongmg to the integral 

Example If the differential equations do not involve the time explicitly, and possess 
P one-valued integrals F u , F p which do not involve t, shew that either (p + 1) oharac- 
toustic exponents are zero, or that all tho determinants contained in the array 

11^1 




( lss h 2, ,p,k= 1,2,. ,n) 
(Pomcar &) 


are zero at all points of the periodic solution considcied 
176 The theory of matrices 

In the next article it will be nocessary to make use of matuccs . the elemental y notions 
of tho theory of matrices will therefore be given hero for the benefit of leaders who have no 
previous acquaintance with it 

Consider any square array 
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formed of ordinary (real or complex) numbers a ]lq , which will be called the elements This 
array will be called a matrix, and may be denoted by a single letter A or by the notation 
(S«) ^ may be thought of as representing an operation, namely the operation of per- 

forming the linear substitution 


2/i=anX 1 +a 12 x 2 + . +o 

2/i=a ai x l +a 2 2X2+ +aau&* 9 


U/n“ a »l#l + tf»2#2+ • + &nn x n 

but the theory of matrices is based on the idea that a matrix is a number, m the general 
sense of the word number, so that matrices may be added, multiplied, etc Two matrices 
A =. (apq) and B&fbpq) are said to be equal when their elements are equal, each to each 
’that is, a m ~ 6 m for p y 2=1, 2, . ,n The product BA of any two matrices B=(bpq) and 
A a (a M ) is defined to be the matrix which has 

&pl + + + &pn ^nq 


as the element of the p^ row and q ^ column The matrix BA corresponds to the operation 
of performing the substitutions A and B m succession 


Matrix multiplication does not in general satisfy tbe commutative law that is, AB 
and BA are in general two different matrices But matrix multiplication satisfies the 
associative law 

A(BC)=(AB)C 

The matrix 

,<1 0 0 0. 

0 10 0 
0 0 10 . 


ia cnilftH the vmt matrix and is denoted by E The matrix B such that BA=E is called 
the reciprocal matrix of A , and is denoted by 4” 1 The matrix which is obtained from 
A by interchanging its rows and columns is called the corrugate matrix of A, and is denoted 

by 4' 

If AmiOpf) is a matrix, the roots of the determinants! equation in r 
I <*n-r <*w <*i» • • =° 

Og! #22"“** ®28 • * * •• 


| & n i»» • ••»*»* • *• I 

are called the latent roots of the matrix A One of the chief theorems of the theory of 
matrices is Sylvester's law of latency, viz , that */ n . » 2 > ,r n wre the latent roots of a matrix 
A, then the latent roots of any function of A, sayf(A), wre flfih fifilt •••»/(*») In particular, 
the latent roots of the matrix A~ l are the reciprocals of the latent roots of A 

It A be a matrix, and S another matrix, the matrix SAS~ l has the same latent roots 
as A 

(It will he ■nM Wntnnd that the above theorems have been stated in their general form 
without referring to exceptional cases.) 
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177 The characteristic exponents of a Hamiltonian system 

Consider now in particulai a conservative dynamical system which for 
simplicity we shall suppose to have two degrees of freedom The equations of 
motion may be written 

dq } _d_H dp 1 = _dH = 

~dt~ dpf dt a pf dt dqf dt dqf 
where H is a given function of (q lf qi,pi,pa) Suppose that this system admits 
a periodic solution 

?i = Qi (f), q 2 = Qi (t), Pi = -Pi (t), p 2 = -Pa (t)> 

and let an adjacent solution be represented by 

?i = Qi+fi. ?*“&+&> Pi=Ti + ^i, p a = Pa + w a 
Then the equations to determine (£„ f a , wi,^) are evidently 

<*& t *5 . _ 9a JL .m 

dt ^dpidqa + ^ 2 dpidq a 1 dpS a dp x dp 2 
and three similar equations 

Let (£', f 2 ', wj, w,') be ahother solution of these equations, so 

d& ,, »J5T , r , d*H ,9H , VH_ (2) 

dt ^ 9^9$ ^ dpi dq a 1 9pi 2 2 9piSp> 

and three similar equations 

Multiply equations (1) by w,', w 2 ', — f/, — &'> respectively, and the equa- 
tions (2) by — w x , - wj, fj, f 3 , respectively, and add We obtain 

5 (fc < + & w - - & *.) = o, 

and hence the integrated equation 

fxw/ 4- fa'raV “ fi Wi — £/ = Constant . . • (3) 

Now the values, which (£, f 2 , o-j, sr 2 ) acquire when $ is increased by a complete 
period T t are linear functions of their values at the beginning of the period: 
let the transformation which gives the values at the end of a period, (£, ? a , 
, ^ 2 ), m terms of the values at the beginning of the period, (&, f 2 > w i> ^a)* be 

?i = r n & 4- ri *£ a + 

?2 = r n & + ^22^+ 4 “ ^24^2, 

«1 — ^81 fl + fa + 4* 7 , 84' cr 2> 

^2 = r 41 lx + r 42 fa 4- r^x + 

Denote the transformation or matrix (r pq ) by R Then by (3), R trans- 
forms fxtsr/ + — f~i 70*1 - f a 't!r a into itself, and therefore 

fx w-l 4- W “ ““ fa 

= (r u fx + r ia fa 4- rxs®! + 7 14 -sr 2 ) (r 31 f/ 4- r^fa + r n ml + W) 

4- three similar products 
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Equating coefficients of etc m this equation, we have a set of equa- 
tions which are comprehended in the matrix-equation 

0 0 l 0\ 

0 0 0 1 

-10 0 0 
0 -1 0 0) 

0 — ^Sl r 12 — ~ 7 * 81 7*13 — r ll r 23^' r n r 33~^ r 2l r i.3 

- raj ru - r 2 i + ri 2 r 8 i + r 23 r 41 0 - rss r i 3 - »•« ^ + ’'12 + ^22 


The matrix on the right-hand side is equal to 



- r a r a 
~r a r n r w 
-»43 n> r n 
~r M r u 7w 


fru r xl r ls r uy 
nil r a r a r u 
r 3x r a j r n r u 
\r a r a r a r u 


or to 


fr n r n r„ r a \ 
r M ra, r„ r a 
r» r„ r„ r e 
\r u r M r u r«> 


0 0 1 0\ 

0 0 0 1 

-10 0 0 

6-1 0 0 ) 


fr u r J2 r„ r u \ 
r a r ffl r» r* 
r n r m r m r M 
\r a r a r« r„y 


Therefore denoting the matrix 



by 8, we have 8 — R'SR, where B! denotes the matrix conjugate to R, and 
therefore (22') _1 <=> /S22/9 -1 , 

This equation shews that (JR') -1 has the same latent roots as R, and 
therefore that JR -1 has the same latent roots as 22, and therefore that the set 
of the latent roots of 22 is the same as the set of their reciprocals the reciprocal 
of every latent root of 22 is itself a latent root of 22 Now if there exists a 
linear combination r\ ** et& + + yw, + 5w a of (£„, fa, «n, w,). such that its 

value rj after completing a period satisfies the equation 

7} ® \l] • • • • • * • * * *» (f)r 

then on writing down the equations which express this condition, it follows at 
once that X must be a latent root of the matrix 22, But as we have seen in 
the last article, any solution of the equations (1) is of the form 

l^S k (t) C (5), 

k V 


26—2 
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where the a fc ’s are the characteristic exponents and the 8 k s are periodic 
functions of t of period T, and equation (4) can be satisfied by an expression 
of the form (5) only when r) involves a single one of the characteristic exponents, 

Say *-**&(<) . -(6). 

Substituting from (6) in (4), we have 

\ = tfkT, 

so the latent roots of the matrix R are the quantities where the a k ’s are the 
characteristic exponents 

Thus the result that the set of latent roots of JR is the same as the set of 
their reciprocals now yields the theorem that when the differential equations 
form a Hamiltonian system , the characteristic exponents of any penodic solution 
may be arranged in pairs , the exponents of each pair being equal m magnitude 
but opposite m sign * 

From the results of this article and § 174 it is evident that in the motion 
of a particle m a plane under the action of conservative forces, the characteristic 
exponents of any periodic orbit are (0, 0, a, — a), where a is some number 

Example 1 Shew that , m the motion of a particle in a plane under the action of con- 
servative forces , if «,*, w n + 1 , u n+2 denote the normal displacements m an orbit adjacent to 
a known periodic orbit in three consecutive revolutions , the ratio k = (u n + 2 u n )ju n + 1 has 
a constant value , which is the same for all adjacent orbits . 

(Korteweg, Wiener Sitzungsber xcni (1886) ) 

This number k is called the index of stability of tho periodic orbit Let the characteristic 
exponents of the periodic orbit be (0, 0, a, — a) then the characteristic exponent a is con- 
nected with the index of stability k and the period T by the equation 

k— 2 cosh a 2 1 

Example 2 Shew that (so far as the question of stability is determined by considering 
small displacements) a periodic orbit w stable or not according as the associated index of 
stability is less or greater {in absolute value) than two 

This of course corresponds to the fact that the orbit is stable or unstable according as a is 
purely imaginary or not 

Example 3 Discuss the transitional case m which the index of stability has one of 
the values ± 2 shewing that the equation of the adjacent orbits is of one of the forms 

u^E 1 {<p(s) + s^(s)} + K 2 ^(s) 9 
u=‘E 1 (p(s) + E 2 ylr(s), 

where <fi and yjs either have the period S (denoting by s the arc m tho periodic orbit, when 
S denotes its complete length), or satisfy the equations 

<f>(s+S)=* -</>(*), yle(8+S)=-ylr(s), 

and that the known orbit may be either stable or unstable (Korteweg*) 


This theorem is due to Pomoard, M6c C61 1 (1892), p 193 
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178 The asymptotic solutions of § 170 deduced from the theoi y of charac- 
teristic exponents 

We shall now shew how those oibits of planets an the general relativity- 
thcory, which (§170) approach spirally to an asymptotic circular orbit, may be 
obtained by considering the characteristic exponents of this circular orbit 
Writing down the equations of motion, namely (§170) 

d / r' \ 1 «c a , 2 a rff , 

ds , a ) + 2 r a a 


and eliminating s and 6 between them, we obtain 
1 d } r 3a /dry lac a 
i“^" 2 ^(i_?yw + 2^ 

while from (2) and (3) we have 


r ff 1 = 0 

CD. 

5V 

r) 

(2), 

"-h ■ 

(8), 

aUgi 

ci-l Oi 

to 

II 

O 

(4), 


and differentiating this, 


r 3 dd 
a dt 
r 


& 

7c’ 


til’ dt dt 


dr dd 


1 - 


adt dt 


= 0 


.(5) 


Equations (4) and (o) are the equations of motion when r and 6 are taken .is 
dependent variables and t as independent variable If r = r 0 ({), 0 = 0 O ( t ) are 
the equations of an orbit, then m order to determine the small oscillations 
about this orbit we put 

r = r,(f) + f, 6*=0<,(t)+i), 

and neglect the squares and products of £ and rj The charactenstic exponents 
are found by solving the differential equations in £ and rj 

In particular, if the orbit is circular and of radius i 0 > w0 roust have 


and therefore by (4) 


^ = 0 and ^ = 0, when r = n> 
dt <w J 


r 0 3 d 0 2 = |ac 2 . 

The oquation in £ now becomes, after a simple reduction, 


.( 6 ) 
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It is evident from this equation that a circular orbit can be stable only 
when its radius is greatei than 3«, as we found m §170 When the radius is 
loss than 3a, the solution of equation (6) is of the form 


% = Ae % 



(7) 


The characteristic exponents being ± - tw0 ierms on ^ ie 

right-hand side of (7) correspond to the two types of asymptotic solution to the 
circular orbit, namely the type which approaches the circle by a mght-han e 
spiral and the type which approaches by a left-handed spiral It appeared from 
§ 170 that a planet moving away from the circular orbit in a right-handed 
spiral, when it attains a certain distance from the attracting centre, passes 
through an aphelion, after which it moves in again asymptotically towards the 
cucular orbit in a left-handed spiral but of course this fact cannot be inferred 
by the more consideration of characteristic exponents 


179. The characteristic exponents of “ordinary” and “singular” periodic 
solutions 

We have seen (§ 177) that in a dynamical system with two degrees of 
freedom, the characteristic exponents of any periodic orbit arc (0, 0, a, - a), 
where a is some number, and in the last article we have seen that for t o 
circular periodic orbits of a planet in general relativity-theory, whic are 
“singular” orbits, the quantity a is not zero On the other hand for the 
quasi -elliptic orbits (§170), which are “ordinary” orbits, and for which conse- 
quently the period is constant over a smgly-infimte sub-family, a is zero lms 
result is true for Hamiltonian systems with two degrees of freedom in general. 
for “ordinary” periodic solutions, all the characteristic exponents are zero • but 
for “ singular” periodic solutions, two exponents are zero and the other two are 
±a, where a is not zero and vanes continuously over the family of singular 
periodic solutions 


180. Lagrange’s thi ee particles 

We shall now consider specially certain periodic solutions of the problem 
of three bodies 

Let the equations of motion of the problem bo taken in the reduced form 
obtained in § 100, and lot us first enquire whether these equations admit of a 
particular solution in which the mutual distances of the bodies are invariable 
throughout the motion 


* CF Poincar^, il IOh Nour n §148 
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The mutual distances are 


{«* ~ lr+i£ H 3 - 3 ‘ ~ ~ 2 ^’,,, fA ^ 3 - 8111 + (i^5-‘ 3 ’f' 

“ d {^■' + 5+t(“ S3 '“ S2 ‘" t: ^ £i,s,11^ ■ 8m?, ) + (S^i^ 3, f ' 

it follows that, in the particular solution considered, the quantities 

_ A 2 — p? — ft 2 

gi, and cosg 8 cosg 4 sm^sin^ 

must be constant, and hence the functions Z7, 3 17/3^1 , dU/dq 2 must be constant, 
where IT = 

The equations 

A dH ft A 0// ft 

^ 0ft ^ 0ft 

shew that ft and ft must be permanently zero while the equations 

„ p a 2 317 _ dH pS JU 

3<Zi M?! 3 3?1 (/i 1 3?4 

shew that p 8 and p 4 must be constant 
Moreover, the equations 


0 =p* = - 


shew that the expressions 
9 (■ 


dH 

0 ?.’ 


0 = /4 - - 


dH 

<><li 


tq A 

9 / 

09 «v 

are zero, so wo have 


and 


» 2 p 2 \ 

cos 7 , cos q t - 2pfh Sin q> Sin f/ 7 

k" — Pa 2 — Uj 2 \ 

cos <p cos ft - 2 p ^4 Sin sln 


tan < 7 a cot < 7 , = cot ft tan ft = 


p.’+Pi*-^ 

2p.,p7 ’ 


and therefore p? + p 4 U " ^ = ± 2 ft ft, 

or /^ = (ft±ft) 2 , 

an equation which shews that the instantaneous pianos of motion of the 
bodies //, and p! coincide with the plane through these bodies and the origin 
in other words, the motion of pL and p! takes place m a plane and therefore 
the motion ofm 1} m iy takes place m a plane 

It follows that, the centre of giavity 0 of the s} r stem being supposed at 
rest, the particles nu , m, (which wo shall denote by P, Q, R ) must move 
m circular orbits round 0 We have now to see if such a motion is possible 

One condition which must obviously bo satisfied is that the resultant 
attiaction of any two of the particles on the thud must act in the line joining 
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_ f Thm condition is satisfied if the 

“r t‘«rr: i& Th s ** - - - - — 

line, it gives 

- in pro = £ir sm QRO, and two similar equations 

PR> QR’ 

But since 0 is the centre of gravity of the paiticles, we have 

m a sin PRO _ sm QPR QR 
m* sin QRO sin PQR PR’ 

.and this combined with the preceding equation gives PR=QR simi ar y wc 

Ae to »- S. oM^r, or *0 the /omrf ly 

them must be equilateral , j - 

Considering first the collmear case, let the distances of the bodies fro 

their centre of gravity (measured Xdi^^ lossmi’tho 

^ - - - - - 

conespondmg to circular motion round 0, we have 

= - rn 2 (O a - tti ) -2 - ( a s - <h)~ 2 < 

where n is the angular velocity of the line PQR, and similarly 
nh h = - (a, - aiT + «x <fi* ~ n ' a * = mi(a '" ^ + ( " J “ 

Fiom these equations we readily find 

{(i + ky - 1} + «. (i + w (*■ - 1) + «, w - a + m - o- 

where k denotes the ratio (a, - «*)/(«* " a 0 

This is a qumtic equation in k, with real coefficients Since the left-hand 
sule of the equation is negative when k is zero, and positive when *-♦ + •. 
there is at least one positive real root, such a root determines uniquely leal 
values lor the ratios a, a, and if » is given, the distances «„ «„ <», can 
be completely determined It follows that there are an infinite number of 
solutions of the problem of threnodies, in which the bodies remain always in a 
stuiiyht lie J constant distances fiom each other the straight line ro utes 
uni family, and when its angular velocity has been (arbitninly) assigned, the 
mutual distances of the bodies are determinate 

Considering next the equilateral case, lot a bo the length of one side of 
the triangle formed by the bodies, and let » bo its angular velocity, h.nee 
the foicc acting on m, is that which corresponds to a circular mbit immd 0, 

AVO lu\ C 

— cos PRO + ^7 cos QRO = n 1 OR, 
a® a 1 


a condition which reduces to 


m, + *ij+ «»i“ uW 
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The conditions relating to the motion of Q and of R reduce to the same 
equation and hence a motion of the kind indicated is possible, provided n 
and a are connected by this relation. Hence there are an infinite number of 
solutions of the problem of three bodies , m which the triangle formed by the 
bodies remains equilateral and of constant size, and rotates uniformly in the 
plane of the motion the angular velocity of its rotation can be arbitrarily 
assigned , and the size of the triangle is then determinate . 

The two particular types of motion which have now been found will be 
called Lagrange 9 s colltnear particles and Lagrange* s equidistant particles 
respectively* 

For more than a century after Lagrange's discovery, its interest was sup- 
posed to be purely theoretical But m 190G a new minor planet, 588 Achilles, 
was found to have a mean distance equal to that of Jupiter, and it was soon 
realised that the Sun, Jupiter, and Achilles constitute, approximately at 
any rate, an example of the Lagrangian equilateral-triangular configuration. 
Shortly afterwards came the discovery of three other Asteioids, 617 Patroclus, 
624 Hector, and 659 Nestor, which are in the same casef, and m the next 
25 years, six more Of this “ Trojan group, 5 ' five aie in longitude J upiter - 60°, 
and the other five m longitude Jupiter 4- 60° 

Example Shew that particular solutions of the problem of three bodies exist, m which 
the bodies are always oollinear or always equidistant, although the mutual distances nro 
not constant but are periodic functions of the time 

These are evidently periodic solutions of tho problem, and include Lagrange’s particles 
as a limiting case 


181. Stability of Lagrange's particles periodic orbits tn the vicinity . 

It has been observed that m the neighbourhood of any configuration 
of stable equilibrium or steady motion there exists in general a family of 
periodic solutions, namely the normal vibrations about the position of equili- 
brium or steady motion We shall now apply this idea to the case of the 
Lagrange’s-particle solution of the restricted problem of three bodies, and 
thereby obtain certain families of periodic orbits of the planetoid. 

Let S and / be the bodies of finite mass, m x and m* their masses, 0 their 
centre of gravity, n the angular velocity of SJ, x and y the coordinates of the 

* They were discovered by Lagrange m 177*2 Oeuvres de Lagrange , vi. p. 229 For references 
to extensions of these results to the problem of n bodies, of ray article in the Encyklopihlle d 
math Wiss vi 2, 12, p 529, to the papers there mentioned may be added E. O Lovett, diiwiff 
di Mat (3), xi (1904), p 1 , W R Longley, Bull A met . Math. Sac xm (1907), p, 824* and 
F. R, Moulton, Annals of Math xu (1910), p 1,0 Oarath^odory, Sits. Bayer Al Wiss H2 
(1933), p 257 

t Of F, J Lmdeis, Athivfdt Mat iv (1908), No *20 
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dx _ dJK dy _ dK 
dt du 9 dt Bv 9 


planetoid P when 0 is taken as origin and OJ as axis of x The equations of 
motion of the planetoid are (§ 162) 

du __ dK dv _ dK 

dt dx ’ dt dy ’ 

where K=\(u' + v*) + n{uy — vx) — rn^/SP - mfJP 

Let (a, l) denote the values of (x, y) m the position of relative equilibrium 
considered, so that for the colhnear case we have_6 = 0, and for the equidistant 

case we have a = //(** + mj, b . £ J31, where l denotes the distance 

SJ, so that (§ 46) 

mj + m 2 = nH* 

The values of u, v in the position of relative equilibrium are easily seen to 
be — nb and na respectively 

Wnte x — a + ^, y = b + rj, u = -nb + 6, v = na + tj>, 

where fc y 9, <j> are supposed to be small quantities neglecting a constant 
term, we have 

K=$(ffi + <l>*) + n( v 6-gcl>)-n*(aZ+b v ) 

On expanding and retaining only terms of the second order m the small 
quantities, we obtain an expression for K with which the equations for the 
vibrations about relative equilibrium can be formed we shall for definiteness 
consider vibrations about the equidistant configuration in this case the 
expression for K becomes 

K = i (& 1 + <f> 2 ) + n (y 8 — £<fi) 

n 2 _ 

“ 8 (m7+^) ^ + *"•)(£* + V a ) - 3m, (f + fdyf - 3 m a (£- V§ v) 2 } 


The equations of motion are 

dK d = ~— <j> = - dK 


t dK 
* dO • 


V = 


d<t>’ 3 £* r dy 

Solving these equations in the manner described in Chapter VII, we find 
that the period of a normal vibration is 2 t r/X, where X is a root of the equation 

X*-n*\* + where 

* TWi + TWs 

The two values of X s given by this equation will be positive provided they 
are real, since (f £ - k-) is positive and they will be real provided 4 (£$ — &*)< 1, 
or (m, + mf 1 >2 7 m 1 m, 2 , a relation which is satisfied provided one of the 
masses 8, J is at least about 25 times as large as the other When this condition 
is satisfied, there exist two families of periodic orbits of the planetoid m the 
vicinity of its equidistant configuration of relative equilibrium, the periods are, 
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to a first approximation, 2irj\ and 27 r/\ 2 , where X x 2 and V are the roots of 
the equation in X 2 , 

These orbits have been computed by various investigators by numerical 
integration 

Example. Show that, for one of tho modes of normal vibration of the planetoid in the 
vicinity of the equidistant configuration, tho constant of relative energy is greater than m 
the configuration of relative equilibrium, while for the other mode the constant is less than 
in tho configuration of relative equilibrium (Charlier ) 

A similar discussion leads to the result that the colhnecir Lagrange' $- 
particle configurations are unstable, but the equation for the periods of normal 
modes of vibration has always one real root , and consequently m the neigh- 
bourhood of a position of relative equilibrium of the planetoid on the line SJ 
there exists a family of unstable periodic orbits 

Those orbits have been computed by numerical integration 

Let S and J be the bodies of finite mass, and P the “point of libration” 



beyond /, at which the planetoid could remain at relative rest Then there 
is a sequence of periodic solutions as in the above diagram, leading (as the 
orbit enlarges) to an “orbit of ejection” discovered by Burrau, m which the 
planetoid collides with J and rebounds from it Beyond the orbit of ejection 
wo find orbits which have loops round /, and, as was shewn in 1924 by 
Strbmgron of the Copenhagen Observatory and his co-workers, after many 
changes of type we come back to tho original simple orbit round P, so that 
tho sequence returns into itself and we obtain a continuous complete closed 
set of periodic orbits, 

For further work on tho subject of orbits m tlic neighbourhood of tho Lagiange’s- 
particlo solutions and tho lcshicted pioblom of tliroo bodies goneially, cf the memoirs 
referred to on page 530 of my ai tide in tho Encyklopadie , and also E O Lovett, Atii 


412 


[OH. XV 


The General Theory of Orbits 

Hack, cm (1902), p 281, F R. Moulton, Proe IMS (2), xi (1912), p 367, Math. Ann 
t.ttttt (1912), p 441, Proe Inter Cong of Math. Cambridge, 1912, II p 182, and 
Periodic Orbits (Washington, 1920), which gives an account of researches by Moulton 
himself and by W D. McMillan, T Buck, D Buchanan, W R Longley, and F L Gnffin. 
various memoirs by E Haerrttl, G Pavanmi, L A H Wanen, ,T Ohazy, L Amoroso, 
J Fischer-Petersen, P Pedcisen, K Bohlin, W W Heinrich, A Wintrier, K Popoff, 
T Matukuma, M Martiu, N. Mmsseiev, Pull of the Sternberg State Action Inst vn 
(1936) and a long series of papers by E Stromgron and his school in the Publikationer 
fra Kobenhams Observatonum , the results of which aie collected in No 100 (1935) 


182 The stability of orbits as affected by terms of higher order in the 


Tn the present chapter, in our treatment of orbits adjacent to a given 
orbit or to a position of equilibrium, we have considered only an approximate 
solution of the equations of the varied orbit, since we have neglected the 
influence of all powers of the displacement above the first The effect of these 
neglected terms may however be of great importance, as may he seen from 


•( 1 ), 


the following example*. 

Consider the Hamiltonian system 

dxi_dS dak_dH dy l dH 

dt ~ by-i ’ dt ~ 0y, ’ dt 9% ’ 

where H = $\ (V + y, a ) - X (x? + y„ a ) + (*» - yt) - 2«h y, y,}- 

The first approximation, obtained by neglecting all powers of the variables 
above the first in the differential equations, is 


dy, dH 

dt ~ dx« 




^. l = _ 
dt 


X%, ^ = - 2Xy a , 


dy, 

dt ’ 




of Which the solution is 

A sm^Ai + e), y 1 ='-dcos(X^ + e ) 7 J3sin(2Xi + 7 ), Bco8(2\i-f 7 ), 
where A, j B, e, 7 are the arbitrary constants of integration This first 
approximation therefore suggests stability, and m fact merely a superposition 
of two simple-harmonic oscillations. 

It can however be verified without difficulty that the differential equations 
(1) admit the solution 

y *"«(7T7) coa(2xt+,y) - 

where e and 7 are arbitrary constants, and these equations represent orbits 
which are indefinitely near the ongm when and £-*►— 00, but which 

have infinite branches, all the coordinates becoming infinite as t approaches 


* Due toT, # Cherry* Tran$ Comb PktU 80 c. xxm (1926), p 199. 
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the arbitrary value - e The position of equilibrium at the origin is therefore 
unstable, m spite of being stable to the first order 

The general effect of the neglected terms of higher order on stability in 
dynamical systems has been considered by T Levi-Civita* and A R. Cigalaf 
and in a senes of memoirs by D J. KortewegJ and his pupil H J. K Beth§ 
Considering the oscillations about equilibrium of a system with any number 
of degrees of freedom, Korteweg shewed that if «„ s it denote the frequencies 
corresponding to infinitesimal oscillations in the different normal coordinates, 
then when 

Pi*i+P»«s+. 

is zero or very small (where p lt p%, .. are small integers, positive or negative) 
certain vibrations of higher order, which are usually of small intensity com- 
pared with the principal vibrations, may acquire an abnormally great intensity 
The most important cases occur when 

|Pi| + |p*l + .^4, 

these cases have been fully discussed by Beth 


183. Attractive and repellent regions of a field of force 
The general character of the motion of a conservative holonomic system 
is illustrated by a theorem which was given by Hadamard|| m 1897. For 
simplicity, we shall suppose that the system consists of a particle of nmt. 
mass, which is free to move on a given smooth surface under forces derivable 
from a potential energy function V, a similar result will readily be seen to 
hold for more complex Bystems 

Let (u, v) be two parameters which specify the position of the particle on 
the surface, and let the line-element on the surface be given by the equation 
(is* = Edu i + IFdudv + Gdv*, 


where (E, F, (?) are given functions of u and v The kinetic energy of the 

T-i{Eu-+W«i+Ch‘), 
and the Lagrangian equations of motion are 


d /3T\ 9T = _9F d/32\aT = _0F 

3 i\ 0 w/ du =x ~du' dt\dv) dv = dv ’ 

which can be written 


(EQ~F>) a. 


■ Q d Z+F d £+*(F 


du 


dv 


dF_ 

du 




djs 

du 




• Annati di Mat v (1901), p, 221. t Annalt di Mat. xi (1904), p 67 

$ Verhand. d K. Akad. v. Wetensch v. No. 8 (1S97) Archives Nierland (2), i (1897), p 229 
g Amsterdam Proe. xn. (1910), p. 618 and p. 735 im(1911),p 742 Archives Nierland. (2), iv 
(1910), p. 248- (8a), i. (1912), p 185 Phtl. Mag. (6), xtn (1913), p. 268 

II Joum. de Math (5), in p 881. Of Synge, Turns Amer Math Soc xxxiv. (1932), p 481 
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,dV ndv 


+-('S-*S) + '('S-**£ 

We have, by differentiation, 

. v 57. J>V 

t r_|V 

8m 3» 8m* 3m8v 


[OH. XV 




8«* 


Substituting for u and v their values from the preceding equations, we 


have 


where 


t—{EG-F‘r\n (f)‘ - i £+ 0 (f?)} ■ + 1 * («■ ■ •* 

+ F («*"+*'£"*£)}]* 


♦EM?-*©}]- 

+ |£+(»-rv£(w£ + »rg-*S) 

The quantities occurring in this equation can be expressed in terms of 
deformation-covanants *. The principal deformation-co variants connected 
with the surface whose line-element is given by the equation 
d& = Edu? + 2Fdudv + Gdv * 
are the differential parameters 


A (</>, f ) = {EG - F*)- 1 ^E 


d<f>d^fr 
dv dv 


-F 


,du dv 


M0^r\ 0^8ifl 

+ dv 8m y 8tt 8« } 


i, (« - (EG - F-)-* [i {(iff - *■)* (0 g - f 


where <f> and yjr are arbitrary functions of the variables u and v 

* The definition of a deformation-covan ant is given in the footnote on page 111. 
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With this notation, the preceding equation becomes 
t r = -A 1 (7) + 4> (w, v) 

Utilising the equation of energy 

Eu* + 2 Fuv + Ov* = 2 (h — V), 
and observing that the expression 

<E> (w, v) <E> (dV/dv, — 3 V/du) 

Eu? + 2Fuv +Qv* E(d V/dv)* -27(3 V/dv) (3 7/3 u) + (7 ( 3 V/du)* 
contains the quantity (udV/du + vdV/dv) as a factor, we can write 

7= - A t ( 7) + 2 (A ~ ^ } Iv + (Xu + V, 
where X and contain m their denominators only the quantity 


E 






and where Iy denotes the expression 

<e> (dV/dv, -a v/du)/(m - f*), 

we readily find that Iy can be expressed in the form 

J>- A 1 (F)A a (F)-JA{F,A 1 (F)} 

Consider, on the orbit of the particle, a point at which V has a minimum 
value, at such a point V is zero and V is positive as A^F) is essentially 
positive (since the line-element of the surface is a positive definite form), it 
follows that Iy£ 0, the inequality becoming an equality only when Aj(F) is 
zero, l e at an equilibrium-position of the particle 

As the particle describes any trajectory, the function V will either have 
an infinite number of successive maxima and minima (this is the general case) 
or (in exceptional cases) the function will, after passing some point of the 
orbit, vary continually m the same sense. Suppose first that the former of 
these alternatives is the true -one then if we divide the given surface into 
two regions, m which Iy is positive and negative respectively, it follows from 
what has been proved above that the former of these regions contains all the 
points of the orbit at which V has a minimum value, 1 e. it contains m general 
an infinite number of distinct parts of the orbit, each of finite length , whereas 
in the other region, for which Iy is negative, the particle cannot remain per- 
manently. These two parts of the surface are on this account called the 
attractive and repellent regions. Each of these regions exists m general, for 
it is easily found that any isolated point of the surface at which V is a mini- 
mum (l e any point where stable equilibrium is possible) is in an attractive 
region, and any point at which V is a maximum is in a repellent region* 

It is interesting to opmpare this result with that which corresponds to it in the motion 
of a particle with one degree of freedom, e g a particle which is free to move on a curve 
under the aotion of a force which depends only on the position of the particle In this case 
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the particle either ultimately travels an indefinite distance m one direction or oscillates 
about a position of stable equilibrium The attractive region, in motion with two degrees 
of freedom, corresponds to the position of stable equihbnum in motion with one degree of 
freedom 

Consider next the alternative supposition, namely that after some definite 
instant the variation of 7 is always in the same sense We shall suppose that 
the surface has no infinite sheets and is regular at all points, and that 7 is 
an everywhere regular function of position on the surface, so that, since the 
variation of 7 is always m the same sense, 7 must tend toward some definite 
finite limit, 7 and 7 tending to the limit zero Considering the equation 
7= — A x (7) +2 (/& — 7) ly/A i(7) +(A.u+/^) 7, 
we see that if A : (7) is not very small, X and p are finite and the last term 
on the right-hand side of the equation is infinitesimal, and consequently 
either there exist values of t as large as we please for which I v is positive (m 
which case the part of the orbit described m the attractive region is of length 
greater than any assignable quantity) or else A x (7) tends to zero. But 
Ai (7) can be zero only when dVjdu and dVjdv are zero, if therefore (as is in 
general the case) the surface possesses only a finite number of equilibrium 
positions, the particle will tend to one of these positions, with a velocity 
which tends to zero A position of equilibrium thus approached asymptotically 
must be a position of unstable equilibrium for the asymptotic motion re- 
versed is a motion m which the particle, being initially near the equilibrium 
position with a small velocity, does not remain in the neighbourhood of the 
equilibrium position, and this is inconsistent with the definition of stability 

Thus finally we obtain Hadamard’s theorem, which may be stated as 
follows If a 'particle is free to move on a surface which is everywhere regular 
and has no infinite sheets , the potential energy function being regular at dll 
points of the surface and having only a finite member of maxima and minima 
on it, either the part of the orbit described in the attractive region is of length 
greater than any assignable quantity , or else the orbit tends asymptotically to 
one of the positions of unstable equilibrium 

Example If all values of t from - ao to + ao are considered, show that tho particle must 
for part of its course be in the attractive region 

184. Application of the energy integral to the problem of stability 

A simple criterion for determining the character of a given form of motion 
of a dynamical system is often furnished by the equation of energy of the 
system Considering the case of a single particle of unit mass which moves 
m a plane under the influence of forces derived from a potential energy 
function V (x, y), the equation of energy can be written 

+ = V(a, y) 
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Now the branches of the curve V (%, y)*=h separate the plane into regions 
for which [V (x,y)-h] is respectively positive and negative, but a s (#+$») 
is essentially positive, an orbit for which the total energy is A can only exist in 
the regions for which V (#, y)<h If then the particle is at any time m the 
interior of a closed branch of the curve V (#, y) = A, it must always r emai n 
within this region The word stability is often applied to characterise types of 
motion m which the moving particle is confined to certain limited regions, and 
m this sense we may say that the motion of the particle m question is stable. 

The above method has been used by Hill*, Bohhn^, and Darwin J, chiefly 
in connexion with the restricted problem of three bodies. 

185 Application of integral-invariants to investigations of stability 

The term stability was applied m a different se lse by Poisson to a system which, m 
the lapse of time, returns infinitely often to positions indefinitely near to its original 
position, the intervening oscillations being of any magnitude It has been shewn by 
Poinoar6 that the theory of integral-invariants may be applied to the discussion of Poisson 
stability. 

Considering a system of differential equations 

^■«Z r (a? 1 ,a? 2 , ,#») > n )> 

for which j J j J 

is an integral-invariant, we regard these equations as defining the trajectory in n dimen- 
sions of a point P whose coordinates are (tf 1} x %y x n ) If the trajectories have no 
branches receding to an infinite distance from the origin, it may be shewn§ that if any 
small region R is taken m the space, there exist trajectories which traverse R infinitely 
often * and, in fact, the probability that a trajectory issuing from a point of R does not 
traverse this region infinitely often is zero, however small R may be. Pomcard has given 
several extensions of this method, and has shewn that under certain conditions it is 
applicable in the restricted problem of three bodies 

The development of this line of thought led to the ergodic theoiem, for which see 
Birkhoft; Bull Amer Math Soc xxxvm (1932), p 361, where references are given to the 
work of Birkhoft himself and of Koopman, Hopf, Wmtnei, and J v Neumann Of also 
T, Carleman, Ark Mat. Astr Fys 22 B, Nr 7 (1932) 


186 Synge?* “Geometry of Dynamics ” 

A brief account will now be given of recent work by Synge[j , m which dynamical 
problems are treated by aid of the tensor calculus. 

The motion of a dynamical system whose configurations are specified by N coordinates 
(q\ q \ ^ may bo thought of as the motion of a point in a manifold of N dimensions— 
the “ manifold of configurations.” If the kinetic energy of the system is given by 
(where the repetition of an index m a product implies summation of that 
index from 1 to jV), the infinitesimal 

d#~%Td£-a rm df'd<f 


* Amer Math, x (1878), p 70 + Acta Math *• < 1887 )» P* 109 

t Acta Math xxi. (1897), p 99 m 

| Pomcari, Acta Math, xm (1899), P 67 , Nouv Mich m Oh xxvn on Poincar6 s work on 

stability h la Poisson of E. Picard, Bull des sc math (2), xxxvm (1914), p 320 

« J li Synge, “On the Geometry of Dynamics,” Phil Trans A, 226 (1926), pp 81-106 For 
the essentials of the tensor calculus the reader is referred to Levi-Civita’s Absolute Differential 
Calculus (English translation), or to Eisenhart’s Riemanman Geometry 


W. D 
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is an invariant, defined by two adjacent configurations The square root of this quantity 
may be called the distance between the two configurations and the above form ^he 
kmlnatical line-element In the case of a particle of unit mass moving m space or on a 
surface the kinematical line-element so defined is precisely the ordinary geometrical line- 

element. 

The vector whose components are <f is called the velocity vector and the vector whose 
components are/', where fr=<r+{» r *}tf>'r, 

is called the acceleration vector It is easily seen (p 39) that the equations of motmnmay 
be written f'-=Q r , i e. acceleration-force Just as in particle dynamics the ^emtion 
vLtor can be resolved into components along the tangent and principal normal to the 
traieetory the components in these directions being respectively vdvjds and « «, where v 
rSSSl the velocity -4 * ■ firet ™ ture Th “ 

leads at once to a generalisation of Bonnet’s Theorem (p 94) 

The purely geometrical concept of the relative curvature of two curves in Biemannian 
space due to Lipka (Bull An ter Math Soo xxix (1923), p 346), thro^ further light on the 
question of Least Curvature (Chap ix) and leads to the theorem When a holorumic con- 
servative system is subjected to constraints , holonomio or non-holonomio, the natural constrained 
trajectory has, relative to the unconstrained natural trajectory with the same velocity vector, 
a smaller curvature than any other curve having the same tangent and satisfying the conditions 

of constraint 

When the methods of the tensor calculus are applied to non-holonomio systems, a 
determinate form of Lagrange’s equations is obtained A system of if equations of con- 
straint implies that the velocity vector must be perpendicular to a certain element of M 
dimensions It is always possible to choose M orthogonal unit vectors in this element , 
if these are denoted by Br h) , ** , , , the equations of motion may he written 

jldD - - Qr - (*W»<r + B tamW) 

where B^, for example, is the oovanant derivative of B (l ) m , 

Bi 

The application of the method is peihaps most interesting m treating the problem of 
the stability of a state of motion Two motions, the undisturbed and the disturbed, take 
place along neighbouring curves in the manifold If the distance between simultaneous 
configurations of the undisturbed and the disturbed motions remains permanently small, 
we say that the motion is stable m the kinematioal sense The infinitesimal disturbance' 
vector joining the undisturbed configuration to the corresponding disturbed configuration 
being denoted by rf, it is found that rf satisfies the equation 

=() > 

whore ~ 

— {"***} PA 

the mixed curvature tensor of the manifold, and 
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the accent * denotes the contravanant time-flux , viz 




The magnitude of the disturbance vector, defined as satisfies the equation 

V + V(G n n>tfi m 4 n M ~ £ 2 - § mn /x’V)==0, 


\jhere fi r is the unit vector codirectional with r; r , (l the magnitude of £ r and § mn the 
covanant derivative of Q m 


When the correspondence between configurations of the undistuibed and disturbed 
trajectories is not that of simultaneity but is defined by the condition that the disturbance 
vector T) r shall be normal to the undisturbed trajectory, permanent smallness of rj for this 
correspondence is called stability m the kineTnatico-stcitical sense In this case also 
differential equations for the components and magnitude of the disturbance vector have 
been given m the case of a conservative system In the case of two degrees of freedom we 
obtain 

fr+p(v 2 K+ F mw v TO v n +3vV)+2K8A==0, 

where ft is the magnitude of the disturbance vector (but here counted positive on one side 
of the undisturbed trajectory and negative on the other side), K the Gaussian curvature of 
the manifold, v r the unit vector along the normal, k the first curvature of the trajectory and bh 
the excess of the total energy in the disturbed motion over that m the undisturbed 
motion 


As long as we confine our attention to conservative systems and, m considering stability, 
think only of disturbances which do not change the total energy, the geometrical statement 
of dynamical problems assumes a simpler form when, instead of the kmematical line- 
element, we employ the action line-element, 

V)Tdt 2 =(h- V) an n dq m dp =g mn dq m dq\ 
where h denotes the total energy of the system 

For this lme-element the curves of natural motion are geodesics (curves of stationary 
length) by the Principle of Least Aotion (cf p 251), and their equations may be written 

3F*v»¥*-o 


In discussing questions of stability we have now to deal with the separation of two neigh- 
bouring geodesics. Corresponding points being those at equal (action) distances from 
assigned points on the two geodesios, the disturbance vector satisfies the equation 




where 




v ds +{ r " ds 


The ChristofFel symbols and curvature tensor are, of course, to be calculated for the action 
lme-element. For the magnitude of the disturbance vector we have 




In the case of a system with two degrees of freedom this gives 

^ + £ 0 - 0 , 

where ft is the magnitude of the disturbance vector (taken without loss of generality along 
the normal and affected with sign) and K the Gaussian curvature of the manifold calculated 
with respect to the action line-element 

27—2 
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187 Connexion with the theory of surface transformations 

The questions of integrability, stability, and the classification of various types of 
motion of a dynamical system with two degrees of freedom, have been studied by PoincarS 
and Birkhoff by a method which depends on the theory of the transformation of surfaces 
into themselves a full account of this method is given in two papers by Birkhoff, 
« Dynamical systems with two degrees of freedom,” Trans Amer . Math Soc xvm (1917), 
p 199 and “Surface transformations and their dynamical applications,” Acta Math xuii 
(1920) 

The topics studied in the present chapter are ti eated more fully in Birkhoff\s valuable 
woik Dynamical Systems {Amer Math Soc Coll Pub ix (1927)) and m Hussons Les 
trajectou es de la dynamique (Paris, 1932) 

Miscellaneous Examples 


1 Shew that the motion of a particle m an ellipse under the influence of two fixed 

Newtonian centres of force is stable. (Novikoff ) 

2 A particle of unit mass is free to move in a plane under the action of several 
centres of force which attract it according to the Newtonian law of the inverse square of 
the distance denoting the resulting potential energy of the particle by V{x^y\ shew that 
the integral 

t 

where the integration is taken over the interior of any periodic orbit for which the constant 
of energy has the value h (the centres of force being excluded from the field of integration 
by small circles of arbitrary infinitesimal radius), is equal to the number of centres of force 
enclosed by the orbit, diminished by two ( Monthly Notices HAS lxii p 186 ) 

3 Let a family of orbits m a plane be defined by a differential equation 

S=4(*,y), 

where (a, y) are the current rectangular coordinates of a point on an orbit of the family , 
and let hi denote the normal distance from the point (#, y) to some definite adjacent orbit 
of the family Shew that bn satisfies the equation 

d*bn ~ n 

+/8m=0, 


and t is a variable defined by the equation 

dx , 
— - = 1 
dt 


i by the equation 

<u + W * 


(Sheepshanks Astron Exam ) 


4 A particle moves under the influence of a repulsive force from a nxed centre shew 
that the path is always of a hyperbolic character, aud never surrounds the centre of force , 
that the asymptotes do not pass through the centre in the cases when the work, which has 
to he done against the force m order to bring the particle to its position from an infinite 
distance, has a finite value , but that when this work is infinitely great, the asymptotes 
pass through the centre, and the duration of the whole motion may be finite 

(Schouten.) 


5 Shew that in the motion of a particle on a fixed smooth surface under the influence 
of gra\ity, the curve of separation between the attractive and repellent regions of the 
surface is formed by the apparent horizontal contour of the surface, together with the locus 
of points at which an asymptotic direction is horizontal 
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6. A particle moves freely m space under the influence of two Newtonian centres of 
attraction , shew that when its constant of energy is negative, it describes a spiral curve 
round the line joining the centres, lemaming within a tubular region bounded by two 
ellipsoids of rotation and two hyperboloids of rotation, whose foci are the centres of force 
and that when the constant of energy is zero or positive, the particle describes a spiral 
path within a region which is bounded by an ellipsoid and two infinite sheets of hyper- 
boloids of the same confocal system (Bonacmi ) 

7 The necessary and sufficient condition m order that a two-parameter family of curves 
defined by a differential equation 

y,aO 

may be orbits of a system defined by equations of motion 


is that 


ay i+y* 


shall lie the total derivative of a function of x and y with lespect to x 

(P Frank and K Ogura ) 


8. In the motion of a particle in a plane under forces which depend only on its position, 
a one-parameter family of trajectories is obtained by starting particles at a given point in a 
given direction with all possible velocities Shew that the locus of the foci of the osculating 
parabolas is a ouole imaging through the point If the initial direction is t now varied, shew 
that the locus of the centres of the oo 1 circles obtained is a conic having the given point 
as focus and if the forces are conservative, this degenerates into a straight line counted 
twice. 


0* In order that a system of oo 5 space curves, of which oo 1 pass thiough every point 
in every direction, may bo identifiable with the system of trajectories of a particle in an 
arbitrary jiositional field of force, it is necossniy (but not sufficient) that the system 
should have the following properties 

(ft) The osculating pianos of the oo 2 curves passing through a given point form a 
pencil that m, all the pianos pass through a fixed direction 

(P) Tho osculating sphmos of the oo 1 ciuves passing through a given point m a given 
direction form a pencil : their centres thus he on a straight line 

10. Shew that the oo 8 curves of a natural family which moot any surface orthogonal 1) 
arc orthogonal tq oc 1 sui faces, that is, fonn a normal congruence (Tho surfaces m question 
are tho surfaces of equal Action ) (Hamilton ) 

11 Shew that tho property referred to m Ex 10 belongs exclusively to natural 
families. 

12 Tn order that a family of oo 4 curves m space may constitute a natural family of 
orbits, two properties aro nocossarj and sufficient, viz 

(a) If the osculating circles of those curves of the family which pass thiough a gi\ cn 
point p are constructed at that point, they have a second point P m common, and thus 
form a bundle Consequently, tluoo of the cuclcs m such a bundle have four-point contact 
with the corresponding curves 

(#) These three hyperosculatmg cuclcs will Iks mutually oithogonal 
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13 The only point-transformations which convert every natural family into a natural 
family are those belonging to the conformal group 

[Examples 8, 9, 11, 12, 13 above are taken from memoirs by E Kasner in the Trans- 
actions of ike Amer Math. Soc., 1906-1909 For further work in this direction the reader 
is referred to Professor Kasner’s Princeton Colloquium lectures on Differential Geometric 
Aspects of Dynamics ] 

14 Two sets of oo 1 curves in a plane, which form an orthogonal system, are orbits in 
a certain conservative field of force. If U denote the Action at any point (x^y) of a 
particle considered as moving on one of the first set of orbits, and V denote the Action at 
(x,y) when the particle is considered as moving on one of the second set of orbits, shew 
that U and V are conjugate functions of x and y and that the families of curves 
(I— constant, F= constant, are identical with the orbits 

(P G Tait and K Ogura ) 
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188. The need for senes which converge for all values of the time, 
Powicarfs series 

We have already observed (§ 32) that the differential equations of motion 
of a dy namical system can be solved in terms of series of ascending powers 
of the time measured from some fixed epoch, these series converge m general 
for values of t within some definite circle of convergence m the (-plane, and 
consequently will not furnish the values of the coordinates except for a limited 
interval of time By means of the process of analytic continuation* it would 
be possible to derive from these series successive sets of other power-senes, 
which would converge for values of the time outside this interval, but the 
process of continuation is too cumbrous to be of much use in practice, and the 
senes thus denved give no insight into the general character of the motion, 
or indication of the remote future of the system The efforts of investigators 
have therefore been directed to the problem of expressing the coordinates of a 
dynamical system by means of expansions which converge for all values of the 
time One method of achieving this result f is to apply a transformation to 
the (-plane. Assuming that the motion of the system is always regular (i e. that 
there are no collisions or other discontinuities, and that the coordinates are 
always finite), there will be no singularities of the system at points on the 
real axis in the (-plane, and the divergence of the power-senes in (-(, after a 
certain interval of time must therefore be due to the existence of singularities 
of the solution in the finite part of the (-plane but not on the real axis. Suppose 
that the singularity which is nearest to the real axis is at a distance h from 
the real axis, and let t be a new variable defined by the equation 


, , 2 ^. 
(-(„= — log 
7 r 


1 + T 
1 — T 


A band which extends to a distance h on either side of the real axis in the 
£~plane evidently corresponds to the interior of the circle |t| — 1 in the T-plane, 
the coordinates of the dynamical system are therefore regular functions of t 
at all points m the interior of this circle, and consequently they can be 

* Of Whittaker and Watson, Modem Analysts , § 5*5 
t Due to Poincar6, Acta Math iv. (1884), p 211 



424 


Integration by Series [oh. xyi 

expressed as power-senes m the variable r, convergent within this circle 
These series will therefore converge for all real values of r between — 1 and 1, 
i e for all real values of t between — oo and + oo Thus these senes are valid 
for all values of the time 

189 The regulamsation of the Problem of Three Bodies 
In the last article we made the reservation that there are to be no collisions 
or other discontinuities for real values of t The importance of collisions in 
the mathematical theory of the Problem of Three Bodies was first indicated 
by Pamlevd* who shewed that the motion of the bodies is regular (i e their 
coordinates are holomorphic functions of t) for all time, provided the initial 
conditions are not such that after a finite mterval of time two of the bodies 
collide The relations which must subsist between the initial values of the 
variables in order that a collision may ultimately happen between two of 
the three bodies have been discussed by Levi-Civitaf for the restricted problem 
of three bodies (when there is one such relation) and by BisconcimJ for the 
general problem, when there are two relations these relations are analytic, 
but they are expressed by somewhat complicated infinite series, and are not 
directly applicable except when the interval of time between the initial instant 
and the collision is sufficiently short 

A considerable advance was made when K F Sundman§ shewed that tho 
singularity of the differential equations which corresponds to a collision of two 
of the bodies is not of an essential character, and that it may in fact be 
removed altogether by making a suitable change of the independent variable 
that is to say, it is possible to choose the variables which specify the motion, 
and the independent variable, m such a way that the differential equations of 
motion arc legular even when two of the three bodies occupy coincident 
positions || It is thus possible to obtain a real prolongation of the motion 
after the collision f the coordinates can be specified for all values of tho timo t 
fiom — oo to 4- oo , whether collisions take place or not and a positive lower 
bound t can be assigned to the two greater of the mutual distances. There 

* Legoiw mi la tUGone anal dcs Gq diff , Pans, 1897, p 583 

\ Annalidi Mat (3) ix (1903), p 1, Comptes Renduf, cxxxvi (1903), pp 82,221 

% Ada Math xxx (1905), p 49 Cf also H Block, Medd fran Lunds Ohs., Series n , No C 
(1909), Aiktvf Mat Astr ochFys v (1909), No 9 

§ Acta Math xxxvi (1912), p 105 The essential features of the work wore originally 
published in Acta Socictatis Scient Fennicae in 1900 and 1909 It seems to have boon inspired 
largely by Pomcard’s theory of the umformisation of analytic functions cf Acta Math x\xi 
(1907), p 1 

II Levi-Civita regularised the differential equations of tho restricted problem of three bodies 
by an elementary transformation in Acta Math xxx (1906), p 306 , and in a later paper, Jlend, 
d Lincti, xxiv (1915), p 61, he extended this to the problem of three bodies in a plane Cf. also 
his paper m Acta Math xlii (1917), p 99 

H The variables can be expanded in asconding powers of (tx - t)&, where t\ represents tho 
instant of collision tho orbits have cusps at the point of impact 
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is only one case of exception, namely when all three bodies collide simul- 
taneously* but this can happen only in a very special type of motion, in which 
all the constants of angular momentum are zero together*. 

Disregarding this case of triple collision, Sundman introduced a new 
independent variable w defined by the equation 

dt = (l — e ^)(1 — e 1 ) (1 — « ^dwf, 

where r, , r* denote the three mutual distances, and l is the lower bound 
already mentioned. The coordinates of the bodies, and the are then 
holomorphic functions of w withm a band of finite breadth 2fl in the w-plane, 
bounded by two lines parallel to the real axis and on either side of it. There 
exists a continuous one-to-one correspondence between the real values of f and 
the real values of w, so that when t vanes from - oo to + oo , w likewise 
vanes from — oo to + oo 


Lastly, Sundman applied Poincare’s transformation 



1 +T 

1 — t' 


in order to transform the band in the w-plane into a circle of radius unity m 
the plane of a new vanable r The coordinates of the three bodies, and the 
time, are now holomorphic functions of r everywhere within the unit circle in 
the r- plane and therefore they can be expanded as convergent senes of powers 
of t for dll real values of the time, whether there are collisions or not: the 
case of triple collision alone being exceptedj 


190. Trigonometric senes. 


The senes discussed in the preceding articles are all open to the objection 
that they give no evident indication of the nature of the motion of the 
system after the lapse of a great interval of time they also throw no light on 
the number and character of the distinct types of motion which are possible 
in the problem : and the actual execution of the processes descnbed is attended 
with great difficulties. Under these circumstances we are led to investigate 
expansions of an altogether different type 

If m the solution of the problem of the simple pendulum (§ 44) we consider 
the oscillatory type of motion, and replace the elliptic function by its ex- 
pansion as a trigonometric senes §, we have 


sm \6 


2 w 5 (2s- l)irfi(t — t t ) 

2 K 


* This last fact had been known to Weierstrass 
then in one plane. 


of. Aeta Math xxxv p 66 The motion is 


iu III UUP VlVfcUP* * - 

t A simpler equation available m the restricted problem of three bodies was given by 

<J. Armellini, Comptee Rtndus, olvhi (1914), P 268 

j Of K. Popoff, Compte$ Rendu* , clxxxiii. (1926), p 472, and M.EivelioYiteh, Thise, Pans, 193 

§ Of. Whittaker and Watson, Modem Analystt, §22 6 
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where 0 denotes the inclination of the pendulum to the vertical at time t , 
K and t 0 may be regarded as the two arbitrary constants of the solution, and 
^ is a definite constant, while q denotes where K' is the complete 

elliptic integral complementary to K This expansion, each term of which 
is a trigonometric function of t, is valid for all time Moreover, when the 
constant q is not large, the first few terms of the series give a close approxi- 
mation to the motion for all values of i The circulatory type of motion 
of the pendulum may be similarly expressed by a trigonometric series of the 
same general character 

Turning now to Celestial Mechanics, we find that series of trigonometric 
terms have long been recognised as the most convenient method of expressing 
the coordinates of the members of the solar system, these series are of the 
type 

, n*C08 (n 1 6 l + 7^02 + .. +%#$), 

where the summation is taken over positive and negative integer values of 
n lt n 2 , , ft*, and 6 r is of the form Xrt+ e r , the quantities a, X, and e being 

constants Delaunay* shewed in 1860 that the coordinates of the moon can 
be expressed in this way, Newcomb f m 1874 obtained a similar result for 
the coordmates of the planets, and several later writers J have designed 
processes for the solution of the general Problem of the Three Bodies in this 
form, these processes are also applicable to other dynamical systems whose 
equations of motion are of a certain type resembling those of the Problem 
of Three Bodies In the following articles we shall give a method§ which 
is applicable to all dynamical systems and leads to solutions m the form of 
trigonometric senes 


191 . Removal of terms of the first degree from the energy function. 
Consider then a dynamical system, whose equations of motion are 


dq r __ dS dpr_ _ _ 

dt ~~dp r y dt dq r 


(r — 1, 2, . ri) y 


where the energy function H does not involve the time t explicitly 
The algebraic solution of the 2n simultaneous equations 


(r = 1, 2, .,*) 

dp r fyr 

will furnish m general one or more sets of values (oi, Oa, . , a* ; b lf b 2t 6 n ) 
for the variables (q u q 2> , , gw, jk, p»), and each of these sets of values 
will correspond to a form of equilibnum or (if the above equations are those 
of a reduced system) steady motion of the system 


* Thdone du mouvement dt la lune Pans, 1860 + Smithsonian Contributions , 1874 

X e.g Lmdstedt, Tisser&nd, and PomcarS 

§ Whittaker, Proc Land Math, Soc xxxiv (1902), p. 206 Proc BSE xxxvn (1916), 
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Let any one of these S et of values (a,, a a , . , a n , b u b 3> ,b n ) be selected, 
we shall shew how to find expansions which represent the solution of the 
problem when the motion is of a type terminated by this form of equilibrium 
or steady motion. Thus if the system considered were the simple pendulum, 
and the form of equilibrium chosen were that in which the pendulum hangs 
vertically downwards at rest, our aim would be to find series which would 
represent the solution of the pendulum problem when the motion is of the 
oscillatory type. 

Take then new variables ($', q t ', , q n \ p', ft ', , Pn % defined by the 
equations 


gv — Oy-f q T \ 

the equations of motion become 

dq£_dE 

dt dp r ' ’ 


p r = b r +p r ' 


dp/ = _3IT 
dt dq r ' 


(r = 1, 2, ,n), 
(r = 1, 2, ,n), 


and for sufficiently small values of the new variables the function H can be 
expanded as a multiple power series in the form 


H = H 3 + Hi + H^ + H% + , 


where JET* denotes terms homogeneous of the fcth degree in the variables 

(?/,?/, ,q n ',Pi, ,p n ') 

Since H„ does not contain any of the variables, it may be omitted and the 
fact that the differential equations are satisfied when (y,', qj, , q n \ p/, , p n ') 
are permanently zero requires that Hi should vanish identically The expansion 
of H therefore begins with the terms H 2 , which (suppressing the accents of 
the new variables) may be written in the form 

Hu * (Oiff-qr* + 2a rs q r q s ) + 2 + J2 (£rrpr~ ■+■ 2 o ri p r pt\ 


where a r , - a, r , c r , = c„, 

but bn is not necessarily equal to b, r If the terms H 3 , H it were neglected 
m comparison with H„ the equations would become those of a vibrational 
problem (Chapter VII). 

192. Determination of the normal coordinates by a contact-transformation 
We shall now apply a contact-transformation to the system in order to 
express H t in a simpler form*, — m fact, to obtain variables which correspond 
to normal coordinates for small vibrations of the system 


Consider the set of 2n equations 

9 \ 

sy r +■ gj - S-t (®j> ®s, > Hu >y»>) = 0 

— jaiy + 5 — Hi (®i, ujg , i y») = ® 

oy i 


*(r= 1, 2, ,,«) 


* In obtaining the transformation of this artiole a method is used which was suggested to the 
author by Dr Bromwich, and which furnishes the transformation more directly than the method 
originally devised 
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or — $y T = ftn&i 4 d n X 2 + 4 c&m x n + Vi + + ^ = 1,2, , , 7 ?.) 

8X r = bifOCi + b 2r X 2 4 4 b nr X n 4 O n y i 4* 4* CmJ/nj 

On solving these equations, we obtain for s the determinantal equation 
which m § 84 was denoted by f(s) = 0. we shall suppose that S 2 is a positive 
definite form, and (as in § 84) we shall denote the roots of the equation 
by ±is lt ±is 2j , ±is n3 the quantities s u s 2) , s n are all real, and for 

simplicity we shall suppose no two of them to be equal 

To each root there will correspond a set of values for the ratios of the 
quantities (x i} , x n) y Xi . , y n ), let the set which correspond to the root 
is r be denoted by ( v sc li rX 2) , A, r3/i> > r2/»), and let the set which corre- 

spond to the root - be denoted by (_r#i> -r& 2 , * > -A, -rVi> • > -»#*)> so 
that we have 

— %S r r yp — dpi fXi 4* dpi <yX 2 + ~\ m *dp U 4“ bp\ r^i 4* • 4“ bpn ryn > 

/ lS rr x p— bjp r#i 4 &2p r#2 4" . 4- b np rX n 4“ C pl r y Y 4- . 4 0^ r y n 

Multiply these equations by yc v and j \.y p respectively, add them, and sum with 
respect to p , we thus obtain the equation 

» 

l S r 2^ (rXp 0p ~ kXp rVp) = H ( T , k), 

where 

H (r, h) = Ou fXi kXi 4- a 12 yc 2 4- tfih ^ 2 ) 4 4 b n (r x i kV i 4 ifli r y i) + 

4 C n r J/i ley I 4 * * j 

so that H (r, k) is symmetrically related to r and k 
Interchanging r and k , we have 

n 

ISje 2 (k x p ryp &2//>) = -H" (?’, 7f), 

7>=1 

n 

and therefore (.s r 4 **) 2 (*#,, *,%>) = 0 

j>=i 

So, unless + $* is zero, we have 

n 

2 kVp k®p >Vp) 5=5 Qfc 

and consequently #(?,/>) is zero if s r 4s* is zero, wc have ^ = _ r r , p , 
iyp = -,y v , and therefore 

n 

lS r 2 -iVp ~~ — r2/l>) “ ^ 

/) = 1 

If now we define new variables (q\\q 2i ,qn,P\> ->Pn) by the equations 

7r = 4 4 4^1^(771 4 —iX r J) x 4“ 4 — ^ 2 . 

?>»=iy»?i' + ayr?/+ +»2/r(?»' +-i2/ip/+ r-_ ’ ’ ’ n ’ 

and if 8 and A denote any two independent inodes of variation, it is evident 

n n 

that the coefficient of Sq/Apt in 2 (Sqt&pi— AqiSpi) is 2 ( r xi -tf/i — -h^i r yi)> 

l — 1 ?=1 
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which is zero when r is not equal to k Thus 2 (B qi Ap t - A q t 8pi) contains no 
terms except such as (BqiAp/- Aq T 'Bpi), and'the coefficient of this term is 

n 

(^*-**2^ "* -r®iryi) Now hitherto the actual values of r^ttryi have not been 

fiKed, as only their ratios aie determined from their equations of definition, 
we may therefore choose their values so that 

n 

t (rffy -,yi - r yi) = 1 (» = 1, 2, , n), 

6=1 

nnd then wo shall have 


2 (Bq t Api - kqiSpi) = 2 (Bq/Api - A q r 'Bp r '), 

r - 1 

so that (§ 128) the transformation from the variables (q u , q n , p l: , p n ) 
to the vanables (qi, qi, , q n ', pi, , p,i) is a contact-transformation 
Moioovor, if m If„ we substitute for (q u q.,, , q n , p L , , p n ) m terms of 

(<?/, qi, ■ ■, qi, pi, • , Pn), we obtain 

if a = 2 H(r,—r) qip,' 

r=l 

n 

or = i s r q r p r 


Now apply to tho variables (qi, qi, , q,i, pi, 
transformation dofiued by the equations 

dW dW 


q r = 


0 pi" 


Pr = Wr 


, p n ') the contact- 

or 1,2, ,?0» 


where 


(pi'qi+i 

pal \ & r / 


which gives H t = f X (pi' 1 + s/qi' 1 ) 

r=l 

As all tho transformations concerned have been linear, we see that 
Hu, H A , will bo homogeneous polynomials of degrees 3, 4, in the new 
variables : and thus, omitting the accents, we have the result that the equations 
of motion of the dynamical system have been brought to the form 

*3'JZ, ‘‘ft— I® <r-l,S. ,»), 

dt dp r dt dq r 

where H = + Hi + , 

in which H r is a homogeneous polynomial of degree r m the variables , and m 
particular 

H % = \$(pr* + Sr 2 qr 2 ) 


r=l 


It is clear that if we neglect H 3 , E t , m comparison with H s , and 
integrate the equations, the solution obtained will be identical with that 
found m § 84. 
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193. Transformation to the trigonometric form of H 
The system will now be further transformed by applying to it a contact- 
transformation from the variables (q u q it , q n , p lt ,p n ) to new variables 
(?/, q t, , qn, Pi, , Pn')> defined by the equations 

, _0TF „ _dW /„ _ i a „\ 


(r — 1, 2, 


where 
so that 


'- r i [ 3 ;. K8 u. ( - 5 &- 4+ g i !2« rJ ; -iv=}i 


p r = (2s T qr)^smpr, q r =,(2q r ')^s r ^cos p r ', (r-1,2, ,n) 

The differential equations become 

dq£_dH dpf_ dH 2 

dt ~dp r " dt ~ tq; [ ’ ’ •’ h 


where 


H — S 1 q 1 + S 2 qi + . + Sn^n +-^8 + ^ 4 + •> 


and now H r denotes an aggregate of terms which are homogeneous of degree 
\r in the quantities q r ', and homogeneous of degree r in the quantities 

COS p r \ Sin p r ’ 


Since a product of powers of cos p r ', sin pf can be expressed as a sum of 
sines and cosines of angles of the form (rhPi +r> i p 2 ' + +n n p n '), where 
> n n have integer or zero values, it follows that H r can be expressed 
as the sum of a finite number of terms, each of the form 


qn m * cos Oijp/ + n e p a ' + +n n p n '), 

where m i + m,+ + = Jr, |n. r |$2i» r) 

and therefore |»i| + KI + ... + |m»|<r 

The function H is thus expressed in the form 


tt i «„ sin /t , . . 

H^A nunit ,nn +^2 + .+W*i> n ), 

where for each term we have 


|rti| + |*®a| + * 4 4* I < 2 (wij 4- Wl a + . H-WyjX 
and clearly the senes is absolutely convergent for all values of p x \ pj, . ,p n \ 
provided q x \ q s \ , q n ' do not exceed certain limits of magnitude. 

To avoid unnecessary complexity, we shall ignore the terms m 
sm (rtiPi -f 4- . . + 

as they are to be treated m the same way as the terms in 
co8(fi a ft / + n,jpi / + ^+n n p n f \ 

and their presence complicates, but does not in any important respect modify, 
the later developments 
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194. Other types of motion which lead to equations of the same form 
The equations which have now been obtained have been shewn to be 
applicable when the motion is of a type not far removed from a steady motion 
or an equilibrium-configuration, eg the oscillatory motion of the simple 
pendulum, or those types of motion of the Problem of Three Bodies which 
have been studied in §181. But these equations may be shewn to be 
applicable also to motion which is not of this character, and in particular to 
motion such as that of the planets round the sun, or the moon round the 
earth*. 

For let the equations of motion of the Problem of Three Bodies be taken 
m the form obtained in § 160, and let the contact-transformation which is 
defined by the equations 

dW , dW 


Pr = 

be applied to this system, where 


a<7r’ 


Pr — 


9 2 / 


(r=l, 2, 8, 4) 


V-j.s.+ 3 ,5,+J }- -^r- 

, fi> f 

I t w 



- 2 l ‘1 

& 

qi) 


The new variables can be interpreted in the following way. Suppose that at 
the instant t all the forces acting on the particle p oease, except a force of 
magnitude m l m a /g' 1 J directed to the origin, and let a be the semi-major axis 
and e the eccentricity of the ellipse described after this instant then 

qi = {m^fia (1 - e 8 )}^ qi = 

Further, if the lower limits of the integrals are suitably chosen, pi + q e is 
the true anomaly of p m its ellipse, and - pi is the mean anomaly. The 
variables qi, qi, pi, pi stand in a corresponding relation to the particle /*'. 

The equations of motion now take the form 

dqi dpi dH , . _ . .. 

dt~ty ?’ (r-1,2,8,4 ); 

when the particles m a and m, are supposed to be of small mass compared with 
to,, and are describing orbits of a planetary character about to,, it is readily 
found that H can be expanded in terms of the new variables in the form 
H - a», OA o + 2 ^, cos (n y pi + n t pi + n,pi +n t pi), 
where the coefficients a are functions of (qi, qi, qi, qi) only, the summation 
extends over positive and negative integer and zero values of «„ n^, «*, » 4 , 
and the coefficient 00 , 0 , 9,0 is much the most important part of the senes. As 
this expansion of H is of the same character as that obtained in § 193, it 
follows that the method of solution given in the following articles is applicable 
either to motion of the planetary type or to motion of the type studied m § 181. 

* Delaunay, Thtarit de la Lime , Tueerand, Armaltt dt I'Obt de ParU, Mfmoiru, xviu. (1886). 
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195 The problem of integration 

For simplicity we shall suppose in what follows that the system has only 
two degrees of freedom so that the equations to he integrated are 

dqi 3 H dq 2 _dH dp 1 3 H dp 2 _ 3 3 q\ 

dt dp i ' dt dp 2 ’ dt dq 1 ’ dt dq 2 

where the Hamiltonian function H can be expanded as an infinite series 
proceeding in powers of \/'q x and \/q 2 , and in trigonometric functions of 
multiples of pi and p 2 that is to say, in terms of the type 

cos (y Pi +jp a ), 

where m and n are integers (positive or zero) and i and ] are integers 
(positive or negative or zero) moreover, if we call (m + n) the “order” 
of a term, the terms of lowest order are linear in q x and q 2 and free from p 1 
and p 2 , so that they may be wntten (siq x +s 2 q 2 ), where s x and s 2 are constants 
Further, m— |*| is zero or an even integer, and n—\j\ is also zero or an even 
integer 

The Hamiltonian function H may therefore be expanded m the form 

H— s x q x + s 2 q 2 + H 2 + H t + H a + . (2), 

where H r denotes the terms of order r, so we may write 
H 4 =q$ ( t/jcosp, + U 2 cos3pi)+2i^ { bJ 2 cos p 2 + U i cos(2p l + p 2 ) + ?7 s cos (2p x — p a )} 
+ { D r l cospi+ ff r cos(2ft4i0 U B cos (2p a — pi)} + q$ { U„cosp 2 + U XI> cos 3p a }, 

and 

Ht - q x (Xi + X 2 cos 2pi + X, cos 4p x ) 

+ {Xi cos (pi +p 2 ) + X s cos (p x -pi) +X e cos (3 pi +p 2 ) + X 7 cos (3 p x — p a )} 

+ q x q 2 (Z 6 +X s cos 2 p x +X w cos 2p 2 +X n cos (2p a +2p a )+X ia cos (2pi~2p 2 )} 

+ {Xj 3 cos ( pi +- p 2 ) + Z 14 cos (pi —p 2 ) +X 15 cos (p x + 3p a ) + X u cos (p x — 3p s )} 

+q 2 i {Xi,+Xi B cos 2 p 2 +X x2 cos 4p 2 }, 
the coefficients U x , U 2 , . U», X x , X 2 , . X X2 being constants 

We know one integral of the differential equations (1), namely the integral 
of energy 

H (q x , q 2> Pi,p 2 ) = Constant 

and we know (§ 121) that if we can find one other integral, the system can be 
completely integrated 

It was shewn by the author in 1916* that this other integral can be found, 
but that it cannot m general be represented by a single analytical eapression 
which is valid for all values of the ratio s x /s 2 , or even for any finite range of 
values of sjs 2 m fact, it is necessary to distinguish three cases 

* Proe R S. Edm xsxm (1916), p 96 
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Case 1. Tho ratio 8 x /sj is an irrational number 

Case II. The ratio Sj/s 2 is a rational number, say equal to m/n (where 
m and n are integers and the fraction m/n is in its lowest terms) and terms 
m cos (np x - mp a ) are absent from E s . 

Case III The ratio s x jSi is a rational number, say equal to m/n, and terms 
m cos (np x — mp a ) are present in if. 

The integral which wc are seeking (and which we sh’all call the adelphic 
integral, for reasons which will appear later) always exists, but its analytic 
expression is different in these three cases , so that as ft/s a is continuously 
varied, tho form of tho adelphic integral is abruptly changed whenever Sijso 
passes from a rational to an irrational value, or conversely This is the 
ultimate fact which lies at the basis of Poincare’s celebrated theorem that 
tho senes of Colestial Mechanics, if they converge at all, cannot conyerge 
uniformly for all values of the' time on the one hand, and on the other hand 
for all values of the constants compnsed between certam limits 

We shall now determine the adelphic integral in each of these cases in 
turn. 


196. Determination of the adelphic integral in Case I 
Let us then first suppose that tho Hamiltonian function is expanded as 
m § 195, and that the ratio «,/«, is an irrational number We shall now shew 
how to set up formally a senes which, if it converges, is an integral of the 
system. 

If <f> (ft, q t , p X) p 3 ) = Constant is an integral, we must have (from the 
equations of motion) 

d±M urn _d$dH = „ (1) 

3ft 3 pi + 3ft 3 p a 3 p x 3 q x dp e dq, ' 

an equation which we may wnte (<£, H) = 0 

Let us see if this equation can be satisfied formally by a senes proceeding 
in ascending powers of fq x and Vft and tngonometric functions of p x and p t 
(like tho senes for if), whose terms of lowest order are («i ft -ft ft) 80 t ' iat 
we may write 

<f> s ftft -ftft + <f>> + <l>i+<l>e+ -> 


where <f> r denotes the terms which are of degree r in Vft and Vft 

Substituting in equation (1), and equating to zero the terms of lowest 
order, we have 

'deb* dd>8 dH, 3-ffs 

. a '£ +s ‘ir Si i$;- 8 *w* 

This evidently implies that to any term A cos (mjp, + np 2 ) in H t , there 
corresponds a term 8 — — — — A cos (mp x + np t ) m <f>a 80 *be value of <f > s 


W. D. 


28 
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may be written down at once Having thus determined <f> 3 , we equate to 
zero the terms in equation (1) which are of order 4 in V?i an ^ Vft ^is 
gives the equation 

' dd>t dHt dSj , , tt •. 

As the quantities on the right-hand side are all known, we can solve this 
equation for <£ 4 * m the same way as the preceding equation was solved for 
<f>j and thus combining our results we obtain for our integral senes <f> 

Constant =<£ 2 (ft— s a q t +qi® (Ui cos p^ 4- U t cos 3p t ) 

+ g,fl> ^008(2^+^)+!^ 17,008(2^1-^,) - 

+ 2i%|^fi cos i , i+ U 7 cos ( 2p a +^0 + 17 8 cos(2y a — pi)| 

+ 2^ U 3 cosp 2 - U^coaBpi ■ 

+*• [{sk^+sk w*.} 0 " 2 ** k+Jk =is 


+x, 


. . J„ 4 [ 22!jgi ±^ J.T*L C7- 8 CT 7 - /n - 6 ^ 3 g-w r, U t + U t U t 

2 1 9 2 4 * $ 2 (§ 1 4 2s a (2 5l $ 2 ) ($i 2.9 2 ) 


cos4px"| 


+^u.u.-u,u. + ^ U> U, + ^ V, U.+ (., -.JX.} 


2^i 4" $2 


2fij 4* ^2 


6 s 2 
2$ X *"• #2 


+g g^ U-^ ko 

+ ^n.H^-eOX.\ 

w+ sk w '- ,w 


-vk l7 ' !r ' +( **' + * o:r '} 


* the equation for will not have a solution of the desired form unless on the right the 
coefficients of qf , qm . 2a 2 are aU zero, since terms of this form in fa are annulled by the operator 

S t A +* 2 JL It 1B easy to verify that these terms are in fact absent from *1 d J^ 9 ^ and 

from {fa , H 8 ). The same point arises m the equations for fa, fa, for a general discussion of 
these “critical”' terms, cf T M Cherry, Proc Camb Phil Soc, xm (1924), pp $25,510 
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W * + RT dfc=53 ^ 


+0082a W* 5S^ «wi 

+ -»,)(!•,+*) °* 17 ' _x ”} 


•^ w *-s^ ir * 0 '- +x j 

__ TT T1 

Si — 2# 2 


COS (2 px + 2ff a ) 


>W+i=SE «W-& WU<*-*«^ 

cos(2 Pl -2 ?s )j +2 Sl „„ 6«j 4 s 2 „ „ 

+ 2*-2s, 

_ s^h a UlU? ~2^l ^^+(2s 1 +2 5a )X M | 


+ 


$1 + $i l 


Si ■"“ 2^g 


+ - - -^l-^{- U ' U " + £% TO-DilT. 

+ ?22£±«{ + iW.-A 

+ ^ [{vTSi r,cr,+ v^Si rr * Er ‘ _Xl, | c “ 2ft 

+ls=5^^ w *- z 4 K * 4l, ‘] 

+ terms of the 5th and higher orders m V?i and V?a ••• •• (2) 

The terms of higher order in the series may be determined in the same 
•way as the terms in <f>, and <f> t , and we thus obtain the complete expansion 
of A. 


88—2 
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We may note that instead of assuming as tho lowest term 

of our integral, we might have assumed q u or <fe, or any linear function 
of 5 j and q 2 , the integral then obtained would be merely a linear combina- 
tion of our integral (2) with the integral of energy, whose lowest terms 
are (s.q. + s^q,) 

We may further note that in the above process, when finding cf> 4) we 
may if we please add to ft any terms of the form «<fr 2 + /3g , ig , s + <y? 3 1 > where 
a, fi, y are constants, for these terms are annulled by the operator 

( ft \ 

Sl _ + s 2 — ), and therefore <f> 4 satisfies its differential equation just as well 
dpi op2' 

when these terms are present as when they are absent The introduction of 
these terms into <f> 4 will cause changes in the terms of higher order — in 
<f> B) <f>e, etc and the sum total of all the changes will merely amount to adding 
to our function <f> a quadratic function of the two integrals which we know, 
namely, the integral of energy and the integral (2) itself 

Similarly we may add any terms of the form (aq* + /3qiqt + + $q 2 *) 

to <f> 6 the ultimate effect is merely to add to our integral a cubic function 
of itself and the integral of energy There is evidently nothing to be gained 
by doing this, and we may therefore omit these arbitrary terms m <£ 4 , <£ 0 , <j!> e , . 

197 An example of the adelphic integral %n Case I 

As an example, consider the motion of a particle of unit mass in a field 
when the potential energy is (with rectangular coordinates x and y) 

1 + 3# 

3(1 -f- 2o? + # 51 + 

or (expanding) a? + %y 2 - fro® - xf -4 bo? - gy 4 + terms of the 5th order, so 
that the origin is a position of equilibrium We shall study orbits near to this 
equilibrium position 

If we make the contact- transformation 

x = 2%^ sin p u x- 2%^ cos p u 

y = 2 V sm Pi> y = 2 y cos p 3 , 

the system is now specified by the Hamiltonian function 

H = sm 2 ^! + q 2 sm a p 2 1 + 3. 2^^ c os ft f 

. 3 (1 + 2* cos p x -l- 2* q x cos 3 pi + 2^ a cos 3 p a r 

or expanding, 

5 = 2^4*22+2^ (- cos Pi - ^ cos dpi) 

+ 2.~i qfa {- 2cosp,- cos (p, + 2p t ) - cos (p, - 2p s )} + . .(1). 
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The corresponding adelphic integral, obtained by substituting ,n formula (2) 
of the last article, is 

Constant = s 2*g, - q, + 2%& (- cos p, - J cos 3 Pl ) 

+ * ' V?. I” 2 cosp, + (1 - Sy cos (p, + 2p a ) + (1 + V2) a cos (p, - 2p a )} + 

(2) 

Now it may be venfied readily by differentiation that this dynamical system 
possesses the integral 

Constant = ($„* sin p 2 + 2 V ?l * sinp 2 cosp, - 2%^ S in p l cosp 2 )’ 

_ 1 + 2^ cos pi 

(1 + 2* ft i cos p 2 + 2^! cos a p! + 2j s cos 2 p 2 )- ’ 
which when expanded takes the form 
Constant = q % + 2 ~i (1 - V2) q l 1 q t cos (p, + 2p 2 ) 

- (1 + VI) ? a cos (p, - 2p 2 ) + . . (3) 

It is evident, on comparing the series, that the series (2) is what would 
be obtained by subtracting twice the series (3) from the senes (1), which 
represents the integral of energy This shews that for the paiticular 
dynamical system wo are considering, the ^-series (2) is identical with the 
expansion, formed by ordinary algebraic and trigonometric processes under 
conditions which ensure convergence, of a known integral and the con- 
vergence of the senes (2), for sufficiently small values of \lcp and \Jq lt is theieby 
established for this paiticular system 

198 , The question of convergence. 

For particular dynamical systems such as that considci ed in the last aiticle, 
the convergence of the adolphic-intcgral senes (2) of §196 can be piovcd, foi 
sufficiently Bmall values of and q 2 , so long as the ratio «i/s 2 is an u rational 
number. No proof of convergence applicable to the most general case, has 
yet been devised, and the procedure of § 196 must theicfore be regarded, m 
the present state of the subject, meiely as a method of constiucting a fonnal 
series, whoso convergence must be investigated sepaiately m the case of each 
particular dynamical system to which tho method is applied In all such 
paiticulai systems examined hitherto, tho senes is convoigent and the 
following considerations may bo adduced in suppoit of the opinion that the 
convergence is general. 

Since tho ratio ejsj is an irrational numbei, none of the denominatois 
(s.+s 2 ), (2s,+s a ),(2s,-s a ), (s, + 2s 2 ), (&,+«„), can vanish, and there- 

fore no term of tho series can be infinite. The series is a powci -senes in 
Vtfi and fq it and it has been derived from anothei absolutely conveigent 
powcr-Bcries in fq t and V(/i> namely, tho series foi II, by opeiations which are 
of an ordinary algebraical and tugonomctrical combinatory chuiactei , except 


. 1 1 
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as regards the operation of introducing the divisors of the type (rns x + ns a ) 
(where m and n are positive or negative integers) in the integrations. We 
may therefore expect that the senes will converge for sufficiently small values 
of and Vffaj unless the smallness of some of these divisors causes the senes 
to diverge for all values of and however small Now the values of 
the integers m and n may indeed be so chosen that the divisor ( m$i + ns a ) may 
be as small as we please , but | m | and |n| are then large, and since \m\ and \n 
are not greater than the order of the term, this small divisor can occur only 
m a term of high order, where it will be more or less neutralised by the high 
powers of *Jq x and and it was in fact shewn many yearn ago by Bruns # 
that this state of things is consistent with the absolute convergence of a senes 
The example given by Bruns was the senes 

CO oo /v fffc/y n 

% 2 

m=l» s lWl-w4 

where q x and q 2 are proper fractions and A is a positive irrational number 
which is an algebraic number, l e a root of an irreducible algebraic equation 
A*+G 1 A*- 1 +G 2 A>->+ . , + 0, 

with integer coefficients G . If we multiply the numerator and denominator 
of any term m Bruns’ series by 

(m— nA!) ( m-nA ")..., 

where A\ A’\ are the other roots of the algebraic equation, then the 
denominator becomes a polynomial m m and n with integer coefficients . and 
as it is never zero, it must he at least equal to unity while in the numerator 
we now have a polynomial in m and n of degree ( s - 1). whence it follows at 
once that Bruns’ senes converges 

The adelphic-mtegral senes (2) of § 196 is much more complicated than 
Bruns’ senes and although the analogy so far as it goes is favourable to the 
convergence of (2), yet our opinion must rest mainly on the undoubted con- 
vergence of (2) in the case of particular systems where a test is possible. 

199 . Use of the adelphic integral in order to complete the integration , 

Still restricting ourselves to Case I, m which the ratio Si\s % is an irrational 
number, we now know two integrals of the dynamical system, namely, the 
integral of energy (which is obtained by equating the Hamiltonian function 
to a constant) and the adelphic integral expressed by equation (2) of § 196. 
Now it is known (§121) that if, m any conservative holonomic dynamical 
system with two degrees of freedom, we know one integral m addition to the 
integral of energy, the system can be completely integrated, i.e we can find 
expressions for the coordinates and momenta (q u q 2l p ly p^) in terms of the 

* Astr Nach era. (1884), p. 215 Cf. also W J MacMillan, Free, Nat Ac Sc i. (1915), p. 487 
and Bull. Am M 8 xxn (1915), p 26 
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time and 4 arbitrary constants of integration. We shall now perform this 
process 

If we add the integral of energy to the adelphic integral (2) of § 196, and 
divide throughout by 2$ lf we obtain 

Z x = q 1 + q$ . - Ux cos p x + - 27 fi cos 3jp x i 

+M** U< cos (2 Pl + Pi ) + U> cos (2 Pl -p 2 ) ■ 

+ qh* £ U 6 cos p, + ~ 2 s- U 7 cos (2p s + p,) + U B cos (2p 2 -p0| 

+ terms of the 4th and higher orders, 
where k denotes an arbitrary constant. 

Similarly by subtracting the adelphic integral from the integial of energy, 
and dividing by s 2 , we obtain 

k =? 5 + Ma* ■ j U , cos P t + 2 ^ — U 4 cos (2pi + jp 2 ) - cos (2 Pl - p 2 )j 

+ qS> U? cos ( 2p a + Pl )~ U t cos (2p, - Pl ) ■ 

+ q$ {- U . cos p a + - U w cos 3p a ■ + terms of the 4th and higher orders, 

(Sa , 

where k represents a second arbitrary constant. 

It is an easy matter to obtain c P and g 2 from these equations in terms of 
(k, h, P u P i) by successive approximation in fact, the first approximation gives 
qi = k,qt-k, and the second approximation gives 

q^k- k* U x cob Pi + ~ Z7 s cos3pi| 

- kk k ft cos (2 Pl + p a ) + 2fi ~- ^ cos (2p, -p a )j 

- kK {]■ ft cos Pl + — ft cos (2p„ + Pl ) + ^ ft cos (2p a - p,)j 
+ terms of the 4th and higher order in >Jk and \ft, 

V, 00.(2 

- Z a - {- Us COS p t + 7 fto cos 3p a ■ 

($2 02 

-f terms of the 4th and higher older in VA aT ^ 
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Now we know (§ 121) that the expressions thus found for q x and q 2 must 
be the partial differential coefficients with respect to p x and p* of some function 
of (Ji, h,Pu Pt) and, in fact, we have obviously 

dW _dW 

where 

W=l x p x + kp* - i* 0i sin Pi + ^ u * sin 3p x ) 

|i V,-.mp,+^ v7 U,am(2p, +!>,)+ S ^ V.Bnfift-ft)} 

- |j U 9 sin pi + U w sin 3p a j 

+ terms of the 4th and higher orders in i/k and >Jh 
The terms in which p x and p a occur otherwise than in the arguments of 
trigonometric functions are 

p 1 (7j + terms of the 4th and higher order in *Jl x and *A)> 

+ Pi (Zj 4" „ » » » ^ 

Denote the coefficients of p x and p a in this expression by a x and a* respec- 
tively express l x and k in terms of «, and a, by reversion of senes, and replace 
l x and l 2 throughout m the series for W by these values in terms of a, and a, ; 
so that we now have 


W = a>px + a iPl - afi (j- U x sin p x + ^ U t sm Sp,) 

- a,o^ |i U,sm Ps 2^f7 a U < sin + A) + 2s^Si Ul 8U1 ^ Pl ~ 

- a)cii jj £T„ sin p x + U, sin (2p a + p x ) + U t sm (2 p x - p,)} 


- «./ U t smp a + ^ U x o sin 3p a j 

+ terms of the 4th and higher orders m v'«i and V« a . . . (I), 

and now p x and p 2 do not occur except in the arguments of tngonometric 
functions and m the terms («i p x + h a p a ) 

Now the equations 


dW 



dW a _dW a _dw 

38 " dp 2 ’ A aai’ A a« 2 


define a contact-transformation from the variables (q x , q t , p x , p a ) to the 
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variables (a u a,, &, &) so in terms of these new variables the diffeiential 
equations take the form 

■ doii __ dH da,_dH d& dH dfi,_ dH 

dt~dfii’ dt~dft,’ dt ~ 3a! ’ dt~ da, 


But we know that a L = Constant and a 8 = Constant are- two, of the integrals 
of the system, since l, and l, are constant and therefore 


dH 


- 0 , 


dH 

0ft 


= 0, 


so when H is expressed in terms of fa, a,, $i, 0,), it will be found to involve 
ai and a, only*, and then the equations 

d§x = _dH dfi, = _dH 
dt 5ai ’ dt da. 


give 



3.5(« 1 ,a 3 ) 

3ai 

dHfafa) 

da. 


t H“ 6i 
t +e s 


\ 


( 2 ), 


where e, and e, are arbitrary constants 

Thus we have the complete solution of the dynamical system expiesscd 
by the equations 

dW_ dW_ 

d P r qu dp, ~ 

dW_ dHfa,a,) dW _ dHfa , _ 
da x 0 ^~' t + e " 0 ^ VST + 


where W is given by equation (1), and the four arbitrary constants of 
integration are (a lf cr 2 > e u e 2 ) On referring to the form of W, we see that 
these equations enable us to express q x and q t as purely trigonometric series, 
the arguments of the trigonometric functions being of the form 

mjSj+wA, 

where m and n are mfccgora (positive, negative, or zero) and where and 
& are linear functions of the time, given by equations (2) We have thus 
obtained expressions for the coordinates in terms of the time, by means of sei ies 
m which the time occurs only in the arguments of trigonometric functions each 
coordinate is, in fact, represented by a series whose terms are of the form 

a mn cos (m& + n&), 

where m and n are integers ( positive , negative , or zero), the coefficients a mn are 


* We may remark that Jfstjn j + f-Heua 3 -f £#0*®+ , there being no terms of 

order a* 
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functions of two of the constants of integration, «j and a „ only, and the angles 
ft and ft are defined by equations 

ft = +■ 6i, ft = fat+Sa, 

where fa and fa are functions of and ofe only, and and e a are the two 
remaining constants of integration 

200 The fundamental property of the adelphic integral. 

Periodic solutions of the dynamical system evidently arise when the con- 
stants and are such that ^ is commensurable with fx 2 the period of the 
solution is then 2w/jr, where v is the largest quantity of which and are 
integer multiples 

Suppose then that a x and Oa have such values Then if the constant e! be 
varied continuously, we obtain a family of periodic solutions, each having the 
same period (since this does not depend on € x ) The constant of energy 
depends only on cti and a z , and is therefore the same for each of these 
periodic solutions The family is therefore a family of “ordinary” periodic 
solutions (§172). 

It might hastily be supposed that by varying e 2 as well as e 1 we should 
get a family of oo s periodic solutions But it is easily seen that the trans- 
formation which is obtained by varying e 2 may be obtained by combining the 
transformation which consists m varying e 1 with that which consists in adding 
a small constant to t Now this latter transformation merely transforms every 
orbit into itself (each point being displaced m the direction of the tangent to 
the orbit), and so may be disregarded The e 1 and e a transformations are there- 
fore to be regarded as not distinct from each other* 

Consider, then, those infinitesimal transformations which change each 
trajectory of the system into an adjacent trajectory, m such a way that every 
ordinary periodic solution is changed into an adjacent periodic solution of the 
same family , i e having the same period and the same constant of energy. In 
the notation we have just been using, this transformation corresponds to a 
small change in e a This transformation will be called the adelphic transforma- 
tion! The adelphic transformation changes any solution of the dynamical 
system, whether periodic or not, into one of oo 1 other solutions which stand 
in a particularly close relation to it, being m fact derived from it by a change 
of the constant e x only 

Now, referring to the formulae of the last article, it is evident that a change 
m e lt in which the other constants of integration (e 2 , a u a*) are left unaltered, 
does not affect either of the constants k and l 2 (since these depend only on a % 

* The only case of exception is when all the orbits of the system are periodic 

f From &Se\<pLKot } brotherly , because these orbits stand in very close relation to each other, 
and also because the integral corresponding to the transformation stands m a much closer relation 
to the integral of energy than do the other integrals of the system 
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and a*) and therefore does not affect the constant of the adelphic integral or 
the constant of energy this shews that all the orbits, which differ from each 
other only in having different values of the constant ei, have the same values 
for the constant of the adelphic integral and the constant of energy, and 
hence that the infinitesimal transformation, which corresponds (§ 144) to the 
adelphic integral, transforms these orbits into each other that is to say, the 
adelphic integral is the integral which corresponds to the adelphic transforma- 
tion. This is the fundamental property of the adelphic integral. 

As there is only one really distinct adelphic transformation of a giVen 
dynamical system with two degrees of freedom, so there is only one really 
distinct adelphic integral all other adelphic integrals may be obtained from 
this by combining it m various ways with the integral of energy* 

In practically all the known soluble problems of dynamics with two degrees 
of freedom, the integral which enables us to effect the solution is an adelphic 
integral Thus, when the trajectories are the geodesics on an ellipsoid, the 
adelphic integral is the equation pd = Constant When the problem is that 
of two centres of gravitation, the adelphic integral is Euler’s integral of that 
problem When the solubility of the problem is due to the presence of an 
ignorable coordinate, say q s , the corresponding integral (namely p 2 = Constant) 
is adelphic. 

201 Determination of the adelphic integral in Case II. 

We now proceed to the discussion of “Case II,” in which the ratio sjs a is 
a rational number (say equal to m/n), but no term m cos (np l — mp a ) is present 
among the third-order terms in the Hamiltonian function H Certain terms 
of the series (2) of § 196 now contain in their denominators the faotor (ns* - ms t ), 
which vanishes since sjs 3 = mjn and therefore the series (2) as it stands 
cannot converge in Case II, unless the terms whnih have zero denominators 
have numerators which also vanish We have heie come upon the real root 
of the principal difficulty of Celestial Mechanics, by removing it here, so as 
to obtain a valid adelphic integral in Cases II add III, we shall be enabled to 
remove it from the whole subject 

To fix ldoas, we shall suppose that e, = 2, s a = 1, so that sjs^ has the rational 
value 2, and the denominator (s, - 2s*), which occurs frequently m the senes 
(2) of § 196, is zero 

In this case the equation for <p 3 becomes 

2 9£ 3 , „ dHj _ dHj 

3pi 3 ’ 

* The integral of energy corresponds to that infinitesimal transformation which changes every 
orbit into itself, each point of an orbit being displaced in the direction of the tangent, to the 
orbit. 
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takes the 




and indeed the equation for any one of the functions fa, fa, fa, 
form 

2 = a known sum of terms of the type qfi m 'q£ n sm (hp, + Ip*) 

Now in integrating the differential equations for fa, fa, • • m §196, we 
used only the “particular integral,” which corresponds term-by-term to the 
known function on the right-hand side of the equation so that, e g , the into- 
gral of the equation. 

„ Qfa I P, 5< fr 3 — 

1 0pi + 85 

would be taken to be 

fa = -^T «osp x 

Ol 

The reason for this was that the “complementary function,” or arbitrary part 
of the solution of the differential equation, is a function of (s*Pi - s x p a ), and^so 
does not contain terms of the type appropriate to fa. But when s, = 2, s s - 1, 
the arbitrary part of the solution of the differential equation does contain terms 
of the type proper to fa, and these must be taken account of, so that we must 
take the integral of the equation 

2^ + 1^ = ?^ sm Pi 
op, opt 

to be 

fa = - cos pi + aqsq* cos (p L - 2 p 2 ), 

where a is an arbitrary constant In this way we obtain terms with arbitrary 
coefficients m fa, fa, fa , . and these arbitrary coefficients must be chosen in 
such a way as to remove terms with vanishing denominators from the subsequent y 
detei mined part of <f> This principle enables us to obtain, in Caso II, an 
adclphic integral free from vanishing denominators 

202 An example of the adelphio integral in Case II 
We shall now illustrate the working of this principle by an example. 
Consider the dynamical system which is specified by the Hamiltonian function 

H — 2 (j, sin 2 pi + q t sin 2 pa + ■ 


2 (1 + 2 cos p, + q, cos s pi + cos 2 p s ) a 

1 + q$ cos pi 


( 1 ) 


(1 + 2q$ cos pi + 2i cos 2 p! + 2 cos 2 p*)- J 
If this be expanded in ascending powers of V q, and wc obtain 

H = 2q l + q t + q^ (- # cos p, - § cos 3pi) + Sfi*(£jr + ¥ cos 2 2h + ?il cos 4 .P‘) 

+ 2)?a (_3_B cos 2pi - 3 cos 2p a - § cos (2p x + 2p.) - 1 cos (2p, - 2 !p,)} 

+ Ss 2 (- to - 1 cos 2 P* ~ fV cos 

+ terms of the 5th and higher order in *Jq, and V <ii, 
so that in this case «i = 2, s a = 1 
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As explained at the end of § 196, we may assume that the lowest tenn of 
the .idelphic integral is simply q,. Then if we wnte 

4> — ft + <£j + <P* + $o +■ 
the equation to detoinune 6 3 is 

o 3& dfa _ . 

2 apT + 3^-°’ 

so by §201, 

4>s = #ft^ft cos (p, — 2p,), 
wheie a is an arbitrary constant 
The equation for c/> 4 now becomes 

2 ^ 4 .?$? 

=ftft |( 6 + y) sm f ( 3 + if) sin ( 2 Pi + 2 P») ~ ( 3 + if) (2pi - 2p*)j 
+ ft s (f sin 2p„ + f sm 4 p a ), 

of which the integral is 

&=ftft {- (3 + j)cos2j*-Q + — )cos(2p 1 + 2p,)+ ^ + ~jc<is(2p 1 - 2p,)J 

+ ft a (- 1 COS 2p a - cos 4p,) 

The equation to determine </>„ is now 

whore, as usual, (<£ j, JT 4 ) denotes the expression 

d<f>3 dHj 9<jb a _ 8<^>a 9 j5T 4 d<f>3 9ff 4 

3ft + 3ft 3pT 3pi 3ft ~~ 3pi 3ft' ’ 

and we have to choose « so as to annul the terms in sin (p^ — 2 p t ) on the right- 
hand side of this equation. On calculating these terms, we find 

( from —) ft^ft sm (p } - 2p 3 ) 

(from (<f» 4 , ffj)) - ( 1 + ~) ft ? ft sm (jh - 2p a ) 

(from (<fr, , 231)) + H 1 «ft-ft sin (pi - 2p a ). 

The quantity a must therefore satisfy the equation 

which gives 

a «= — 2, 
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Substituting this value of a m <f>i and <f> 4 , our integral becomes 

Constant = q 2 — 2q$q 2 cos (p x — 2 p 2 ) 

+ ?i ga {I cos 2 Pa + 4 cos (2pi + 2p t ) - 1 cos (2 pi - 2jp a )} 

+ qi (- i cos 2 ip a - cos 4p a ) 

4- terms of the 5th and higher orders in V q r and Vga ( 2 ) 

Now it may be venfied by differentiation that the dynamical system speci- 
fied by equation (1) possesses the integral 

Constant = J \*J2q 2 smp a + q^2q» c03 Pi Bm P* ~ 2 ^ 2 2i 2* 8m P* C0B P^ 

1 + g^cosp, (3), 

(1 + 2q$cosp l + q 1 cos a p 1 + 2g a cos a p a )^ 

and this integral is adelphic, as may be shewn by completing the solution, or 
more simply by remarking that the integral (3) is a function of the variables 
(Vgu Vga> Pi> P*) 'wtich is one- valued and free from singularities for a certain 
range of values, and therefore the infinitesimal transformation corresponding 
to it will also be one-valued and free from singularities, and so must transform 
closed orbits into closed orbits 

But on expanding this integral (3) in ascending powers of V?i an d ty 
the multinomial theorem , we arrive at the senes (2) This shews that, for the 
dynamical system we are considering, the senes obtained by the process of the 
last article converges for all real values of p x and p 3 so long as | q x \ and | q* | are 
inferior to certain fixed quantities, and that the series represents the adelphic 
integral of the dynamical system . 


203. Determination of the adelphic integral m Case III \ 

The principle for the removal of vanishing divisors from the adelphic 
integral, which has been explained and illustrated in the last two articles, is 
not sufficient for the purpose if the Hamiltonian function contains, among its 
third-order terms, a term in cos (s 2 pi — £ijPa) for this term gives nse to a 
vanishing divisor in <f> 3, and the arbitrary terms which are used in order to 
annul terms with vanishing divisors do not come into operation early enough 
to remove vanishing divisors from < p$* 

In this “Case IIF 1 we must make use of another principle (concurrently 
with the principle of § 201) which may be explained thus Suppose that an 
integral of a system of differential equations in variables (?i y q* > Pi > P*) is of 
the form 


f(qi><h>Pi>P*) + 




where 7 is the arbitrary constant and p is a definite constant formed of 
quantities occurring m the differential equations The integral in this form 
ceases to have a meaning when //- tends to zero But we may derive from it 
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an integral which has a meaning -when /i -*■ 0, by merely supposing first that 
fi is different from zero, and multiplying the equation throughout by so that 
it becomes 

pf(q i, q», pi>pi) +g(qu q*> Pu ih ) = w 

and then making the equation becomes 

g(quq*,pi,Pi) = c, 

where c denotes Lt (/ay) This is the desired form of the integral when /a 

H-+0 

is zero. 

Our case is not so simple as this, since the vanishing divisor occurs not 
only m the inverse first power, but m an infinite series containing all the 
inverse powers The method we follow, which will be illustrated in the 
next article, is really equivalent to using the principle of § 201 m order to 
remove all inverse powers of the small divisor except the first, and then 
using the principle of this article in order to remove this inverse first 
power 


204. An example of the adelphic integral in Case III. 

We shall now shew by considering a particular dynamical system how the 
principle just mentioned is applied in order to obtain an adelphic integral 
free from vanishing divisors in “ Case III 

Consider the dynamical system whose Hamiltonian function is 
H'=q 1 -2q* + qj U x cos p, + q x q$ U, cos (2 p x +p a ). 

Now if the Hamiltonian function is 

H=s 1 q l + s*q a + q$ U x cos p, + q x q$U t cos (2p l 4- p a ), 
where s x and s a are arbitrary, the adelphio-integral series to which we are led 
by the method of § 196 is 

Constant*^, — 8fl a +q$ ITicos p, U.wa(2pi +p,) 




2$ X +*a 


3 coB(4p 1 +p a ) 
3si 4" 4sj+s a 


6 CQ8(2pi+p,) 

3Si+S a 4" 5 a 


+ UJJ.q$<lt 


8, f 2(9s!+g a ) cospt 

2«i+«» 1(«i +®«)(3®i+®«) ®i 


6 soap. ) 

®l+® a 8 a j 
4 cos(3pi + 2p„) | 
8% + 8t 3®i + 2® a j 


. TTTT..4 ?* _5® 1 + «# 

+ U ' U *2' 2l^7 a (3®, + *,)(«> + «,) 


cos 


h 


8 i 


4- terms of the 6th and higher orders m */{?! and 
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In our problem ^ = 1 , s a = - 2 , so 2 s x + s 2 is a vanishing denominator. This 
denominator makes its appearance in the fourth term of the above expression, 
and occurs m every subsequent term, being squared in the coefficient of the 
fifth-order term gi J ^cos( 2 p 1 +_p a ) We must now modify this senes ( 1 ) so 
as to obtain an integral which has no vanishing denominators 

In the first place, we apply the principle of § 203 the lowest term which 
is affected by the vanishing denominator is the term 

cos(%H + flO 

we therefore try to form an integral whose lowest term (discarding tho non- 
essential factors ( 2 $j — s 2 ) and J7 4 ) shall be 

q 1 q^cos ( 2 pj + p 2 ). 

If then we suppose this integral to be 

Constant = <f> = cos (2p x +p 2 ) + 4> i + <f>s + <p>>+ , 

where <p r denotes the terms of degree r in Vg, and and substitute in the 
equation (<f>, E) - 0, we find on equating to zero the terms of order 4 that <f> t 
is to be determined from the equation 

|£‘_2^= q {2 am (j», J ft) + sin (3ft +ft)} 

dpi up* 

The integral of this is 

' fa = q$q$ Ui {2 cos (p x + p 9 ) - cos (3^ + 

to which, however, we may add terms of the type 

+ ( 2 )> 

where o, y 9, 7 are arbitrary constants, since these terms satisfy the differential 
equation and are of the type proper to fa It should be noticed that these 
terms are not now superfluous, as they were in the general case studied m 
§196, for m the general case the addition of such terms to fa would merely 
be equivalent to adding on an arbitrary quadratic function of the integral of 
energy and the adelphic integral but in our present case the adelphic integral 
does not begin with terms linear in q x and q iy and therefore a quadratic 
function of it does not account for terms like those m ( 2 ) The arbitrary con- 
stants m ( 2 ) are to be determined m sucl a way as to make terms with 
vanishing denominators disappear from the higher-order terms of <f> Thus, 
writing now 

fa = Ui {2 cos (p x 4* p fl ) — cos (3^ + p*)} + aq*, 

and substituting m the differential equation satisfied by <f> 6 which is 

(3) ' 
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we find that on the right-hand side of (3) the terms involving sin(2/ii + p t ) 
(which would lead to vanishing denominators on integration) are 

- Uf sin (2 p 1 + p t ) - U t sin (2p 1 + p 2 ), 

and these will collectively vanish provided 



In this way, by repeated application of the principle of § 201, we are able to 
remove all terms with vanishing denominators and obtain an adelphic integral 
free from them. 

205. Completion of the integration of the dynamical system in Cases II 
and III 

Having now in §§ 201—204 overcome the difficulty caused by the presence 
of terms with vanishing divisors in the adelphic integial in Cases II and III, 
we can use this integral in order to integrate the dynamical system com- 
pletely, just as was done for Case I in § 199 We thus obtam expansions. for 
the coordinates m terms of the time in all cases, but these expansions are 
completely different in form, according as the dynamical system fells under 
Case I, II, or III This result supplies the underlying explanation of Poincare’s 
theorem that the series of Celestial Mechanics canhot converge uniformly over 
any continuous range of values of the constants for the series to which he 
was referring were of the kind which we have classified under Case I, and we 
have seen that when the constants s lt s t are continuously varied, these series 
must be replaced by the series appropriate to Case II or Case III, whenever 
the ratio Sj/s, passes from an irrational to a rational value. The advantage of 
solving by means of the adelphic integral is that the forms of the adelphic 
integral corresponding to the three cases can be readily determined- and thus 
the difficulty is removed before the adelphic integral is used in order to obtain 
the complete expressions for the coordinates in terms of the time. 

For further recent researches on the general solution of the equations of dynamical 
systems, reference may bo made to the important series of memoirs by T. M. Cherry, 
published in the years 19SJ4-27 m the Proe Carrib Phil. Soo., Trans, Camb Phil Soo., and 
Proo. Land. Math. Soo . and also to papers by B B. Baker and E B Ross m Proo. Edin 
Math. Soc. Vols. xxxix.-xw. (1921-23). 


Miscellaneous Examples. 

1. Lot <f> denote any function of the variables q lt q it ., q n ,P:, . .>F» of a dynamical 
system which possesses an integral of energy 

II (q u 2a Pu — >P«) -Constant; 

lot ai,Oi , ii K be the values of qi,qt,...,q*,Pu- respectively at the 


450 


Integration by Series 


[oh XVI 


instant t—t 0> and let {f>g} denote the value of the Poisson-brackot (/, q) when the quan- 
tities quq*, >Pn occurring m it are replaced lespcctivel} by «i,a a * 

b u ♦ 

Shew that 

</>(qt,qa, >q%,Pu , Pn) = <t> (®u * >«ro&i>* , K) + (* - k) {<l>* H) 

2. Shew that the dynamical system whose equations of motion are 


where 


dqJE 

dt bp dt 5=3 ’ 

, 2 jw m 


possesses a family of solutions represented by the expansion (retaining only terms of order 
less than a*) 

.,3a, /2 a\^ _ 3a no 

008 P ~ 2kl 008 ^ 


where 

and a and c are arbitrary constants 
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First Pfaff’s system, 307 
Fixity, 26 

Fixtures, sudden, 169 
Flux of a vector, 14 
Focus, kinetic, 252 
Force, 29 

Forces, central, 77 
„ centrifugal, 41 
„ external and molecular, 32, 37 
Form, differential, 296 
Freedom, degrees of, 34 
Frictional systems, 227 
Function dissipation-, 231 

„ Hamilton’s characteristic, 289 
„ „ principal, 317 

„ Hamiltonian, 265 
„ Jacobi’s, 342 

Function-group, 322 

Gauss’ principle, 255 
Geodesics, 254 
Gravity, 27 
Group, function-, 322 
Group-property, 293 
Gyration, ellipsoid of, 124 
„ radius of, 118 
Gyroscopic terms, 195 

Hadamard’s theorem, 416 
Halphen’s theorem, 5 

Hamilton’s partial differential equation, 315 
„ principle, 246 

„ theorem, 79 

Hamiltonian form of equations of motion, 
264 

„ funotion, 265 
Herpolhode, 154 
Hertz’s principle, 255 
Holonomic, 33 

Homogeneous contact-transformations, 301 
Homography, 12 

Ignorable coordinates, 54 
Ignor&tion of coordinates, 56 


Impact, 234 
Impulse, 49 
Impulsive motion, 48 
Index of stability, 404 
Inelastic bodies, 234 
Inertia, ellipsoid of, 124 

„ moment and product of, 117 

„ principal axes of, 124 

Infinitesimal contact-transformations, 292, 
302 

Initial motions, 45 
Instability, 186, 193, 203, 

Instantaneous axis of rotation, 2 
„ centre of rotation, 3 
Integral of a dynamical system, 53 

„ of angular momentum, 59 

„ classical, 358 

„ of energy, 62 

„ Jacobian, 354 

„ of momentum, 58 

„ of a system of equations, 53 

Integral-invariants, 268 

„ „ absolute and relative, 

271 

Invariable line and plane, 144, 346 
Invariant relations, 326 
Invariants, integral, 268 
Inverse of a transformation, 293 
Involution, 322 
Isopenmetncal systems, 267 

Jacobi’s equation, 342 
„ function, 342 
Jacobian integral, 354 
Joukovsky’s theorem, 107 

Kinematics, 1 
Kinetic energy, 35 
,, focus, 252 
„ potential, 38 
Kineto-statics, 37 
Koenigs and Lie’s theorem, 275 
Kowalevski’s top, 164 

Lagrange’s bracket expressions, 298 
„ equations, 34 

„ „ with undetermined 

multipliers, 213 

„ „ of impulsive motion, 

50 

„ „ for quasi-coordinates, 

43 

„ ' three particles, 406 

Lagrangian funotion, 39 
Lambert’s theorem, 91 
Larmor- Boltzmann representation of the 
Last Multiplier, 278 
Last Multiplier, 277 
Latent roots of a matrix, 401 
Law of Action and Reaction, 29 
„ Newtonian, 86 
Least Action, 248 
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Least Curvature or Constraint, 255 
Levi-Ci vita’s theoiem, 325 
Levy’s theorem, 330 
Libration, point of, 411 
Lie and Koenigs’ theorem, 275 
Liouville’s type, systems of, 67 
Localised vectors, 15 


Mass, 28 

Mathieu transformations, 301 
Matrix, 400 
Mean anomaly, 89 
Mean distance, 87 
„ motion, 88 
Meridian plane, 18 
Molecular forces, 32 
Moment of a force, 30 
„ of inertia, 117 
Momental ellipsoid, 124 
Momentum, 48 

„ angular, 59 

„ corresponding to a coordinate, 

54 


„ integral of, 58 
Motion, impulsive, 48 
„ initial, 45 
„ mean, 88 
„ steady, 193 
Multiplier, Last, 277 


Natural family of orbits, 387 
„ systems, 57 

Newton’s theorem on revolving orbits, 83 
Newtonian law, 86 
Node, 349 

Nodes, elimination of the, 341 
Non-holonomic, 33 
Normal coordinates, 181 
„ vibrations, 186, 195 


Orbit, 78 

„ periodic, 386 
Order of an integral-mvanant, 268 
,, of a system, 52 
Ordinary periodic solutions, 395 
Oscillation, centre of, 132 


Parallel fields of force, 93 
Parameters, Cayley-Klem, 11 
„ differential, 111 
,, Euler’s, 8 
Particle, 27 

Particles, Lagrange’s, 406 
Pendulum, simple, 72 
„ spherical, 104 
Perfect roughness, 31 
Pencentre, 85 
Perihelion, 86 
Perihelion-constant, 87 
Period, 73 

Periodic solutions or orbits, 386 
„ time, 87 


Pfaff’s expression, 296 

„ system of equations, 307 
Pitch of a screw, 5 
Plane, invariable, 346 
Planetoid, 353 
Pomcard’s theorem, 380 
Pomsot’s representation, 152 
Pomt-transformation, 293 
Poisson’s bracket-expressions, 299 
„ stability, 417 

„ theorem, 320 

Polhode, 154 
Possible displacement, 33 
Potential energy, 38 
„ Kinetic, 38 

„ involving the velocities, 44 

Principal axes of inertia, 124 
„ coordinates, 181 

„ function, 317 

„ moments of inertia, 124 

Principle, Hamilton’s, 246 
„ of Least Action, 248 

„ of Least Curvature or Constraint. 

255 

„ of Relativity, 26 

„ of Superposition of Vibrations, 

186 

Problem of Three Bodies, 339 

„ „ „ m a plane, 351 

„ „ „ restricted, 353 

Product of inertia, 116, 

Prolongation of motion after a collision, 411 


Quadratures, problems soluble by, 54 
Quantitas Motus ) 48 
Quasi-coordinates, 41 
Quasi-elliptic orbits, 391 
Quaternions, 9 

Radius of gwation, 118 
Rayleigh’s dissipation-function, 230 
Reaction, law of Action and, 29 
Reciprocal matrix, 401 
Reciprocal theorem, Helmholtz’s, 304 
Reciprocation, 291 
Regulansation, 424 
Relations, invariant, 326 
Relative velocity, 14 

„ integral-invariants, 271 
Relativity, principle of, 26 
Repellent regions of field of force, 413 
Resistance of air, 229 
Restricted problem of three bodies, 353 
Resultant of vectors, 14 
Reversed forces, 47 
„ motion, 305 

Revolving orbits, 83 
Rigid, 1, 32 

Rodrigues and Hamilton’s theorem, 3 
Rotation about a line, 1 

* , p° mt » 1 . „ 

„ instantaneous axis of, 2 
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Rotation, instantaneous centre of, 3 
Rough, 31 

Screw displacement, 5 
Similarity m dynamical systems, 47 
Singular periodic orbits, 395 
Sleeping top, 206 
Smooth, 31 

Spherical pendulum, 104 
„ top, 159 
Spirals, Cotes’, 83 
Stability h, la Poisson, 417 
„ of equilibrium, 186 

„ of motion, 417, 418, 419, 420 

„ of orbits, 397, 412 

„ of steady motion, 193 

„ index of, 404 
„ secular, 203 
Steady motion, 163, 193 
Sub-group, 301 
Sudden fixture, 169 
Superposition of vibrations, 186 
Surface-density, 118 
Suspension, centre of, 132 
Sylvester’s theorem, 183 
Symbol, Chnstoffel’s, 39 

„ of an infinitesimal transformation, 
303 

System, adjoint, 287 
Systems, dissipative, 226 
„ frictional, 227 
„ involution-, 322 
„ lsoperimetncal, 267 
„ Pfaff’s, 307 

Thomson’s theorem, 261 
Three Bodies, Problem of, 339 
„ „ „ m a plane, 351 

„ „ „ restricted, 353 


Time, 27 
„ pci iodic, 87 
Top, 155 

„ Kowalevski’s, 164 
„ sleeping, 206 
„ spherical, 159 
Trajectory, 78, 245 
Transformation, contact-, 290, 293 
„ Mathieu’s, 301 

„ Poincares, 423 

* „ point-, 293 

Translation, 1 

Trojan group of asteroids, 409 
True anomaly. 89 
Two centres of gravitation, 97 
Type, Liouville’s, 67 

Unit matrix, 401 
Unstable, 186, 193, 203 

Variational equations, 268 
Vector, localised, 15 
Vectors, 13 
Velocity, 14, 33 
„ angular, 15 

„ relative, 14 

„ corresponding to a coordinate, 33 
Vibrations about equilibrium, 177 
„ ,, steady motion, 193 

„ normal, 186, 195 

„ of dissipative systems, 232 

„ of non-nolononuc systems, 221 

Virtual work, 264 
Vis Motrin, 29 
Vis Viva, 35 

Wave-fronts, 289 
Weber’s law of attraction, 45 
Work, 30 
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